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PREFACE 


During the past thirty years Bell Laboratories has carried out a con¬ 
siderable program of research and development of piezoelectric crystals 
and their application to such communication equipment as filters, oscilla¬ 
tors and electromechanical transducers. Starting with the work of 
Nicolson on rochelle salt in 1918, continuous effort has been carried on in 
investigating quartz, rochelle salt and a large number of water soluble 
synthetic piezoelectric crystals. This work has recently culminated in the 
discovery of two monoclinic crystals, dipotassium tartrate (DKT) and 
ethylene diamine tartrate (EDT) which have such favorable properties 
that they are replacing quartz crystals in telephone filters, the largest 
application of piezoelectric crystals in the telephone system. Coming at 
a time when quartz in large sizes was becoming increasingly difficult to 
obtain, they have made possible the continuation and large expansion of 
the high-frequency carrier systems which carry a large share of the long¬ 
distance conversations. 

It is the primary purpose of this book to describe this work, particularly 
from the experimental and theoretical side, since the developmental phases 
of the quartz work have already been described in the book “ Quartz Crys¬ 
tals for Electrical Circuits/’ In order to make the work intelligible, chap¬ 
ters have been included on crystallographic systems, stresses, strains, 
thermal and electric relations, as well as an appendix showing how tensors 
can be applied to calculating the properties of rotated systems. Hence 
the book can be regarded as an introduction to the study of piezoelectricity. 
However, no attempt has been made to introduce the subject from a his¬ 
torical point of view. Indeed such a development is unnecessary since 
Cady’s monumental work “ Piezoelectricity,” which appeared in 1946, 
covers such a development very completely. The emphasis has been 
rather on the new subjects that have appeared since that time. These 
include the new crystals, ammonium dihydrogen phosphate (ADP), which 
was used very extensively during the war as an electromechanical trans¬ 
ducing element in underwater sound work, potassium dihydrogen phosphate 
(KDP), a new ferroelectric type of crystal, DKT and EDT mentioned 
previously and the ceramic barium titanate which produces an electro- 
strictive effect comparable with the largest piezoelectric effect in any 
crystal. On the theoretical side a new theory of ferroelectric!ty in rochelle 
salt, KDP and barium titanite, which has been developed by the writer, 
is more completely presented here than in any other place. 
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PREFACE 


Piezoelectric crystals supply the electromechanical transducing element 
that makes possible another experimental science, ultrasonics. By means 
of the longitudinal and shear waves set up in gases, liquids and solids, con¬ 
siderable information can be obtained about the properties and molecular 
processes existing in these forms of matter. The last three chapters of the 
book are devoted to a description of the methods of producing and measur¬ 
ing such waves and to a description of the knowledge obtained from such 
measurements. 

The author wishes to acknowledge many helpful comments and sugges¬ 
tions received from his associates at Bell Laboratories. On the theoretical 
side parts of the book have been read by Drs. J. Bardeen, C. Kittel and 
J. M. Richardson. Many suggestions for improvement in the order 
and readability of various sections have been received from W. L. Bond, 
G. C. Danielson, S. O. Morgan, L. C. Peterson, R. A. Sykes, G. W. Willard, 
and Mrs. E. A. Wood. In particular, Sykes, who is head of the apparatus 
department dealing with the application of piezoelectric crystals, has sug¬ 
gested a chapter ordering system which has improved the readability of 
the book. The writer wishes also to thank the members of the out-of¬ 
hours class who listened to a presentation of a preliminary form of the 
book and who contributed to the elimination of errors and the more ob¬ 
scure parts of the book. 

WARREN P. MASON 

Murray Hill, N.J. 

February 1949 
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CHAPTER I 
Introduction 

1.1 Nature of Piezoelectric Effect 

A plate cut from a piezoelectric crystal with electrodes attached serves 
not only as a capacitor for storing electrical energy but also as a motor for 
turning electrical into mechanical energy and as a generator for turning 
mechanical energy into electrical energy. Piezo is derived from a Greek 
word meaning to press, and piezoelectricity is pressure electricity. Piezo¬ 
electricity appears only in insulating solids. Although piezoelectricity can 
be generated in waxes which are solidified under an applied field, crystal¬ 
line materials are, by far, the largest group of materials showing piezo¬ 
electricity. Piezoelectricity is distinguished from electrostriction, which 
is another effect which causes a solid dielectric to change shape on the 
application of a voltage, in that a reversal of the voltage reverses the sign 
of the resulting strain, whereas for electrostriction the strain is an even 
function of the applied voltage, and the strain does not reverse sign when 
the voltage is reversed. Electrostrictive effects are usually very feeble 
compared to piezoelectric effects but in the case of the ferroelectric materi¬ 
als, rochelle salt and barium titanate, they may be quite large. 

All crystalline materials are anisotropic and do not have the same 
properties in all directions as do isotropic materials. Crystals can be 
divided into 32 classes on the basis of the symmetry they possess and, of 
these 32 classes, 20 possess the property of piezoelectricity and 12 do not. 
The criterion that determines whether a crystal is piezoelectric or not is its 
possession of a center of symmetry. A crystal possessing a center of 
symmetry cannot be piezoelectric because no combination of uniform 
stresses will produce a separation of the centers of gravity of the positive 
and negative charges and produce an induced dipole moment which is 
necessary for the production of polarization by stresses. Since a crystal 
is at once an electrical motor and an electrical generator, we have to 
consider the elastic and dielectric constants of the crystal as well as the 
piezoelectric constants. A crystal with no symmetry at all will have 21 
elastic constants, 18 piezoelectric constants, and 6 dielectric constants. 
As the symmetry increases, the number of possible constants decreases, 
until the most symmetrical type of crystal, a cubic crystal, has only 3 
elastic constants, 1 piezoelectric constant and 1 dielectric constant. 

1 
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1.2 Historical 

The piezoelectric effect was discovered experimentally by the brothers 
Pierre and Jacques Curie in the year 1880. By placing a weight on the 
surface of a crystal they produced a charge, measurable with an electrom¬ 
eter, which was proportional to the applied weight and hence discovered 
the direct effect. They found this effect in a considerable number of 
crystals including quartz, rochelle salt and tourmaline—crystals that are 
among those most used today. The converse piezoelectric effect, which 
deals with the motor property of the crystal, namely, producing a dis¬ 
placement when a voltage is applied, was predicted theoretically by 
Lippman in the following year 1881 and was verified by the Curies. 
Among the early investigators was Lord Kelvin, who suggested a molecu¬ 
lar theory and produced a mechanical model of piezoelectricity; Pockels, 
who made many determinations and contributed especially to the theory 
of the electro-optic effect in crystals; Duhem, whose formulation of 
piezoelectric principles was of fundamental importance; and finally 
Voigt, who systematized the work of his predecessors and whose monu¬ 
mental work, Lehrbuch der Kristallphysik , contained most of what was 
known about piezoelectricity up to World War I. 

The connection of piezoelectricity with atomic structure, while well 
established on a general basis, is in its infancy regarding predictions of 
magnitudes of piezoelectric constants and their connection with chemical 
composition. Among the more important contributions are those of 
R. E. Gibbs and Max Born, who predicted respectively piezoelectric 
constants for quartz and zinc blende that are within factors of 10 of the 
experimental values. 

The piezoelectric effect remained more or less a scientific curiosity up 
to the time of World War I. During the war Prof. Langevin in Paris was 
requested by the French government to devise some way of detecting 
submarines. After trying several devices he finally found that piezo¬ 
electric quartz plates could be used for this purpose. His device consisted 
essentially of a mosaic of quartz glued between steel plates. This device 
has the property that, when a voltage is applied, the crystal will expand 
and send out a longitudinal wave. Similarly, when a wave strikes it, it 
will set the quartz in vibration and generate a voltage which can be de¬ 
tected by vacuum tube devices. Langevin did not get his device perfected 
until after the end of the war, but it has been used extensively as a sonic 
depth finder, and similar devices were used in the present war for detecting 
submarines. 

In 1917, A. M. Nicolson at Bell Telephone Laboratories was experi¬ 
menting with rochelle salt and he constructed and demonstrated loud¬ 
speakers, microphones and phonograph pickups using this crystal. He 
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also controlled an oscillator by means of a crystal — in this case rochelle 
salt — and he has the primary crystal oscillator patent. In 1921, Cady 
at Wesleyan University showed that quartz crystals could be used to 
control oscillators and that much more stable oscillators can be obtained 
in this fashion. This use was a forerunner of the very wide application of 
crystals to control the frequency of military communication equipment 
which resulted in the use of more than 30,000,000 crystals in a single year. 
Quartz crystal oscillators using the GT crystal described in Chapter VI, 
produce the most stable oscillators and the best time-keeping systems that 
can be obtained. Both the Greenwich Observatory in England and the 
Bureau of Standards in Washington use such crystals in their primary 
standards. 

Another large use for piezoelectric crystals is in producing very selective 
filter circuits. On account of the very high Q such crystals possess, they 
can be incorporated in filter circuits along with coils and condensers to 
give very discriminating filters. Such filters are used in all the high- 
frequency carrier systems and in the coaxial system for separating the 
simultaneous conversations that go over one pair of wires. For this pur¬ 
pose quartz was originally used, but a new synthetic crystal, ethylene 
diamine tartrate (EDT), has been developed which has low enough 
temperature coefficients and high enough stabilities to replace quartz 
for this application. 

1.3 Crystal Systems , Crystal Constants , and Motor Generator Effects 

Crystals are classified into 7 crystal systems and 32 crystal classes. 
The systems, as discussed in Chapter II, are determined by the shapes and 
dimensions of the smallest unit cells that surround a molecular configu¬ 
ration in such a manner that a simple translation of the unit cell along one 
of its axes by one unit length will cause it to surround a similar molecular 
configuration to that contained by the first cell. The edges of the unit 
cell are parallel to the crystallographic axes a> b and c 9 and the relative di¬ 
mensions of the cell are the unit distances along these axes. The 32 
crystal classes are determined by the elements of symmetry that are ob¬ 
tained in arranging the molecules within the seven elementary unit cells. 

The most unsymmetrical type of system is the triclinic system, all three 
of whose crystallographic axes make oblique angles, and the lengths of the 
unit cells on the three axes are all unequal. In calculating the elastic 
constants of a triclinic crystal, as discussed in the appendix, it is more 
convenient to use a right-angled system of coordinates, rather than the 
crystallographic axes, and the question arises as to how these coordinates 
are to be related to the b - and c -axes of the crystallographer. This 
question has been discussed by the Piezoelectric Crystal Committee of the 
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Institute of Radio Engineers under the chairmanship of Prof. W. G. Cady, 
and the system shown by Fig. 2.1 has been adopted. Here the z rectangu¬ 
lar axis lies along the c crystallographic axis, the x rectangular axis lies in 
the plane of the a and c crystallographic axes and at right angles to the 
c = z axis, while the jy-axis is at right angles to the x - and z-axes in a 
right-handed system of coordinates. All the other systems are special 
cases of the most general case, as discussed in detail in Chapter II. 

Depending on the crystal symmetries, crystals can have from 3 to 21 
elastic constants, 0 to 18 piezoelectric constants and 1 to 6 dielectric 
constants. These are the constants referred to the x , y and z rectangular 
axes. If we wish to investigate the properties of crystals cut at oblique 
angles with respect to these axes, transformation equations, such as those 
discussed in the appendix, exist by means of which new elastic, piezo¬ 
electric, and dielectric constants can be calculated in terms of the constants 
for the new axes. These new constants are linear combinations of the 
fundamental constants. Conversely, in measuring the fundamental 
constants, it is often convenient to measure the properties of the oblique 
cuts and calculate the fundamental constants from the measured results. 
Oblique cuts are often of interest in themselves since special properties, 
such as low temperature coefficients, high electromechanical couplings, 
and freedom from secondary modes of motion, may often be obtained more 
easily in the oblique cuts than in cuts lying along the crystallographic 
axes. 

Since a crystal is a motor generator, the constants of the crystal are 
going to vary depending upon the mechanical load attached to the crystal. 
For example, if the dielectric constant of a crystal is measured when it is 
clamped so hard that it cannot move, one obtains the so-called clamped 
dielectric constant of the crystal. If now the clamp has some compliance, 
some additional energy can be stored in the crystal in mechanical form and 
this results in an increase in the dielectric constant. The effect is greatest 
when the crystal is free to move, and one obtains the so-called “ free ” 
dielectric constant. The difference between the free and the clamped 
constant is determined by the electromechanical coupling factor for that 
crystal. This is defined as the square root of the ratio of the energy stored 
in mechanical form, for a given type of displacement, to the total input 
electrical energy obtained from the input battery. It is shown in Chapter 
V that this factor for a given mode of motion is equal to 



where d is the piezoelectric constant measuring the ratio of strain to field, 
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c the dielectric constant and s the elastic compliance. In a converse 
manner, the elastic constant depends on the electrical condition obtained 
when the ratio of strain to stress is measured. If the electrical terminals 
are open-circuited, one obtains the elastic constant corresponding to a 
zero electric displacement (except for a minor class of crystals for which 
the direction of the electric displacement does not lie along the field), 
while if the terminals are short-circuited, one measures the constants for 
zero field. The ratio of these two constants and also the two dielectric 
constants are 


s 


E 


7 



( 1 . 2 ) 


where e T is the constant stress (free) dielectric constant and e 8 the constant 
strain (clamped) dielectric constant. For most crystals with couplings, 
under 10 per cent, the difference is only about 1 per cent and is not too 
important. For ferroelectric crystals such as rochelle salt and potassium 
dihydrogen phosphate, however, the coupling may reach 90 per cent and 
the difference may be 5 to 1. Under these conditions it is essential to 
understand and measure the difference between these two types of 
constants. 


1.4 The Crystal Resonator and Transducer 

All of the applications of the piezoelectric effect depend on this motor 
generator action of the crystal. In the crystal resonator, the action drives 
the crystal itself in mechanical vibration and the mechanical vibration 
reacts back to control the electrical impedance of the crystal. As an 
electromechanical transducer the mechanical stress set up by the piezo¬ 
electric effect drives not only the mechanical elements of the crystal but 
also any other mechanical elements attached to the crystal surface. 
Phonograph pickups, headphones, loudspeakers, and in particular ultra¬ 
sonic transducers are examples of this use. In the frequency range above 
about 10 kilocycles, piezoelectric crystals form the best means of trans¬ 
ferring electrical into mechanical energy, and the last three chapters of the 
book are devoted to a description of these methods and results that have 
been obtained with them. 

In analyzing the performance of a crystal for these functions, it is very 
convenient to obtain an equivalent electrical circuit which represents the 
electrical and mechanical properties of the crystal. For a crystal that is 
free on one end and drives a load on the other, a circuit which represents 
the performance of such a crystal near its resonant frequency is shown by 
Fig. 1.1 A. Here Co is the static capacity of the crystal, 1 to *p is a constant 
that measures the force exerted by the crystal for a given applied voltage, 
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Ci a compliance equal to 8/V 2 times the static compliance of the crystal, 
M\ a mass equal to the total mass of the crystal, C 2 a compliance equal 
to § the static compliance of the crystal, and M 2 a mass equal to 2/tt 2 
times the total mass of the crystal. With these values the two networks 
resonate at the natural resonant frequency of the crystal given by 

v = * °r f = 21 = 2/^1 M^Co = l7Md °' 3) 

where M 0 and C 0 are the mass and compliance per unit length and M and 
C the total mass and compliance of the crystal. Using this simple circuit 
the effect of adding mechanical units on the driving end of the crystal is 
easily analyzed. 



(A) (B) 


Fig. 1.1. Equivalent electromechanical and electrical circuits for a piezoelectric crystal. 

If the crystal is free on both ends, the driving end of Fig. 1.1 A can be 
short-circuited and the equivalent circuit of Fig. 1.1B results. The 
performance of a crystal resonator in an oscillator or filter can be analyzed 
by inserting this network in the place of the crystal. In quartz resonators 
the inductance La varies from the order of 0.1 henry with crystals vibrat¬ 
ing at 2500 kc to 100 henries or more with low-frequency resonators. The 
synthetic crystals ADP and EDT have considerably lower values of 
inductance for the same size and frequency crystals, on account of the 
much higher electromechanical coupling. The capacitance Ca is usually 
in the order of a few tenths to 10 micromicrofarads. It is this enormous 
ratio of La to Ca together with the very low value of R (high Q) that gives 
the crystal its ability to control the frequency of an oscillator within 
narrow limits. The Q of a crystal in laboratory experiments 1 has been 
measured as high as 6,000,000 and, even in commercially mounted crystals 
which have to be securely held in order to stand extraneous knocks, 
Q *s in the order of several hundred thousand are common. 

1 Van Dyke, K. S., “ Vibrational Modes of Low Decrement for a Quartz Ring,” 
Phys . Rev. y Vol. 53, p. 943, 1938. 
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In every piezoelectric oscillator circuit, the crystal acts fundamentally 
as a resonator. It does not generate energy, but by the electrical reactions 
of its vibrations it determines the alternating potential on the grid of the 
oscillator and controls it over a narrow frequency range. The equivalent 
circuit of the crystal has a frequency of resonance for which the impedance 
is low and a frequency of anti-resonance for which the impedance is high. 




Fio. 1.2. Pierce-Miller and Pierce circuits for crystal oscillators. 

In the more common form of oscillators, such as the Pierce circuits illus¬ 
trated by Fig. 1.2, the frequency of oscillation comes between the resonance 
and anti-resonance frequency, although nearer the resonance. In later os¬ 
cillators, such as the Meacham bridge oscillator, the frequency of oscilla¬ 
tion coincides with the natural resonance frequency of the crystal. 

1.5 Important Piezoelectric Crystals 

In all, probably over five hundred crystals have been tested and a fair 
share of them have piezoelectric responses. Of these, however, only a few 
have come into practical use. Before World War II the only crystals 
that were at all widely used were quartz, rochelle salt and tourmaline. 
Quartz was used in all oscillator and filter applications, rochelle salt in 
most low-frequency transducer applications and tourmaline was used 
solely for measuring hydrostatic pressures. Stimulated by the need for a 
piezoelectric transducer for underwater sound applications that was more 
stable and less temperature sensitive than rochelle salt, considerable work 
was done during World War II in searching for new piezoelectric crystals. 
This resulted in the discovery and application of ammonium dihydrogen 
phosphate (ADP) to underwater sound transducers. On account of its 
freedom from water of crystallization (and hence dehydration), the higher 
temperature it will stand (up to 100°C), and the greater mechanical 
stability, this crystal largely displaced rochelle salt and even other types of 
electromechanical transducers for underwater sound applications. It 
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appears likely that it may replace rochelle salt for a number of peace¬ 
time applications as well. 

Up to the present time quartz has been practically the only crystal 
suitable for the precise control of frequency in transmitting, monitoring, 
and receiving circuits, and in the production of very selective circuits. 
Quartz, which is the most abundant of natural crystals, is chemically 
stable at all ordinary temperatures and has very low internal losses. 
Furthermore, by cutting the crystal at various oblique orientations with 
respect to the crystallographic axes, it is possible to make resonators with 
very low temperature coefficients of frequency, and freedom from effects 
of other modes of motion. These characteristics of quartz have led to its 
exclusive use for primary frequency standards and as a means for obtaining 
very selective filters. 

In the latter use, fairly large-sized crystals up to 5 centimeters in length 
are required. As the war progressed and more and more quartz was used 
in producing oscillator crystals, large-sized crystals became more difficult 
to obtain. With the end of the war the supply of large-sized crystals 
became insufficient to satisfy the needs of the telephone systems. Fortu¬ 
nately a study of the properties of synthetic crystals carried out during the 
last ten years at Bell Laboratories had resulted in discovering two new 
crystals which were capable of meeting the requirements necessary for 
filter crystals. These were two monoclinic sphenoidal crystals, ethylene 
diamine tartrate (EDT) and dipotassium tartrate (DKT). Low-tempera¬ 
ture cuts in both crystals and higher electromechanical couplings are 
possible than exist in quartz. Of these crystals EDT has no water of 
crystallization, will stand a temperature of 120°C, and is easier to grow 
than DKT. The Western Electric Company has established a growing 
and processing plant for this crystal in Allentown, Pa., and it i& planned to 
incorporate them in the high-frequency carrier and coaxial filters of the 
long-distance telephone systems. The properties of these crystals are 
described in Chapter IX. 

Rochelle salt (NaKC 4 H 4 06-4H 2 0) is the most strongly piezoelectric 
crystal at room temperatures. This is due to the fact that it becomes 
ferroelectric in the temperature range from — 18°C to +24°C. Its 
dielectric properties are strikingly analogous to the ferromagnetic properties 
of iron. Below a certain temperature, which is called the Curie tempera¬ 
ture, it exhibits dielectric hysteresis and has a dielectric constant that 
becomes very large for weak fields, at the Curie points. Unlike ferro¬ 
magnetic materials, rochelle salt has a lower Curie temperature as well as 
an upper one. Potassium dihydrogen phosphate (KDP) is another 
ferroelectric type crystal that has only one Curie temperature, 121°K, 
above which it is non-ferroelectric and below which it is ferroelectric. 



INTRODUCTION 


9 


These two cases are discussed in Chapter XI and it is there suggested that 
both effects are due to a hydrogen bond dipole caused by the displacement 
of the hydrogen nucleus from the midpoint between the two oxygens. 
KDP has a symmetrical bond and, when a factor 



becomes greater than one, the crystal becomes ferroelectric. In this 
equation N is the number of dipoles per cc, m the dipole moment, ($ the 
Lorentz factor connecting the polarization with the internal field, k 
Boltzmann’s constant, T the absolute temperature, and y the polarizability 
in the absence of the hydrogen dipole. Rochelle salt has two sets of 
dissymmetrical bonds, and the lower Curie temperature is caused by the 
hydrogen nucleus freezing in the lower potential wells as the temperature 
is lowered. Although these effects are interesting scientifically, they 
detract from the usability of the crystal since the elements are so field and 
temperature sensitive. Considering this and the fact that rochelle salt 
tends to become dehydrated and that it disintegrates at 55°C, one can 
understand the need for a new crystal for transducer use that is free from 
these defects. This need is largely filled by ADP (NH 4 H 2 P0 4 ), as 
mentioned previously. 

1.6 Miscellaneous Applications 

In addition to the use of piezoelectric crystals in resonators and trans¬ 
ducers, two second-order effects have recently become of importance. 
These are the electro-optical and piezo-optical effects which are caused 
respectively by the change in dielectric constant due to an applied voltage 
and the change in dielectric constant due to an applied stress. These 
effects were first investigated theoretically and experimentally by Pockels. 
It was not, however, until the advent of ADP and KDP that any crystal 
with large enough electro-optical and piezo-optical constants to be of 
interest, were available. With these crystals light modulators can be 
obtained which work on voltages of 1000 volts or less. Furthermore, 
since the electro-optical effect depends on a change in the dielectric constant 
with Voltage and the dielectric constant is known to be independent of 
frequency up to at least 10 10 cycles, it appears likely that the electro- 
optical constant should also be independent of frequency up to this value. 

Billings 2 has recently proposed the use of the electro-optical effect of an 

2 Billings, B. H., “A tunable narrow band optical fUter > ,> J. Opt. Soc. Amer. Vol. 

37, No. 10, Oct. 1947. 
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ADP crystal to produce a variable band-pass optical filter, the position 
of whose band can be controlled by an applied voltage. 

1.7 Use of Piezoelectric Crystals in the Production of Power 

Since a crystal acts as a motor generator, the question arises as to 
whether it can be used in the production of electrical power. In most 
oscillator, filter and transducer applications, the amount of power converted 
is rather small; however, in underwater sound transducers considerable 
amounts of power are converted from electrical into mechanical energy. 

For 60-cycle non-resonant operation the efficiency of conversion from 
mechanical to electrical power is poor, and the amount of power that can 
be converted by a given size structure is small. However, if one operates 
at the crystal resonance and tunes out the electrical capacitance of the 
crystals by suitable electrical coils, the efficiency of conversion can be 
raised to 90 per cent and the amount of power per square centimeter of 
area may increase to 5 to 10 watts. Such units require vibration type 
motors to drive them and the frequency has to be raised to 10 kc to 100 kc. 
Hence it appears possible that piezoelectric crystals could be used in the 
production of power. 



CHAPTER II 


Crystal Systems, Classes and Symmetries 

The type of stresses set up in a crystal by an applied electric field depends 
on the symmetries existing in this crystal. As an example, if one wishes to 
find a crystal that will produce a voltage when subject to a hydrostatic 
pressure, he finds that not every crystal class can be used, but only 10 of 
the possible 32 crystal classes. Hence in order to understand the actions 
of piezoelectric crystals, it is necessary to consider the crystal systems, the 
classes and the symmetries that exist in crystals. It is the purpose of this 
chapter to consider briefly such relationships. 

Crystals are classified into 7 crystal systems and 32 crystal classes. 
The ideal crystal is referred to identical unit cells, anyone of which can be 
made to coincide with one of its neighbors by a simple translation, and the 
ensemble of unit cells forms the crystal lattice. The unit cell is usually 
chosen as the smallest parallelepiped out of which the crystal can be 
constructed. The edges of the unit cells are parallel to the crystallographic 
axes, a> b and c and their relative dimensions are the unit distances along 
these axes. 

Bravais showed that the number of types of polyhedron that will 
completely fill all space is seven. He also found that when face-centered 
and body-centered polyhedra are considered, the number of space lattices 
was increased to 14. Each polyhedron is a unit cell. From these simple 
lattices are evolved the seven crystal systems. The edges of the poly¬ 
hedron are the crystallographic axes and the faces are the pinacoids of the 
crystal. The seven crystal systems evolved from the Bravais lattices are 
the triclinic system, the monoclinic system, the orthorhombic system, the 
tetragonal system, the trigonal system, the hexagonal system and the 
cubic (or isometric) system. 

All these systems can be specified in terms of the directions of the 
crystallographic axes a , b and c with respect to each other and the length 
of the unit cell measured along these three axes. For example, for the 
most tmsymmetrical system, the triclinic, all three axes make oblique 
angles an$ the lengths of the unit cell on the three axes are all unequal. 
In calculating the elastic constants pertaining to a general crystal, such as 
discussed in Chapter III, it is much more convenient to use a right-angled 
system of coordinates and the question arises as to how these coordinates 

11 
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are to be related to the a -, b - and r-axes of the crystallographer. This 
question has been discussed by the Piezoelectric Committee of the Institute 
of Radio Engineers under the chairmanship of Prof. W. G. Cady, and the 
system shown by Fig. 2.1 has been proposed. Here the z rectangular axis 
lies along the c crystallographic axis, the x rectangular axis lies in the plane 
of the a and c crystallographic axes and at right angles to the c — z-axis, 
while the y-axis is at right angles to the and z-axes in a right-handed 



Fio. 2.1. Method for relating the crystallographic axes of a triclinic crystal to a set of 

rectangular axes. 


system of coordinates. Certain conventions have been followed by the 
crystallographer in selecting the a -, b- and r-axes of the unit cell. Although 
these have not been universally observed, the following rules are in common 
use. 

(1) In the triclinic system the choice of axes is based on the lengths of 
the sides of the unit cell. The axes are chosen so that c < a < b. 

(2) In the monoclinic system the rule is abandoned and b is chosen 
parallel to the symmetry axis and normal to the symmetry plane, 
if any. 

(3) In the orthorhombic system the three axes are chosen parallel to the 
three symmetry axes or, where there is only one, lying in the two 
symmetry planes. The axes are chosen so that c < a < b. 

(4) In the tetragonal system the unique symmetry axis (fourfold) is 
taken as the £-axis and the two perpendicular equivalent secondary 
axes are a x and a 2 . 
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(5) In the hexagonal system (including the rhombohedral division or 
the “ trigonal system ”) the unique symmetry axis (six- or three¬ 
fold) is chosen as c and the three perpendicular, equivalent secondary 
axes are a u a 2 and a 3 . 

(6) In the isometric or cubic system the three equivalent mutually 
perpendicular symmetry axes are called a u a 2 and a 3 . 

The monoclinic system is characterized by having one axis, which the 
crystallographer has taken as the £-axis, perpendicular to the a - and r-axes 
which do not form a right angle. The positive directions of the a - and 
r-axes are outward from the obtuse angle between them, while the positive 
direction of the ^-axis is such as to make a right-handed system with the 
a - and r-axes. The lengths of the unit cell on all three axes are unequal. 
By referring to the general case of a triclinic crystal shown by Fig. 2.1, 
we see that for a monoclinic crystal, the z rectangular axis will lie along c, 
they rectangular axis will lie along b y and the ;c-axis will lie in the ^r-plane 
and above a since the angle between a and c is an obtuse angle. More 
crystals belong to this system than to any other. 

The orthorhombic system is characterized by three crystallographic 
axes all at right angles and a unit cell that has unequal intercepts along all 
three axes. The x , y, z rectangular axes coincide with the a> b y c crys¬ 
tallographic axes. 

The tetragonal system is characterized by three crystallographic axes 
all at right angles and a unit cell that has equal intercepts along the a - 
and b- axes. For this reason the three axes are sometimes designated as 
a i, a 2 and c. The x y y and z rectangular axes coincide with the a y b and c 
crystallographic axes, respectively, although there is no distinction between 
a and b or x and y. 

The trigonal system or rhombohedral division of the hexagonal system 
may be characterized by three axes that form a rhombohedron. More 
often, however, it is referred to the axes of a hexagonal system. The way 
of relating the rhombohedral axes to the right-angled x y y, z system is 
shown by Fig. 2.2. OZ is a line making equal angles with all three equal 
crystallographic axes a\ y a 2 , a 3 . If we extend the axes a i, a 2 , a 3 down 
to a plane perpendicular to OZ, the intersection points Mi, M 2y M 3 form 
an equilateral triangle. If in this triangle we inscribe a hexagon 
BCDEFG , the x-axis is taken as OG (or OC or OE). The y-axis being 
perpendicular to this, is perpendicular to one of the lines, M 2 M 3y M 3 M\ y 
or M 1 M 2 . In quartz terminology, it is more common to refer to the 
x y y y z rectangular axes than the a iy a 2y a 3 crystallographic axes. 

The hexagonal system has a crystallographic axis that is an axis of 
sixfold symmetry. Four crystallographic axes are used, the r-axis, which 
corresponds to the z-axis of Fig. 2.2, and three axes a 2y a 3y 120° apart 



14 PIEZOELECTRIC CRYSTALS AND ULTRASONICS Chap. 2 

which are normal to the c-axis. On Fig. 2.2 these correspond to the three 
*' axes OG, OC, and OE. Thejy-axis is taken at right angles to z and * and 
forms a right-handed system. 

The cubic or isometric system is characterized by three mutually 
perpendicular crystallographic axes with a unit cell having equal intercepts 
on all three axes. 


H 



Flo. 2.2. Crystallographic axes of a hexagonal or trigonal crystal. 

Crystal faces for these systems are specified in terms of the intercepts 
of the face or plane on the three crystallographic axes. If a, b, c are the 
intercepts of the unit cell along the a-, b- and r-axes, respectively, the unit 
plane, or 1, 1, 1 plane, is a plane passing through these three points, or is 
one parallel to it. Any plane drawn through three points having the 
coordinates a/h, b/k, c/l, where h, k, l are integers (including zero), is 
parallel to a net plane of the lattice and hence to a geometrically possible 
crystal face. The integers {h, k, l ) used in specifying a plane or face, are 
known as the Miller indices. The symbols h, k, l are taken in the order of 
the a-, b-, c-axes and they are usually small positive or negative integers 
including zero. For example, the 001 face is one perpendicular to the 
r-axis at its positive end and the OOl face is the corresponding face at the 
negative end of the r-axis. The face 313 has the intercepts -a/3, b and 
—c/2. Of great physical significance is the possession by many crystals 
of a polar axis, which may be defined as an axis which has different proper¬ 
ties for the two ends of the axis. For the trigonal and hexagonal systems 
which can be specified by four Bravais axes of Fig. 2.2, it is common to 
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. use the Bravais-Miller symbols h , k , /, / which are the intercepts of a plane 
on all four axes. Since the sum of h + k + i = 0, it is common practice 
to write the symbol as {hk • /), the dot signifying that i = -(A + £). 

In general, the points that form the space lattices do not represent the 
positions of the atoms but merely serve to define the unit cell within which 
the atoms may be situated in a definite number of configurations. The 
space groups define the symmetry of the arrangement of atoms throughout 
the unit cell. The evolution of the space groups out of the Bravais space 
lattices consists essentially in inserting points in the unit cell of the space 
lattice, such that the pattern can be made to repeat itself by a combination 
of rotation and translation (screw axes), or of a reflection in a plane and 
translation (glide planes), in addition to the cyclic axes of symmetry and 
reflection planes that characterize the Bravais lattices. Crystallographers 
have shown that there are a total of 230 possible space groups or ways that 
the atoms can be arranged in the seven types of unit cells. 

In order to determine what elastic or piezoelectric constants a crystal 
can have, it is not necessary to know to what space group the crystal 
belongs but rather what point group. It has been shown that there are 
32 possible point groups which are the same as the 32 classes of the crys- 
tallographer. Any property of a body may be symmetrical with respect 
to a point, a line, a plane, or any combination of these. If symmetrical 
with respect to a point, the body is centrosymmetrical and can possess no 
polar properties such as piezoelectricity. With one exception, all classes 
devoid of a center of symmetry are piezoelectric. This exception, class 29 
(Schonflies symbol 0), although it has no center of symmetry, nevertheless 
has other symmetry elements that combine to exclude the piezoelectric 
property. Symmetry with respect to a line is called axial symmetry and 
the line is an axis of symmetry. A plane of symmetry produces a type of 
symmetry seen in a mirror; that is, a plane passed through the crystal 
divides the crystal in such a way that to each face on one side of the plane 
there corresponds a possible face on the other side which is a mirror image 
of the first face. 

All these types of symmetry can exist separately or together in the 
various crystal classes. A set of symbols was devised by Schonflies to 
describe the various types of symmetries and these are shown in Table I. 
A later set of symbols has also been devised by Hermann and modified by 
Mauguin. In this system two-, three-, four- and sixfold rotation axes of sym¬ 
metry are represented by the numbers 2,3,4 and 6, while three-, four- and six¬ 
fold inversion axes have the symbols 3,1 and 6. Asymmetry is represented 
in the symbol 1, while a center of symmetry (or inversion through a point) 
has a symbol I. A plane of symmetry is represented by a letter m (mirror). 
The first number denotes the principal axis. If a plane of symmetry is 
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Symbol 

C w 

CnH 

Cni 

C»i» 

- Ci 
Cu = S4 

v=d 2 
Vk - D 2 k 

V d = Z) 2d 

D n 

O nd 

Dnh 

T 

T h 

T d 

0 

0 H 


TABLE I 

Schonfues Symbols 
Meaning 

A cyclic axis of symmetry, i.e. y an axis such that rotation about it through 
an angle of lir/n radians results in a repetition of the figure, n — 1, 2, 3, 
4 or 6. n — \ means no symmetry at all. 

An »-fold cyclic axis with a plane of symmetry normal to it. 

An »-fold cyclic axis with a center of symmetry. 

An tt-fold cyclic axis to which n planes of symmetry are parallel. 

Every direction is a onefold cyclic axis of rotary inversion. The crystal 
has a center of symmetry and nothing else. 

A fourfold cyclic axis of rotary inversion. There is no center of symme¬ 
try. 

3 mutually perpendicular twofold cyclic axes. 

Symmetry V with addition of a plane of symmetry normal to each of the 
3 axes. 

Symmetry V with 2 planes of symmetry containing the principal axis, 
and at 45° to the other 2 axes. 

Axis C n (principal axis) with n twofold axes (secondary axes) normal to 
it (n = 3, 4 or 6). 

Symmetry D n with n planes of symmetry containing the C n axis and 
bisecting the angles between the secondary (twofold) axes. 

Symmetry D n with a plane of symmetry normal to the C n (principal) 
axis and therefore n planes of symmetry, each containing the principal 
and 1 secondary axis. 

3 orthogonal twofold axes and 4 threefold axes (the tetrahedral group). 
Symmetry T with a plane of symmetry normal to each of the twofold 
axes. 

Symmetry T with 6 planes of symmetry each containing 2 of the three¬ 
fold axes. 

3 orthogonal fourfold axes, 6 twofold axes and 4 threefold axes (the 
octahedral group). 

Symmetry 0 with the planes of symmetry of both T d and 7\. 


perpendicular to an axis, this is represented by n/m . Then follow the 
symbols for the secondary axes, if any, and then any other symmetry 
planes. The Hermann-Mauguin system is simpler than the Schonflies 
system and is largely replacing it. 

Although the type of crystal is determined by its symmetries, there are a 
number of different systems for naming and numbering such crystal classes. 
The name and numbering system followed here is that due to Von Groth 
and is followed since Von Groth's five volumes on synthetic crystals 
represent the most comprehensive source of information on the properties 
of synthetic crystals. However, the names and class numbers are not as 
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fundamental as the symmetry symbols, which are also shown. The 32 
classes have been divided into the seven crystallographic systems and are 
listed in Table II. 


Class No. 
According 

TABLE II 

Crystal Classes 

Symmetry Symbols 

to 

Names of classes according to Von Groth 


Hermann- 

Von Groth 


Schonflies 

Mauguin 

1 

TRICLINIC SYSTEM 

Triclinic asymmetric 

Ci 

1 

2 

Triclinic pinacoidal 

S2 = Ci 

T 

3 

MONOCLINIC SYSTEM 

Monoclinic sphenoidal 

Ci 

2 

4 

Monoclinic domatic 

C IK — Cj 

m = 2 

5 

Monoclinic prismatic 

Cih 

2 

m 

6 

ORTHORHOMBIC SYSTEM 

Orthorhombic disphenoidal 

V = Di 

222 

7 

Orthorhombic pyramidal 

Civ 

2 mm 

8 

Orthorhombic dipyramidal 

f'h = Dih 

2 2 2 

-= mmm 

9 

TETRAGONAL SYSTEM 

Tetragonal disphenoidal 

s t 

mmm 

4 

10 

Tetragonal pyramidal 

Ci 

4 

11 

Tetragonal scalenohedral 

Vi = Dii 

42 m 

12 

Tetragonal trapezohedral 

Di 

422 

13 

Tetragonal dipyramidal 

CiH 

4 

m 

14 

Di tetragonal-pyramidal 

Ci, 

4 mm 

15 

Ditetragonal-dipyramidal 

DiK 

4 4 2 2 

—mm -- 

m mmm 

16 

TRIGONAL SYSTEM 

Trigonal pyramidal 

C» 

3 

17 

Trigonal rhombohedral 

C»i 

3 

18 

Trigonal trapezohedral 

D * 

32 

20 

D i tr igon al -py ram i d al 

c* 

3 m 

21 

Ditrigonal-scalenohedral 

Du 

3 * 

m 
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TABLE II— Continued. 


Class No. 

According Symmetry Symbols 


to 

Names of classes according to Von Groth 


Hermann- 

Von Groth 


Schonflies 

Mauguin 

19 

HEXAGONAL SYSTEM 

Trigonal dipyramidal 

Czk 

6 

22 

Ditrigonal-dipyramidal 


6ml 

23 

Hexagonal pyramidal 

c 6 

6 

24 

Hexagonal trapezohedral 

D* 

622 % 

25 

Hexagonal dipyramidal 

C%h 

6 

m 

26 

Dihexagonal-pyramidal 

C(, r 

6mm 

27 

Dihexagonal-dipyramidal 

D%h 

6 6 2 2 
— mm =- 

28 

CUBIC SYSTEM 

Cubic tetrahedral-pentagonal- 
dodecahedral 

T 

m mmm 

23 

29 

Cubic pentagonal icosi-tetrahedral 

0 

432 

30 

Cubic dyakis-dodecahedral 

T h 

- 3 = m3 

m 

31 

Cubic hexakis-tetrahedral 

T d 

43m 

32 

Cubic hexakis-octahedral 

O h 

— 3 — = m3m 
m m 


When the symmetry of a crystal is known, it follows from Neuman's 
principle that there is a correspondence between the geometrical form and 
the physical properties of the crystal. According to this principle, when 
the elements of symmetry that characterize the outward form of the 
crystal are known, the symmetry of the physical properties can be pre¬ 
dicted. Any given property such as density, thermal expansion, piezo¬ 
electricity, or elasticity may be of higher symmetry than that of the 
crystal form (approaching more closely that of an isotropic body) but it 
cannot be of lower symmetry. 

The mathematical method for relating the symmetry properties of the 
crystal to the physical properties is discussed in Chapter III. 



CHAPTER III 


Elastic, Piezoelectric and Dielectric Relations in Crystals 

Since a piezoelectric crystal is at once a condenser, a motor and a genera¬ 
tor, we have to consider three sets of constants to specify its action com¬ 
pletely. These are the dielectric, the elastic and the piezoelectric constants 
if only adiabatic relations are to be used, which is the normal case. As dis¬ 
cussed in detail in this chapter, these are second partial derivatives, respec¬ 
tively, of one of the thermodynamic potentials with respect to the electric 
fields, the stresses, and the mixed derivative of the two. Because of the 
wide diversity of symbols used for the variables and constants, the I.R.E. 
Piezoelectric Committee has proposed a system of nomenclature that is 
used throughout this book. A suitable notation for the quantities of 
interest in piezoelectricity should provide a single symbol for each quantity 
with the various components designated by a subscript to permit the use of 
either matrix or tensor methods of writing the equations. This require¬ 
ment prevents the adoption of either of the two most widely used notations 
for stresses or strains. Piezoelectric notation is further complicated by the 
fact that, in general, the electrical, mechanical and sometimes thermal 
conditions of measurement must be specified before a unique meaning can 
be given to the constants of the material. It is therefore desirable to 
provided a notation where the boundary conditions can be specified in the 
symbol. 

The fundamental variables specified and the two most widely used 
systems of units are shown by the following Table III. The definition of 
each unit is given in the cgs electrostatic system and in the rationalized 
mks system, and a conversion factor is given for multiplying the number of 
units in the cgs system to obtain the number of units in the mks system. 

Most of the data on piezoelectricity and practically all the data on 
elasticity have been expressed in the cgs system of units and hence this 
practice is followed in the present work. The equivalent mks units are 
sometimes given and in any case can be obtained by using the conversion 
factors of Table III. 

3.1 Stress and Strain Relations in Aeolotropic Crystals 
3*11 Specification of Stress 

The stresses exerted on any elementary cube of material with its edges 
along the three rectangular axes x, y and z can be specified by considering 

19 
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TABLE III 




Definition 

Conversion 

Variable 

Symbol 

in cgs units 

factor 

Force 

F 

dyne 

10 “* 

Potential 

V 

stat-volt 

300 

Charge 

Q 

stat-coulomb 

3.33 X IO" 10 

Electric field 

E 

stat-volt/cm 

3 X 10 4 

Electric 

displacement 

D 

4t stat-coulomb 

cm 2 

2.65 X IO' 1 

Stress 

T 

dyne/cm 2 

io - 1 

Strain 

Elastic 

S 

cm/cm 

1 

displacement 

Elastic 

u 

centimeter 

io- s 

compliance 

s 

cm 2 /dyne 

10 

Elastic stiffness 

c 

dyne/cm 2 

stat-farad 

10- 1 

Permittivity 

€ 

cm 

8.85 X 10~ 12 

Dielectric im¬ 
permeability 

0 

cm 

stat-farad 

1.13 X 10 u 

Piezoelectric 

constant 

d 

stat-coulomb 

dyne 

3.33 X IO"* 

Piezoelectric 

constant 

e 

stat-coulomb 

cm 2 

3.33 X 10-* 

Piezoelectric 

constant 

Z 

cm 2 

stat-coulomb 

3 X 10* 

Piezoelectric 

constant 

h 

dyne 

stat-coulomb 

3 X 10 4 


Temperature 0 degreesKclvin, , 


Entropy 


ergs 

cm* X°K 


io- 1 


Definition 
in mks units 
Newton 
volt 

coulomb 

volt/meter 

coulomb/meter 2 

Newton/meter 2 

meter/meter 

meter 

mcter 2 /Newton 

Newton/meter 2 

farad/meter 

meter/farad 

coulomb/Newton 

coulomb/meter 2 

meter 2 /Newton 

Newton/coulomb 

degrees Kelvin, 
°K 
Joules 

meter* X °K 


the stresses on each face of the cube illustrated by Fig. 3.1. The total stress 
acting on the face ABCD normal to the #-axis can be represented by a 
resultant force /?, with its center of application at the center of the face, 
plus a couple which takes account of the variation of the stress across the 
face. The force R is directed outward, since a stress is considered posi¬ 
tive if it exerts a tension. As the face is shrunk in size, the force R will be 
proportional to the area of the face, while the couple will vary as the cube of 
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the dimension. Hence in the limit the couple can be neglected with 
respect to the force R. The stress (force per unit area) due to R can be 
resolved into three components along the three axes to which we give the 
designation 

Txxjj TyXj J T ZX J« (3*1) 

Here the first letter designates the direction of the stress component and the 
second letter x 2 denotes the second face of the cube normal to the *-axis. 


z 



Fig. 3.1. Cube showing method for specifying stresses. 


Similarly for the first x face OEFG, the stress resultant can be resolved 
into the components T XXl , T yXl> T tXl , which are oppositely directed to 
those of the second face. The remaining stress components on the other 
four faces have the designation 


Face OABE 

T* vx > 

Tyy x > 

T.y t 


CFGD 

Txvjj 

Tyy# 


(3.2) 

OADG 

Tx*,, 

Tvn x > 

t zh 

BCFE 


Fyttf 

Tggf 



The resultant force in the x direction is obtained by summing all the forces 
with components in the x direction or 


F x *** [T X x % 4* T XXl ) dy dz + + T xyi ) dx dz + {T xz% + T X g x ) dx dy . 

(3.3) 


But 


l *v% 


-^Txy x + 


xx t 

dT a 


m &Txx , 

+ -~^—dx; 


dx 


xy 


dy 


dy; 


**«* 


-T, 




+ —;— dz 


dz 


(3.4) 
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and equation (3.3) can be written in the form 



f>T xy 

dy 


+ 


dz 


| dx dy dz. 


Similarly the resultant forces in the other directions are 



We call the components 


T X xy T'xyy T X z 


Til, T 12 , T 13 

Tyxy Tyy, Ty Z 

= 

7*21, T 2 2y T23 

T 2X y Tzy, T zz 


T 31 , T 32 , T 33 


(3.5) 


(3.6) 


(3.7) 


the stress components exerted on the elementary cube which tend to deform 
it. The rate of change of these stresses determines the resultant force on 


z 



the cube. The second form of (3.7) is commonly used when the stresses 
are considered as a second-rank tensor. 

It can be shown that there is a relation between 3 pairs of these compo¬ 
nents, namely 

f = TyxJ T XZ = Tzx\ Tyz = T gy. (3.8) 

To show this, consider Fig. 3.2, which shows the stresses tending to rotate 
the elementary cube about the z-axis. The stresses T V x t and T y x x tend to 
rotate the cube about the z-axis by producing the couple 

(3.9) 

The stresses T X y x and T XVt produce a couple tending to cause a rotation in 
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the opposite direction so that 

2 (Tj tz — T xy ) dx dy dz = couple = /<£* (3.10) 

is the total couple tending to produce a rotation around the z-axis. But 
from dynamics, it is known that this couple is equal to the product of 
the moment of inertia of the section times the angular acceleration. This 
moment of inertia of the section is proportional to the fourth power of the 
cube edge and the angular acceleration is finite. Hence as the cube edge 
approaches zero, the right-hand side of (3.10) is one order smaller than the 
left-hand side and hence 

Ty X = T xy . (3.11) 

The same argument applies to the other terms. Hence the stress com¬ 
ponents of (3.7) can be written in the symmetrical form 


T XX , T X y, T xz 


Til, T12, T 13 


Ti, T 6 , T 5 

Txy, Tyyy Ty Z 

— 

T12, T22, T 2 3 

= 

Te, T 2 , T 4 

Txzy Pyzy Tzz 


Ti 3 ) T 2 3, T 33 


T5, t 4 , t 3 


The last form is a short-hand method for reducing the number of indices 
in the stress tensor. The reduced indices 1 to 6, correspond to the tensor 
indices if we replace 

11 by 1; 22 by 2; 33 by 3; 23 by 4; 13 by 5; 12 by 6. 

This last method is the most common way for writing the stresses. 

3.12 Strain Components 

The types of strain present in a body can be 
specified by considering two points P and Q of a 
medium, and calculating their separation in the 
strained condition. Let us consider the point P at 
the origin of coordinates and the point Q having 
the coordinates x , y and z as shown by Fig. 3.3. 

Upon straining the body, the points change to 
the positions P\ Q f . In order to specify the 
strains, we have to calculate the difference in 
length after straining, or have to evaluate the 
distance P'Q f ~PQ. After the material has 
stretched, the point P f will have the coordinates 
have the coordinates x + £ 2 ; y + 2 +f 2 - 

is a continuous function of the coordinates x y y 



Fig. 3.3, Change in length 
and position of a line due to 
strain in a solid body. 

£ 1 , vu fi> while Q' will 
But the displacement 
and z y so that we have 
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Similarly 


dri dii dii 

V2 = Vi + ~ * + —y + — z 
dx dy dz 

<3f d£ df 

f 2 “fi +r i ^+r i jy + j-z. 

dx dy dz 


(3.13) 


Hence subtracting the two lengths, we find that the increases in separation 
in the three directions are 

. <5£ d( 

6 X = * r 5 +y r 5 + z — 

dx dy dz 


dri 


dif dr/ 


&v = *- +yr + z t 


dx 

9i 


dy 


dz 

9{ 


(3.14) 


dt 

S z = * -—h y - h z ■ 
dx dy dz 




The net elongation of the line in the x direction is x — and the elongation 

dx w 

, d£ 

per unit length is ~ which is defined as the linear strain in the x direction. 
” dx 

We have therefore that the linear strains in the x, y and z directions are 

(3.15) 


5l= ^’ S *=Fy’ = 


The remaining strain coefficients are usually defined as 

o K W df o dr > d Z 

= “-1- T~ ; «?5 = ~-K = ~ h“ 

dy dz dz dx dx dy 


(3.16) 


and the rotation coefficients by the equations 
df dij d$ df 

dy dz 9 ^ dz dx 9 

Hence the relative displacement of any two points can be expressed as 


di7 d£ 

0). « --- 

dx dy 


(3.17) 


» p , /<Sa ~ «*\ , _ /*?« + 

«X = X 5 x + y (—2— ) + 2 (—2~ ) 

+ -p) 


(3.18) 
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which represents the most general type of displacement that the line PQ 
can undergo. 

As discussed in the appendix the definition of the shearing strains given 
by equation (3.16) does not allow them to be represented as part of a 
tensor. If, however, we defined the shearing strains as 


2S 2Z = 4?4 


2«?i3 = 5*$ 


ar. 

dz + dx 5 


m 

dy dz 1 
25i2 


«5 

dx + dy 


they can be expressed in the form of a symmetrical tensor 


*S*i2 *S*i3 


? s& 

Sl 1 2 



5*6 5*4 

Si2 5*22 5*23 


i s * 2 

«Sl3 *5*23 *5*33 


S 5 *? 4 

T T 53 


(3.19) 


For an element suffering a shearing strain 5* 6 = 25*12 only, the displace¬ 
ment along x is proportional to_y, while the displacement along y is propor¬ 
tional to the x dimension. A cubic element of volume will be strained into 


z 



Fio. 3.4. Distortion due to a shearing strain. 

a rhombic form, as shown by Fig. 3.4, and the cosine of the resulting angled 
measures the shearing deformation. For an element suffering a rotation 
<a g only* the displacement along x is proportional to y and in the negative 
y direction, while the displacement along y is in the positive x direction. 
Hence, a rectangle has the displacement shown by Fig. 3.5, which is a pure 
rotation of the body without change of form, about the z-axis. 

In general, S% to S e cannot be given arbitrarily as functions of x, y 
and z but are subject to restrictions imposed upon them by the definitions 
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of equations (3.15), (3.16) and (3.17). On substitution from these defini¬ 
tions it is found that six equations have to be satisfied identically. These 
equations, known as the conditions of compatibility, are 


d 2 S 2 

+ 

d 2 S 3 

d 2 S 4 _ 

2 

_ A, 

fdS 4 

1 

dS 3 

as 6 ' 

dz 2 

dy 2 ' 

dy dz * 

dy dz 


^ dx 

T 

dy 

+ 17, 

d 2 S 3 

+ 

d 2 Sx 

d 2 S b _ 

„ d 2 Sz 


fdS 4 


dS 6 

, dSe 

dx 2 

dz 2 ' 

dz dx 9 

2 dz dx ' 

- —1 
= dy' 

V dx 


dy 

+ 17. 

d 2 S t 

+ 

d 2 S 2 

d 2 S 6 



f dS 4 

+ 

dS s 

_ 5^7 

dy 2 

dx 2 ' 

~ dxdy 9 

2- = 

dx dy 

-( 

= az\ 

\ dx 

dy 

dz > 


(3.20) 


These conditions are necessary and sufficient to insure the existence of the 
quantities £, 17 , f connected with the strains by the defining formulae of 
equation (3.15), (3.16) and (3.17). 


z 



The total internal energy stored in a general distortion can be calculated 
as the sum of the energies due to the distortion of the various modes. For 

example, in expanding the cube in the x direction by an amount dx *= 

ox 

Si dx , the work done is the force times the displacement. The force will 
be the force 7\ dy dz. Hence the internal energy stored in this distortion is 

T\ dS\ dx dy dz. 


For a shearing stress Tq of the type shown by Fig. 3.4, the displacement 
times the force T* dy dz and the displacement — times the force 

Tq dx dz equals the stored energy or 

AC T * + dS*Tt) dx dy dz « dS^T^ dx dy dz. 

Hence for all modes of motion the stored internal energy is equal to 
AU = [T\ dS\ + T% dS% + J 3 dS% + T 4 dS± + Z 5 dS& 

+ TtdS*)dxdydz. (3.21) 
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3.13 Generalized Hooke's Law 

Having specified stresses and strains, we next consider the relationship 
between them. For small displacements, it is a consequence of Hooke’s 
Law that the stresses are proportional to the strains. For the most un- 
symmetrical medium, this proportionality can be written in the form 


Ti 

= Cll^l 

+ 

**12^2 

+ 

£13*5*3 

+ 

£14*5*4 

+ 

£16*5*5 

+ 

£16*5*6 

t 2 

= £21*5*1 

+ 

*’22*5*2 

+ 

£23*5*3 

+ 

£24*5*4 

+ 

£25*5*5 

+ 

£26*5*6 

t 3 

= £31*5*1 

+ 

£32*5*2 

+ 

£33*5*3 

+ 

£34*5*4 

+ 

£35*5*5 

+ 

£36*5*6 

T t 

= *41 Si 

+ 

£42 *5*2 

+ 

£43*5*3 

+ 

**4464 

+ 

£45*5*6 

+ 

£46*5*6 

T 5 

= *51 *^1 

+ 

*■52 *5*2 

+ 

£53 ^3 

+ 

£54*5*4 

+ 

£55*5*6 

+ 

£56*5*6 

T« 

= £61*5*1 

+ 

£62*^2 

+ 

£63*5*3 

+ 

£64 *5*4 

+ 

£65*5*5 

+ 

£66*5*6 


where C\\> for example, is an elastic constant expressing the proportionality 
between the S\ strain and the T\ stress in the absence of any other strains. 
By employing the Einstein convention that a repeated suffix represents a 
summation with respect to this suffix, these equations can be written in the 
simple form 

Ti = CijSj i y j = 1 to 6 (3.23) 

It follows from the fact that the internal energy AU is a perfect differ¬ 
ential that 


£»i “ £;» 


To show this we note that 


Ti = 


dU 

dSi 


and 


dTt _ a 2 t/ 

dSt ~ dS( dSj 


Hence, since the order of the differentiation makes no difference 

a 2 C7 d 2 U 

c<j ~ dSi a Sj = as, dSi = Cj< 

This reduces the number of independent elastic constants for the most 
unsymmetrical medium to 21. As shown in section 3.33, any symmetry 
existing in the crystal will reduce the possible number of elastic constants 
and simplify the stress strain relationship of equation (3.22). 

Introducing the values of the stresses from (3.22) in the expression for 
the internal energy (3.21), this can be written in the form 
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2AU = i + 2ri2*S’i^2 4 2ci3*S*i*S*3 4 2^14^1 ^4 4 4 ^le^i^d 

4 ^22^*2 4 2^23*5*2^3 + 2r24*S*26*4 4* 2r25*?2^5 4 2^20*5*260 

+ ^ 33*^3 4 2^34 *S *3 *S*4 + 2^356365 4 2^306360 

0 (3.24) 

+ £4464 + 2^456465 + 2^4064*5*5 
+ ^5565 + ^506560 

+ ^66 Sq = CijSiSj. 


The relations (3.22) thus can be obtained by differentiating the internal 
energy according to the relation 


T\ - 


dU 

dSi ; 


T 6 


dU 

dS$ 


(3.25) 


It is sometimes advantageous to express the strains in terms of the 
stresses. This can be done by solving the equations (3.22) simultaneously 
for the strains, resulting in the equations 

Si » suTi + S 12 T 2 4 J 13 T 3 4 J 14 T 4 + S 15 T 5 + sieTe 

62 5:81 J 21 T 1 4 S 22 T 2 4 J 23 T 3 4 J 24 T 4 + J 25 T 5 4 ^26^6 

63 = J 31 T 1 + J 32 T 2 4 J 33 T 3 + J 34 T 4 + J 35 T 5 4 ss&Tq 

(3.26) 

64 * SaiTi + S 42 T 2 4 J 43 T 3 4 J 44 T 4 4 S 45 T 5 4 ^46?6 

65 =* -f S 52 T 2 4 * 53 ?% + S 54 T 4 + S 55 T& + ^562*0 

60 = J 01 T 1 + J 02 T 2 4 J 63 T 3 4 J 64 T 4 4 sqsTs 4 sqqTq 


or 

where 


Sj *“ SjiTi 




(-!)»% 

A c 


(3.27) 


for which A c is the determinant of the cy terms of (3.28) and Afy the minor 
obtained by suppressing the ith row and yth column 


A c 


Cn C\ 2 c 13 C\a c 15 ^10 

C\2 C22 C 23 C 24 c 25 *26 

^13 423 *83 ^34 *35 *38 

*14 C2 4 *34 *44 *45 *48 

*15 *25 *35 *48 *55 *56 

*18 *28 *36 *48 *58 *66 


(3.28) 


To derive equations (3.26) from a fundamental thermodynamic potential, 
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we make use of the Gibbs function G defined as 

G = 17 - TiSi 

Since dU = T,- dSi, we have 

^G = TidSi - TidSi - SfdTi = -SidTi 


Hence 


and 


5,- - - 


dG_ 

dTi 

dG 


dG 


Sii dTi dTj = dTj dTi Sii * 3-29) 

Using equations (3.26), the internal energy can be expressed in the form 


2AU 


SuT\ + 2s\ 2 TiT 2 + 2sizT\Ta + 2ji 4 7iT 4 + 2s\^T\T^ 4- 2siqT\T§ 

+ S 22 T 2 + 2^23 -^ 2 T$ + 2 S 24 T 2 T 4 + 2s 2 bT 2 T^ + ^S 2 ^T 2 T^ 

+ ^33^3 + ^34^3^4 4“ + Is^qT^Tq 

o (3-30) 

+ -^44^4 + 2/45^75 + 2j 46 r 4 T 6 
+ ^55^5 + 2^56 TgTe 

+ j 66 T| - Jo T. T;. 


3.14 Isothermal and Adiabatic Elastic Constants 

We have so far considered only the elastic relations that can be measured 
statically at a constant temperature. The elastic constants are then the 
isothermal constants. For a rapidly vibrating body, however, there is no 
chance for heat to equalize and consequently the elastic constants operative 
are the adiabatic constants determined by the fact that no heat is added 
or subtracted from any elemental volume. For gases there is a marked 
difference between the adiabatic and the isothermal constants, but for 
piezoelectric crystals the difference is small and can usually be neglected. 

To investigate the relation existing we can write from the first and 
second laws of thermodynamics, the relations 

dU * (Ti dS x + T 2 dS 2 + T s dS s 

4* T\dS± 4" T$dSz 4* Tq dS$] 4* &d<r (3.31) 

which expresses the fact that the change in the total energy U is equal to 
the change in the potential energy plus the added heat energy dQ * 0 dv 
where 0 is the temperature and <r the entropy. 

To express the strains in terms of the stresses and temperature, we make 
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use of the Gibbs function defined for this case as 


Then 


G = U — TiSi — Ba or dG = — Si dTi — a dB 



dG_ 

dTi' 


a 


dG 

dB 


Developing the strains and entropy in terms of the partial differentials 
of the stresses and temperature, we have 


dSi dSi dS\ 

dSi = r^-dTy + —?dT 2 + —r dT 3 
dTi dT 2 dT 3 


dS\ dS\ dSi dS\ 

+ ^T 4 + r^r dT*. + dT 6 +~dB 

dT4 dT 5 dT a dB 


dS 6 dS 6 dS 6 

JS ‘-w"' + d dT ‘ + ^ dn 


+ w dT ' + w dT ‘+w dT ‘ + ji‘ ,(> 

dT 4 dT 5 dTe dB 


dir da da 

d °- W l iT '+* r / T ' + W , dT > 


da da da da 

+ „r dT * + W dT *+J¥ dT * + -£ de - 
dTt dT & dT 6 dB 


(3.32) 


The partial derivatives of the strains with regard to the stresses are readily 
seen to be the isothermal elastic compliances. The partial derivatives of 
the strains by the temperatures are the six temperature coefficients of 
expansion, or 


dSi 

dB 


- «i; 


dSe 

dB 


«e- 


(3.33) 


To evaluate the partial derivatives of the entropy with respect to the 
stresses, we make use of the fact that G is a perfect differential so that 


dSj d 2 G _ d^G da 

dB * dB dTi dTi dB ~ dT { 


(3.34) 


Finally multiplying the last of equations (3.32) by 0, and noting that since 
there are no residual strains or stresses 
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dS% = S j, dTi = T% 

S\ = Jn7i + J12T2 4- ^73 + j? 4 7 4 + J‘?57s + ^leTs + «i */0 


*?6 = J?e7i + S 2 Q 72 4" ^36 73 + ^467 4 + ^567s + SqqTq + a o dG (3.35) 

dQ = 9 rf(r = 0 [ai 7 i + a 2 7 2 + 0:373 + o 4 7 4 + 0575 + o£Q 7 e] 

+ pC p */0 
S(T 

since 0 — is the total heat capacity of the unit volume at constant stress, 
00 

which is equal to pC py where p is the density and C p the heat capacity at 
constant stress per gram of the material. 

To get the adiabatic elastic constants which correspond to no heat loss 
from the element, or dQ — 0, dG can be eliminated from (3.35) giving 

= 4i7i +ii27 2 +sl s Ts 4-Jh7 4 4-4s 75 + Ji67 6 4- (oi /pC v ) dQ 

. (3.36) 

^6 ~ 4o7i + S 2 qT 2 4- *$46T 4 4" S^qT^ + SqqTq 4~ ((Xq/pC p ) dQ 

where 

a,o ,0 


pc p 


(3.37) 


For example for quartz, the expansion coefficients are 

a x - 14.3 X 10~ 6 /°C; o 2 - 14.3 X 10" 6 /°C; a 3 - 7.8 X 10- 6 / o C; 

a 4 = a 5 = a 6 = 0 


The density and specific heat at constant pressure are 

p = 2.65 grams/cm 3 ; C p = 7.37 X 10 6 ergs/gram. 

Hence the only constants that differ for adiabatic and isothermal values are 

Six = J22; ^12; ^13; ^33- 

Taking these values as 1 

s* n - 127.9 X 10 ~ 14 cm 2 /dyne; s* 12 - -15.35 X 1(T 14 ; 

si 3 * 11.0 X 10 14 ; 4s = 95.6 X 10~ 14 . 

We find that the corresponding isothermal values are 

sfi - 128.2 X 10~ 14 ; s? 2 « -15.04 X KT 14 ; 

- 10.83 X 10~ 14 ; sis - 95.7 X 10 “ 14 cm 2 /dyne 

1 Mason, W. P., “ Quartz Crystal Applications/* B.S.T. /., Vol. 22, No. 2, July, 
1943; Quartz Crystalsjor Electrical Circuits , Chapter II, D. Van Nostrand Company, 
Inc., 1946, or Chapter VI of this book. 
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at 25°C or 298° absolute. These differences are probably smaller than 
the accuracy of the measured constants. 

If we express the stresses in terms of the strains by solving equation (3.35) 
simultaneously, we find for the stresses 

T\ = CiiSi + ^12*^2 + £?3^3 + ^?4^4 + ^1 dO 

. (3.38) 

To = rx0A?i + ^ 26^2 + ^ 36^3 + £45 £4 + ^ 56^5 + <^6 ~ Xg dO 

where 

Xi = + &2Cl2 + a 3 c lS + + a 5^15 + « 0^?0 


Xg = OL X C10 + a 2 ^20 


The X's represent the temperature coefficients of stress when all the strains 
are zero. The negative sign indicates that a negative stress (a compression) 
has to be applied to keep the strains zero. If we substitute equations 
(3.38) in the last of equations (3.35), the relation between increments of 
heat and temperature, we have 

dQ = 0 dv = 0 [Xi 5 i + X2*S*2 “b ^ 3^3 + X4*?4 + X565 + Xg*?g] 

+ [pCp “* 0 («iXi + <* 2^2 + £* 3 X 3 + «4^4 + + <* 0 X 0 )] dO. (3.39) 

If we set the strains equal to zero, the size of the element does not change, 
and hence the ratio between dQ and dO should equal p times the specific 
heat at constant volume C v . We have therefore the relation 

p[C p — C v ] = 0[aiXi + <* 2 X 2 + <*3X3 ~b ** 4 X 4 + OJ5X5 + agXg]. (3.40) 


The relation between the adiabatic and isothermal elastic constants ra¬ 
dius becomes 


4 


— 4 "b 


XjXy0 

pC v 


(3.41) 


Since the difference between the adiabatic and isothermal constants is so 
small, no differentiation will be made between them in the following 
sections. 


3.2 Expression for The Elastic , Piezoelectric , Pyroelectric and Dielectric 
Relations of a Piezoelectric Crystal 

When a crystal is piezoelectric, an internal energy is stored in the 
crystal when a voltage is applied to the crystal. Hence the energy ex¬ 
pressions of (3.31) requires additional terms to represent the increment of 
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energy dU\ If we employ cgs units which have so far been most widely 
used, as applied to piezoelectric crystals, the energy stored in any unit 
volume of the crystal is 

dU =» T\ dS\ + T 2 dS 2 + T 3 dS$ + T 4 dS± + T 5 dS$ + Tq dS$ 

+ E 1 ^ + E 2 ^+E 3 ^ + ed* (3.42) 
4 T 4ir 4?r 

where E\ y E 2 and £3 are the components of the field existing in the crystal 
and Du D 2 and D 3 the components of the electric displacement. In 
order to avoid using the factor 1/4-ar we make the substitution 

~ - fi. (3.43) 

4ir 


The normal component of 8 at any bounding surface is 8 0 the surface 
charge. On the other hand if we employ the mks system of units, the 
energy of any component is given by E n dD n directly and in the following 
formulation 8 can be replaced by D . 

There are two logical methods of writing the elastic, piezoelectric, pyro¬ 
electric and dielectric relations. One considers the independent variables 
as the stresses, fields, and temperature, and the dependent variables as the 
strains, displacements and entropy. The other system considers the 
strains, displacements and entropy as the fundamental independent 
variables, and the stresses, fields and temperature as the dependent vari¬ 
ables. The second system appears to be more fundamental for ferro¬ 
electric types of crystals. 

As first pointed out by Mueller , 2 these systems and any others involving 
three sets of the six variables, can be derived by using the eight thermo¬ 
dynamic potentials given in the following Table IV. 

For the second system described above, the proper function is the internal 
energy function U. From Table IV 


dU = Ti dSi + E m 8 m 4 - B da 


Then 


Ti 


dU 

dS 4 ; 




(3.44) 


If we develop the stresses, fields and temperature in terms of their 
* Letter to Piezoelectric Committee. 
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TABLE IV 
Independent 

Thermodynamic Function Variables 


Differential Relations 


Energy, U 


Si, Dm, <r dU = TidSi + E m + Q dar 


Free energy, A — U — <r0 
Enthalpy, 

H = U — SiTi — E m — 
4t 

Elastic enthalpy, 
tfi = £7 - 

Electric enthalpy, 
H«=U-E m — 


Si, Dm, 9 = 7W$i+ £„.==- 


7\, £ m , o* = -5,^ -t^ dEm +Q d<r 

4 7T 


T^Dm,^ dHi = + 

4tt 


^Em,* dH 2 = 7\ - 7 - dE m -f 0</(T 


Gibbs function, 

G=U-SiTi-^^-ae Ti,E m ,Q dG = -SidTi - — dE m - <r dQ 
4w 4 t 


Elastic Gibbs function, 
Gi * (7 - - (T0 


7 <, Dm , 0 + *</0 


Electric Gibbs function, 

G* - U-E^-aQ 
4 IT 


«&, Em, 0 dG% — Ti dSi —dEm — <r ^0 


On occasion all eight sets are of value, 
partial derivatives, we can write 


_£2Yv 

dSi) Dt * 


dSi + 


dS 2 + 


^3 + 


+ SL dS ‘ + S)„, "* + SL dh+ SL * 

/ S|<r d<7 /^x, 


n ■ SL "■ + S)».." 1+ SL"* + SL 


(3.4SA) 
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six.. "* + BvL "• + W*, *■ + fL *■ 


d*Wi),«r 

+^) *. + £*) * 
«™3/S,» Off / SD 


£ 


-*-StL 


"* + a M)*, JSi+ ff 


i) 


5£i\ 


^3+^) ^4 


+ 

+ 


dE 
dS\ 
dE 
dS 3 


r) 

1 5/D,c 

-) 

3 / S,* 


dS& + 


dEi\ _ a£A 

^1 / 5,<r 


-) 

6 /D,<r 

~) 

<7 / 8,L 


dS§ + 


Js ‘ + tL ‘ a * 


d$ 3 + —M da 

vv / s,D 


d£A 

’5/Z),<r 


« j 2 /d^ + «$>/*,. 




dS4/D t * 


+ jfX/ s ‘ +d M),. js ‘ + 


fO *+^) * 

d$l /s,* d^2 / S,r 


.^A A * > d lA 

dS 3 )s,* 3 da ) SiE 


da 
S ,D 

, ae\ JO ae\ , n ae\ to ae\ 

= F?~) ^i+Tp - ) '^ 2 '*~Fc r ) ^ 3 "*”FF/ 

OOi/D,, Od 2 /D,<r 0^3/D,c 0O 4 / D-( 


(3.45B) 


^^2/D,a ” ^6/ u,a vv 4/iy,<r 

ae\ *e\ ,o se\ ae\ ^ 

“^r-J dS* 4- T77") dSfi + —) ^i+77~) ^2 

^o 6 / Di<r odi/ 5 ^ 002/s,* 


dw \ ciw\ 

+s+ MiL 


ae\ ae\ 

+ ~ ) dbz + — J 
0O3/S,* 0 <T/ StD 


The subscripts under the partial derivatives indicate the quantities kept 
constant. Subscript D indicates that the electric displacement is held 
constant, subscript cr indicates that the entropy is held constant, while 
subscript S indicates that the strains are held constant. 

Examining the first equation, we see that the partial derivatives of the 
stress T\ by the strains are the elastic constants c# which determine the 
ratios between the stress T\ and the appropriate strain with all other 
strains equal to zero. To indicate the conditions for the partial derivatives, 
the superscripts D and <r are given to the elastic constants and they are 
written c$ ,tr . The partial derivatives of the stresses by b « D/4x are the 
piezoelectric constants A f y which measure the increases in stress necessary 
to hold the crystal free from strain in the presence of a displacement. 
Since if the crystal tends to expand on the application of a displacement. 
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the stress to keep it from expanding has to be a compression or negative 
stress, the negative sign is given to the constants. As the only meaning 
of the h constants is obtained by measuring the ratio of the stress to 
5 = D/4ir at constant strains, no superscript S is added. However, 
there is a difference between isothermal and adiabatic piezoelectric 
constants in general, so that these piezoelectric constants are written 
Finally the last partial derivatives of the stresses by the entropy <r can be 
written 


iPO « 

Off /S,D B off / s,D 9 Off / s,D 


-y s n' D dQ 


where dQ is the added heat. We designate 1/9 times the partial derivative 
as n ,D and note that it determines the negative stress (compression) 
necessary to put on the crystal to keep it from expanding when an incre¬ 
ment of heat dQ is added to the crystal. The electric displacement is held 
constant, and hence the superscripts S and D are used. The first six 
equations then can be written in the form 

Tj = fi'Si + 4’S 2 + c%°S 3 + £*S 4 + c%'S 6 + egrs» 

~ h\jh ~ h’ 2i h - hl s h - yf-° dQ. (3.46) 


To evaluate the next three equations involving the fields, we make use of 
the fact that the expression for dU in equation (3.44) is a perfect differ¬ 
ential. As a consequence there are relations between the partial deriva¬ 
tives, namely 


37y _ dEn dTj dQ dE n dQ 

dS n ~ dSj ’ da ~ dSj ’ da = dS„ ’ 


(3.47) 


We note also that 



(3.48) 


where 0 is the so-called “ impermeability ” matrix obtained from the 
dielectric matrix t nm by means of the equation 


0mn 


A 


(3.49) 


where A is the determinant 


A 


< 11 > « 12 » <13 
« 12 > « 22 > <23 
* 18 > * 28 » <38 


(3.50) 


and A m,n the minor obtained by suppressing the mth row and nth column. 
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The partial derivatives of the fields by the entropy can be written 

1 dE„ 


) dc - 
da / s,D 8 da 


) e5c = 5 X 5 ) ^ (3-51) 

/ 8,D 0 /S,I> 


where ^ ,£) is a pyroelectric constant measuring the increase in field required 
to produce a zero charge on the surface when a heat dQ is added to the 
crystal. Since the voltage will be of opposite sign to the charge generated 
on the surface of the crystal in the absence of this counter voltage, a nega¬ 
tive sign is given to q^ D . 

Finally the last partial derivative 


de\ 

da) 


S,D 


da 


l de\ 

8 da) s,d 


8 da 



(3.52) 


represents the ratio of the increase in temperature due to the added amount 
of heat dQ when the strains and electric displacements are held constant. 
It is therefore the inverse of the specific heat at constant volume and 
constant electric displacement per gram of material times the density p. 
Hence the ten equations of equation (3.45) can be written in the generalized 
forms 

Tj = 4 Cj2*i $2 4 cjz'Sz + cf±* S± + cfz'Sz + cf^Sz 

— hijdi — /i2jf>2 — — 7 f D dQ 

E m = —— h° m 2 S 2 — KaSz — — h a mh S 5 — h a m Q S& 

+ 47T$^i5i 4 4^^262 4- 4^^363 — qm D dQ (3.53) 

do =» —Q[yf ,D 'Si 4 72 ,d ^2 4 yi ,D Sz 4 yf D St 4 yf D S 5 + 76 ,z> ^6l 

— 0[$f'% + Q2 D h 4 * 

n - 1 to 6 ; m = 1 to 3 


If, as is usually the case with vibrating crystals, the vibration occurs 
with no interchange of heat between adjacent elements, dQ = 0 and the 
ten equations reduce to the usual nine given by the general forms 


Tj = cjiSi 4 CftSz 4- c#S 3 + $$4 + CfrSs 4 

— hijd\ — h2jf>2 — h$j8s 


Em ** "“Ami5*1 — ^ 2^2 — hmsSs ~ ^ 4^4 — A^g^s — Ame^S 

+ + 4it^ 2 ^2 4 


(3.54) 


In these equations the superscript a has been dropped since the ordinary 
constants are adiabatic. The tenth equation of (3.53) determines the 
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increase in temperature caused by the strains and displacements in the 
absence of any flow of heat. 

The other form for writing the elastic, piezoelectric, pyroelectric and 
dielectric relations is to take the strains, displacements, and entropy as the 
fundamental variables and the stresses, fields and temperature increments 
as the dependent variables. These can be developed from the thermo¬ 
dynamic variable G of Table IV by employing the relation 


Em - 


ae 


(3.55) 


If we develop ${> E m and da in terms of their partial derivatives, and use the 
relations between the partial derivatives shown by equation (3.56) (which 
follow from the fact that G is a perfect differential) 

dSm _ a£y da~ d8m da_ 

dTj dE m ’ ae dTj ; ae * a£ m c ; 


and substitute for the partial derivatives their equivalent elastic, piezo¬ 
electric, pyroelectric, temperature expansions, dielectric and specific heat 
constants, there are 10 equations of the form 

= sffTx + s% q T 2 + s% e T 3 + s% q T 4 + s?fT 6 + s% Q T 6 + df { E i 

+ d%iE 2 + d^{E 3 + of dG 

= d^iTi + d^T 2 + d^s T 3 + d^ 4 T 4 + d^T^ + df^^T^ 

+ +^£ 2 +^£ 3 + P^ e (3.57) 

dQ — 0 da = 0[af T i + ol 2 T 2 + 0 C 3 T 3 + -f afTs 4* °^Tq] 

+ ®[p\E\ + P2E2 + PzE 3 ] + pC% dQ. 


n - 1 to 6, 


The superscripts £, 0, and T indicate respectively constant field, constant 
temperature and constant stress for the measurements of the respective 
constants. It will be noted that the elastic compliance and the piezo¬ 
electric constants d mn are for isothermal conditions. The cP constants are 
the temperature expansion constants measured at constant field, while the 
p T constants are the pyroelectric constants relating the ratio of b » D/4r 
to increase in temperature dG , measured at constant stress. Since there is 
constant stress, these constants take into account not only the “ true” 
pyroelectric effect which is the ratio of 5 * D/4ir to the temperature at 
constant volume, but also the so-called “ false ” pyroelectric effect of the 
first kind which is the polarization caused by the temperature expansion of 
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the crystal. This appears to be a misnomer. A better designation for the 
two effects is the pyroelectric effect at constant strain and the pyroelectric 
effect at constant stress. Cjf is the specific heat at constant pressure and 
constant field. 

The adiabatic equations holding for a rapidly vibrating crystal can be 
obtained by setting dQ equal to zero in the last of equations (3.57) and 
eliminating dQ from the other nine equations. The resulting equations are 


Si 


sfiT x + sfzT2 + T3 + sftTi 

+ s i5^5 + s?qTq + duE\ + d2iE2 + d%iE$ 


dmlTi + d m 2T2 + d m sTs + d m ±T± 


(3.58) 


+ dmsTs + d m6 T 6 + — E, +^£2 +^£3 
4tt 47t 4jt 


where the symbol a for adiabatic is understood and where the relations 
between the isothermal and adiabatic constants are given by 

T,o T,G JTJTr, 
€ mn _ € mn _ PmPn ® 

4tt ~ 


,B* 


Sii 


c B,e _ 
s ij 


EE 
Oti OLj W 


pCf 




4pZs 0 




4t 


P c* p 

(3.59) 


Hence the piezoelectric and dielectric constants are identical for isothermal 
and adiabatic conditions provided the crystal is not pyroelectric, but differ 
if the crystal is pyroelectric. The difference between the adiabatic and 
isothermal elastic compliances was discussed in section (3.14) and was 
shown to be small. Hence the equations in the form (3.58) are generally 
used in discussing piezoelectric crystals. 

Two other forms of the piezoelectric equations are also used. For 
adiabatic conditions they can be developed by employing the thermo¬ 
dynamic potentials H 2 and H\ of Table IV and can be written in the form 


Tj — c§Sj — e m j E m 
D e s 

Un t - o , frnn r? 

4r " " n ’ *' + ” 


(3.60) 


— Sij Tj + gn$n 

E m = ~ gmjTj 


(3.61) 


The four piezoelectric constants d> e y g and h thus defined are all related, 
but each represents a different aspect of the piezoelectric relationship and is 
useful for a particular set of conditions. For example, d measures the 
strain in a free crystal for a given applied field, e the stress developed by a 
given field when the crystal is clamped, g the open-circuit voltage for a 
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given stress, and h the open-circuit voltage for a given strain. As shown 
in the appendix, there are relationships between them that can be written 
in the form 

i _ c mn _ E 

nj — ^ gmj — tniSij 


_ f mn t _ j E ^ — 1 tO 3 

~ “j "m; — dnxCij . . - ^ 

4tt tyj = 1 to 6 

ifni = 4Tp mn d m j 
hnj — 4ir/3 mn ^ m j = gni^tj 


(3.62) 


where as before a repeated suffix indicates a summation. 

In general, equations of the form (3.58) and (3.60) are more convenient 
for nonferroelectric type crystals, while equations of the form (3.54) and 
(3.61) are more convenient for ferroelectric types of crystals. 


3.3 Effect of Symmetry on the Dielectric Piezoelectric and Elastic Constants 
of Crystals 

All crystals can be divided into 32 classes depending on the type of 
symmetry. These groups can be divided into seven general classifications 
depending on how the axes are related and furthermore all 32 classes can 
be built out of symmetries based on twofold (binary) axes, threefold 
(trigonal) axes, fourfold axes of symmetry, sixfold axes of symmetry, 
planes of reflection symmetry and combinations of axis reflection sym¬ 
metry besides a simple symmetry through the center. Each of these 
types of symmetry result in a reduction of the number of dielectric, piezo¬ 
electric, and elastic constants. 

Since the tensor method discussed in the appendix lends itself most 
easily to a transformation from one system of axes to another, the effect 
of symmetries in reducing the number of fundamental constants and 
providing relationships between others is dealt with there. The results 
of these transformations for the various crystal classes are given in the 
following equations. 


3.31 Second Rank Tensors for Crystal Classes 


The symmetry relations have been calculated for all classes of crystals. 
For a second-rank tensor such as €,•>, the following forms are required 


Triclinic 


<11* «12, €13 
<12* <22* <23 
<139 <28* <33 


(3.63) 
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Monoclinic 

€ 11> 

0 

y «X 3 


0 , 

€ 22 , 0 


«13, 

0 

y €33 

Orthorhombic 

€ 11> 

0 

,0 1 


0 , 

*22, 0 


0 , 

0 

y «33 

Tetragonal, Trigonal 

*n> 

0 

>0 I 

Hexagonal 

0 , 

«n> 0 


0 , 

0 

> €33 1 

Cubic 

«n> 

0 

,o 1 


0 , 

€ n> 0 


0 , 

0 

>«u | 

Transverse isotropy 

«11> 

0 

,0 

2 an axis of rotary 

0 , 

<1 

1,0 

symmetry C n = n 

0 , 

0 

» *33 


where n - <*> 


3.32 Third Rank Tensors of the Piezoelectric Type for the Crystal Classes 


Triclinic asymmetric (Class 1) No 
Symmetry 
Cr = 1 


h\u ^12? h\4y h\5 y hi$ 
f*21 y A 22 , A 2 3> A 24 , A 2 5j ^26 
fait k’32> A 33 , ^34> A 35 , ^36 


Triclinic pinacoidal (center of symmetry) h = 0 (Class 2) *S *2 = C, or 1 


Monoclinic sphenoidal (Class 3) y is 
binary axis 
C 2 - 2 


0,0,0, ^ 14 , 0 , Aie 

^21 > A 22 , A 23 , 0 , h‘2 5, 0 

0,0,0, A34, 0 , A36 


Monoclinic domatic (Class 4) y plane 
is plane of symmetry 
C. * m = 5 


All, A i2 , ^ 13 , 0 , A15, 0 

0,0,0, A 2 4> 0 , A 2 6 

^31 > A32, A33, 0 , A35, 0 


Monoclinic prismatic (center of symmetry) h = 0 (Class 5) C 2 * = — 

m 

(3.64) 


Orthorhombic disphenoidal (Class 6) 

0 

,0 

,0 

, hl^y 0 

5 

0 

#,y, z binary axes 

0 

,0 

,0 

,0 

y A 2 5 > 

0 

V - B 2 or 222 

0 

,0 

,0 

,0 

,0 

> 

^36 

Orthorhombic pyramidal (Class 7) z 

0 

,0 

,0 

,0 

) A15, 

0 

binary, x , y , planes of symmetry 

0 

,0 

,0 

, A 2 4 > 0 

> 

0 

Cat, 885 2wtt2 

1 A31, ^ 32 , A33, 0 

,0 

> 

0 
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Orthorhombic dipyramidal (center of symmetry) A = 0 (Class 8) 

2 2 2 

V\ — Dzh or -= mmm 

mmm 


Tetragonal disphenoidal (Class 9) 
2 is quaternary alternating 


S 4 = 4 


0 , 0 ,0 , 

0 , 0 ,0 , 

h$u A31, 0 > 


A 14 > ^ 15 , 0 

— Ais, Ai 4 , 0 

0 ,0 , A 3 6 


Tetragonal pyramidal (Class 10) z 
is quaternary 
C 4 = 4 

Tetragonal scalenohedral (Class 11)2 
quaternary, x and y binary 
Va = D 2 d — 42 m 

Tetragonal trapezohedral (Class 12) 

2 quaternary, * andy binary 
D 4 = 422 


0,0,0, Ai4, Ai5, 0 
0,0,0, Ai5, — Am, 0 
A31, A31, A33, 0 , 0,0 

0,0,0, Am, 0 , 0 
o ,0 ,0 ,0 ,Am,0 
0 ,0 ,0 ,0 ,0 , A36 

0,0,0, a 14 , 0 , 0 
0 , 0 , 0 , 0 , -Am, 0 
0 ,0 ,0 ,0 , 0 ,0 


Tetragonal dipyramidal (center of symmetry) A = 0 (Class 13) C 4 * « — 


Ditetragonal pyramidal (Class 14) 2 
quaternary, x andy planes of 
symmetry 

C 4v = 4 mm 


0 , 0 , 0 , 0 , A 15 , 0 
0,0,0 ,* 1B , 0 ,0 
^ 31 , A31, A33, 0 , 0,0 


(3.64) 


Ditetragonal dipyramidal (center of symmetry) A 

_ 4 4 2 2 

D 4 h — — =- 

m mmm 


0 (Class 15) 


Trigonal pyramidal (Class 
16) 2 trigonal axis 
C 3 = 3 


A11, ~An, 0 , Ai 4 , A15, — A22 

— A22> A22> 0 , A15, —A14, —An 

A 3 i> A 3 i, A33 ,0 , 0 , 0 


Trigonal rhombohedral (Class 17) center of symmetry, A * 0, Csi 


Trigonal trapezohedral 
(Class 18), 2 trigonal, 
x binary 
D a - 32 


An, —An, 0 , Am, 0 , 0 

0 , 0 , 0 , 0 , — Am, —An 

0 , 0 ,0 ,0 , 0 , 0 


3 


Trigonal dipyramidal (Class 
19), 2 trigonal, plane of 
symmetry 
Czh “ 5 


An, -“An, 0,0, 0 , —A 22 

— A22> A 22 , 0 ,0 , 0 , —An 
0 , 0 ,0 ,0 , 0 , 0 
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Ditrigonal pyramidal (Class 
20 ) z trigonal ,y plane of 
symmetry 
Csv ■■ 3wi 

Ditrigonal scalenohedral (Class 21 ) center of symmetry, A = 0,3— *= ©34 


0 , 0 , 0 , 0 , A 15 , —A 22 

~"^ 22 > ^ 22 > 0 > A 15 , 0 > 0 

hz\ y hzu ^ 33 > 0 , 0,0 


Ditrigonal dipyramidal (Class 

An, • 

“An, 0 

,0 , 

0 , 

0 

22) z trigonal, 2 plane of sym¬ 

0 , 

0 

,0 

,0 , 

0 , 

—An 

metry andy plane of symmetry 

0 , 

0 

,0 

,0 , 

0 , 

0 

D$h = 6m2 







Hexagonal pyramidal 

0 , 

0 

,0 

> ^14, 

Al5> 

0 

(Class 23) z hexagonal 

0 , 

0 

,0 

> Al5» 

—h\\, 

0 

C 6 - 6 

^31, 

A 31 , A 33 , 0 , 

0 , 

0 

Hexagonal trapezohedral 

0 , 

0 

,0 

> Al4> 

0 , 

0 

(Class 24) 2 hexagonal, 

0 , 

0 

,0 

,0 , 

— A 14 , 

0 

# binary 

0 , 

0 

,0 

,0 , 

0 , 

0 


D 6 * 622 (3.64) 

g 

Hexagonal dipyramidal (Class 25) center of symmetry, A =0, C 6 * = — 


Dihexagonal pyramidal (Class 26) 
x hexagonal y plane of symmetry 
C 6v * 6 mm 


0 ,0 ,0 ,0 ,A 15 >0 

0,0,0, his, 0 , 0 
A31, A31, A33, 0,0,0 


Dihexagonal dipyramidal (Class 27) center of symmetry, A = 0, D 6 a « -ww 


Cubic tetrahedral-pent agonal-dodeca¬ 
hedral (Class 28) #,y, z binary 


T * 23 


0 ,0 ,0 ,a 14 ,o ,0 

0 ,0 ,0 ,0 , A 14,0 

0 ,0 ,0 ,0 ,0 ,*u 


Cubic pentagonal-icosi-tetrahedral (Class 29) A * 0; 0 * 432 

Cubic, dyakis-dodecahedral (Class 30) center of symmetry, A * 0; 

T h - - 3 - m3 
m 


Cubic, hexakis-tetrahedral (Class 31) 
#,y, % quaternary alternating 
Td m ?3w 


0 ,0 ,0 ,A U , 0 ,0 
0 ,0 ,0 ,0 ,a 14) o 

0 ,0 ,0 ,0 ,0 , A 14 
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Cubic, hexakis-octahedral (Class 32) center of symmetry, h 

4-2 
Oh * ~3 
m m 


0 5 


Transverse isotropy 
2 an axis of rotary symmetry 
C n — n where n = oo 


0 , 0 , 0 , 0 , ^15, 0 

0,0,0 ,h 15> 0 ,0 
^ 31 ) ^ 31 > ^ 33 > 0 , 0,0 


These matrices hold for the e and h piezoelectric constants. Because of 
the definition of shearing strain adopted, the d and g relations for classes 
16, 18, 19 and 22 will be somewhat different than for the h symbols given 
above. In these classes, the d and g matrices will be 




i 

dn 


-dn 

0 

dl4 

<^15 

—ld 22 


Class 16 


— ( 



d 2 2 

0 

d 15 

— dn 

-2 d n 




\ dsi 


^31 

dzz 

0 

0 

0 





I d n 

-dn 0 

d\4 

0 

0 


Class 18 



0 


0 

0 

0 

dn 

-2d u 





0 


0 

0 

0 

0 

0 












(3.65) 






dn 

-dn 0 

0 0 

— 2d 2 2 


Class 19 





-d 22 

d 22 0 

0 0 

-2d u 







0 

0 

0 

0 0 

0 







dn 

-dn 0 

0 0 

0 


Class 22 





0 

0 

0 

0 0 

-2dn 







0 

0 

0 

0 0 

0 


3.33 Fourth Rank Tensors of the Elastic Type for the Crystal Classes 

Triclinic 

*n 

*12 


*13 

*14 

*15 

*16 

The . 

s tensor 

system 

C\2 

C 22 


*23 

*24 

*25 

*20 

is entirely 

(Classes 1 

*13 

*23 


*33 

*34 

*35 

*38 

analogous 

and 2) 21 

*14 

C 2 4 


*34 

C 44 

*45 

*46 



moduli 

*15 

*25 


*35 

€45 

£55 

*56 




*16 

*20 


*30 

^46 

*50 

*66 


(3.66) 

Monoclinic 

*11 

C\2 


*13 

0 

*15 

0 

The s tensor 

system 

*12 

*22 


*23 

0 

*25 

0 

is entirely 

(Classes 3, 4 

*13 

*23 


*33 

0 

*35 

0 

analogous 

and 5) 13 

0 

0 


0 


C 44 

0 

*46 



moduli 

*15 

*25 


£35 

0 

*55 

0 




0 

0 


0 


*46 

0 

*66 
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Rhombic 

^11 

system 

C12 

(Classes 6 , 7 

Cl3 

and 8 ) 

0 

9 moduli 

0 


0 

Tetragonal 

cn 

system, z a 

c 12 

fourfold axis 

^13 

(Classes 9, 10 , 

0 

13) 7 moduli 

0 


*16 

Tetragonal 

£11 

system, z a 

*12 

fourfold axis, 

*-13 

x a twofold 

0 

axis (Classes 

0 

11,12, 14, 15) 

0 


6 moduli 

Trigonal Cn 

system, z a fi 2 

twofold axis, C\% 

(Classes 16, cn 

17) 7 moduli — c 2 *> 

0 

Trigonal C\% 

system, 2 a fi 2 

trigonal axis, c \3 

x a binary axis Cu 

(Classes 18, 0 

20 , 21 ) 6 

moduli 

Hexagonal c\\ 

system, * a C 12 

sixfold axis, x c \3 

a twofold 0 

axis (Classes 0 

19, 22, 23, 24, 

25, 26, 27) 5 u 

moduli 


**12 

*13 

0 

0 

*22 

*23 

0 

0 

*23 

£33 

0 

0 

0 

0 

*44 

0 

0 

0 

0 

*58 

0 

0 

0 

0 

**12 

Cl3 

0 

0 

*n 

*13 

0 

0 

**13 

*33 

0 

0 

0 

0 

*44 

0 

0 

0 

0 

*44 

‘*16 

0 

0 

0 

*12 

*13 

0 

0 

*11 

*13 

0 

0 

*13 

*33 

0 

0 

0 

0 

*44 

0 

0 

0 

0 

*44 

0 

0 

0 

0 

*12 

*13 

*14 

— *26 

*11 

*13 

*14 

*25 

*13 

*33 

0 

0 

’*14 

0 

*44 

0 

*26 

0 

0 

*44 

0 

0 

*26 

*14 

*12 

*13 

*14 

0 

*11 

*13 

-*14 

0 

*13 

*33 

0 

0 

*14 

0 

*44 

0 

0 

0 

0 

*44 

0 

0 

0 

*14 

*12 

*13 

0 

0 

*11 

*13 

0 

0 

*13 

*33 

0 

0 

0 

0 

*44 

0 

0 

0 

0 

*44 

0 

0 

0 

0 


0 The s tensor 
0 is entirely 

0 analogous 

0 
0 

^66 

C\§ The s tensor 
—ri 6 is entirely 
0 analogous 
0 
0 

^66 

0 The s tensor 
0 is entirely 
0 analogous 
0 
0 

£*66 ( 3 . 66 ) 

0 The s tensor 
0 is analogous 
0 except that 

^25 ^46 — 2 ^ 25 * 

C 14 ^56 = 2j 14 , 

Cn — c 12 ^66 = 2 
2 C*ll — *12) 

0 The s tensor 
0 is analogous 
0 except that 
0 — 2 ^ 14 , 

Cl4 ^66 = 2 

^11 ~*12 fall *” ^ 12 ) 

2 

0 The s tensor 
0 is analogous 
0 except *66 358 
0 2 fan — S 12 ) 

0 

2 
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Cubic system 


fl2 

fl2 

0 

0 

0 

(Classes 28, 

fa 

fa 

fl2 

0 

0 

0 

29, 30, 31, 32) 

C\ 3 

f|2 

fa 

0 

0 

0 

3 moduli 

0 

0 

0 

f44 

0 

0 


0 

0 

0 

0 

f44 

0 


0 

0 

0 

0 

0 

f44 

Isotropic 

fa 

fl2 

fl2 

0 

0 

0 

bodies, 2 

Cj2 

fa 

fl2 

0 

0 

0 

moduli 

fl2 

fl2 

fa 

0 

0 

0 


0 

0 

0 

fa —fi2 

2 

0 

0 


0 

0 

0 

0 ^ 

f 12 

2 

0 


0 

0 

0 

0 

0 ^ 

— fl2 

2 

Transverse 

fa 

fl2 

fl3 

0 

0 

0 

isotropy 

fl2 

fa 

fl3 

0 

0 

0 

C n = n where 

fis 

fl3 

f33 

0 

0 

0 

n - 00 

0 

0 

0 

f44 

0 

0 


0 

0 

0 

0 

f44 

0 


0 

0 

0 

0 

0 ^ 

— fl2 

2 


The s tensor 
is entirely 
analogous 

(3.66) 

The s tensor 
analogous ex¬ 
cept last three 
diagonal 
terms are 
2 (su —s 12 ) 


The s tensor 
is analogous 
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CHAPTER IV 

Properties of Crystals Determinable from Small Sizes 

A program for measuring the properties of synthetic piezoelectric crystals 
has been under way at the Bell Laboratories for the last ten years or more 
and has resulted in a number of publications and produced crystals of 
interest for the war effort. This search also resulted in the ethylene 
diamine tartrate (EDT) and di potassium tartrate (DKT) crystals 
described in Chapter IX. These crystals are finding considerable use in 
electrical wave filters in place of quartz crystals. It is the purpose of this 
chapter to describe the methods used for the search and to present data on 
a number of crystals that have been investigated. While these crystals 
have not been completely measured, the data for them may find use in 
predicting the chemical and atomic properties necessary for obtaining the 
best crystals for meeting definite requirements. 

4.1 Methods for Measuring Small-Sized Crystals 

Since the time and effort necessary to measure and grow large-sized 
piezoelectric crystals are very considerable, and since special growing 
techniques are often required for specific crystals, it is a matter of some 
importance to obtain a method for eliminating non-promising crystals in 
the small-grain size state, since these are rather easily grown in beakers by 
spontaneous seeding. Two methods have been used for this purpose, the 
Giebe and Scheibe click method and a balanced-bridge method first pro¬ 
posed by the writer. 

For the Giebe and Scheibe method, a number of grains of the substance 
are inserted between two electrodes which are placed across the plates of 
an oscillator, constructed as shown by Fig. 4.1. The frequency of the 
oscillator is changed by changing the tuning condenser C\ and if a resonance 
of one of the piezoelectric crystals occurs near the oscillator frequency, the 
frequency of the oscillator will be briefly controlled by the crystal reso¬ 
nance. As the condenser is turned further, the natural frequency of the 
oscillator becomes far enough away from the crystal resonance so that it 
cannot control the oscillator frequency, and a jump occurs from the crystal 
frequency to a different frequency controlled by the oscillator constants. 
This jump in frequency is accompanied by a change in the plate current, 
so that if a pair of headphones or a loud speaker is attached to the plate 
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circuit of the oscillator, a click is heard. By changing the oscillator 
frequency over a wide range, a number of possible resonances will be 
crossed and a series of clicks obtained. This is entirely a qualitative 



Fig. 4.1. Giebe-Scheibe type oscillator for obtaining indications of piezoelectricity from a 

crystalline powder. 

method since the loudness of the clicks cannot be related to the coupling 
in the crystal or the crystal Q. It will, however, determine whether a 



meter 



Fig. 4.2. Bridge circuit for obtaining semi-quantitative measurements of piezoelectricity, 

crystal is piezoelectric, or not, down to a very small coupling for the 
crystal. 

The bridge method on the other hand is semiquantitative, even for very 
small-sized crystals. The circuit for the bridge is shown by Fig. 4.2. 
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Here crystal grains are placed between two electrodes which are placed in 
one arm of a capacity bridge. An oscillator is connected to the input and 
a sensitive detector to the output of the bridge. The capacity Ci is 
balanced outside the crystal resonance range so that a minimum of current 
occurs in the detector. As the frequency is changed, the bridge becomes 
unbalanced as a crystal resonance is approached and the amount of un¬ 
balance determines the ratio of the crystal Q to the ratio of capacitances 
existing for the crystal. For a bridge as shown by Fig. 4.2B, the current 
in the output is given in terms of the input voltage by the equation 

H = (Zi + Z 2 )Z 3 Z 4 

+ (Z 3 + Z 4 )ZiZ 2 (4.1) 

+ Z 5 [(Z X + Z 2 )(Z 3 + Zb)] 

+ Z 6 [(Zi + Z 3 )(Z 2 + Z 4 )] 

+ ZgZetZi 4- Z 2 + Z 3 + Z 4 ] 




we have the equations for a capacity bridge with a crystal in one arm. 
Suppose now that Ci, C 3 and (C 0 + C 2 ) are approximately equal and that 
the input and output impedances Z5 and Z 6 are low compared to the 
impedances of the bridge. Then the current in the detector will be 
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the denominator nearly vanishes, if the value of Q for the crystal is high, 
and a large current results. The value of this current at resonance is equal 
very nearly to 

*0 = ~y<ar{.Co + C 2 ) p-—*-—J Q = £o"«(Co + C 2 ) — (4.5) 



Fio. 4.3. Current in bridge circuit as a function of frequency. 


where r is the ratio of capacitances existing for the crystal, which ratio is 
related to the electromechanical coupling k by the equation 

t 2 /I - 

The current will vary over a frequency range as shown by Fig. 4.3. 
The maximum current is proportional to (?/2r, and the rapidity with which 
it decreases from the maximum value is determined by the value of Q 
for the crystal. This can be measured by determining the frequency 
separation of the two frequencies 3 db down (or a current ratio of 1/V2) 
from the maximum value, with the Q being 

Q-% . (4.7) 

Hence both the Q and the electromechanical coupling could be obtained 
from this measurement if the orientation and field applied to the crystal 
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were known. Since small grains are commonly used, these last two factors 
are not known, and only a qualitative measure of the coupling is possible. 
If a number of grains of different orientation are present, it is thought that 
the coupling can be judged within a factor of 3 to 1. 

It has become customary to rate the coupling in four categories: zero, 
weak, moderately strong and strong. From measurements on larger- 
sized crystals, it has been determined that these categories correspond 
approximately to the coupling ranges 

Zero Weak Moderately Strong Strong 

<1% 1 to 7% 5 to 15% 8% to 30% 

or higher 

A program of selecting and growing promising chemical materials into 
crystal form has been carried out by A. N. Holden. These have been 
measured and classified into coupling groups by the writer. The following 
tables show these classifications for a large number of materials for which 
the measurements have been completed. 

TABLE V 

Strong Coupling 
No. 

1 Acetamide d- tartrate 

2 Aminoethyl-ethanolamine hydrogen tartrate 

3 Ammonium hydrogen tartrate 

4 Ammonium hydrogen dl- malate 

5 Ammonium hydrogen //-tartrate-Z-malate 

6 Ammonium arsonyl ^-tartrate hemihydrate 

7 Ammonium lithium ^/-tartrate monohydrate 

8 Ammonium oxalate hydrate 

9 Benzil 

10 1, 3-diaminobutane arsonyl tartrate 

11 Dextrose sodium iodide 

12 Ethylene diamine arsonyl tartrate 

13 Ethylene diamine chromate 

14 Ethylene diamine tartrate 

15 Ethylene diamine ^-tartrate 

16 Ethylene diamine antimony! ^-tartrate 

17 Ethylene diamine hydrogen /-malate 

18 Iodic acid 

19 /-tyrosine hydrobromide 

20 /-propylene diamine arsonyl tartrate 

21 /.tyrosine hydrochloride 

22 Z-hystidine dihydrochloride 
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TABLE V— Continued . 

Strong Coupling 
No. 

23 Lithium thallium tartrate hydrate 

24 Lithium rubidium tartrate 

25 Methylamine arsonyl tartrate 

26 Methylamine hydrogen tartrate 

27 Nickel hydrogen /-malate dihydrate 

28 Nickel selenate hexahydrate 

29 Potassium bromate 

30 Potassium lithium //-tartrate monohydrate 

31 Potassium thiochromate 

32 Piperidine-acetic acid hydrate 

33 Rubidium dihydrogen arsenate 

34 Rubidium dihydrogen phosphate 

35 Sodium ammonium tartrate 

36 Sodium tartrate dihydrate 

37 Sodium dihydrogen phosphate dihydrate 

38 Sodium rubidium tartrate tetrahydrate 

39 Sucrose sodium iodide 

40 Tartaric acid 

41 Thallium hydrogen tartrate 

TABLE VI 

Moderately Strong Coupling 
No. 

1 Ammonium tartrate 

2 Ammonium pentaborate 

3 //-mandelic acid 

4 //-propylene diamine arsonyl tartrate 

5 Dextrose sodium chloride 

6 Ethylene diamine antimonyl tartrate 

7 Ethanolymine hydrogen tartrate 

8 Isopropylamine arsonyl tartrate 

9 /-benzoylalamine 

10 /-asparagine 

11 /-tyrosine hydroiodide 

12 Methylalamine 

13 Morpholine acetic acid 

14 Methyl morpholine antimonyl tartrate 

15 Potassium pentaborate 

16 Rubidium tartrate 

17 Silver tartrate thiourea 

18 Sodium hydrogen tartrate 

19 Urea 
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TABLE VII 

Weak Coupling 
No. 

1 Aminoacetic acid 

2 Acetamide hydrogen tartrate 

3 Ammonium hydrogen /-malate 

4 Ammonium dimolybdomalate 

5 Aminoethyl morpholine arsonyl tartrate 

6 Aminoethyl ethanolamine arsonyl tartrate 

7 Ammonium iodate 

8 Benzophenone 

9 Barium nitrate 

10 Coumarin 

11 Calcium hydrogen /-malate hexahydrate 

12 Diethyl amine hydrogen tartrate 

13 Diphenylguanidine tartrate 

14 ^//-alpha-phenylethylamine hydrogen ^//-malate 

15 </-alpha-phenylethylamine /-malate 

16 2, 3-dibromopropylamine hydrogen tartrate 

17 Diethylamine arsonyl tartrate 

18 1, 3-diaminobutane arsonyl tartrate 

19 Dimethylamine hydroiodide 

20 Ethylene diamine sulphate 

21 Ethanolamine arsonyl tartrate 

22 Ethyl propyl piperidinium iodide 

23 Guanidine carbonate 

24 Hexamethylene tetramine 

25 Hippuric acid 

26 Hexamethylene tetramine mandelate 

27 Hydroxyethyl morpholine arsonyl tartrate 

28 Isobutylamine antimonyl tartrate 

29 /-leucine 

30 /-histidine monohydrochloride 

31 /-tyrosine sulphate 

32 m-nitrobromobenzene 

33 Morpholine hydrogen tartrate 

34 Morpholine antimonyl tartrate 

35 Methylmorpholine hydrogen tartrate 

36 Magnesium lead propinate 

37 m-nitrochlorbenzene 

38 Morpholine mandelate 

39 Magnesium /-malate 

40 Morpholine piperidine arsonyl tartrate 

41 w-butylamine arsonyl tartrate 

42 Phthalic anhydride 
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TABLE VII— Continued . 
Weak Coupling 
No. 

43 Potassium antimonyl tartrate-sodium sulphate 

44 Potassium antimonyl tartrate-lithium nitrate 

45 Piperidine hydrogen tartrate 

46 Piperazine tartrate 

47 Potassium hydrogen tartrate 

48 Piperazine antimonyl tartrate 

49 Piperazine hydrogen tartrate 

50 Phenyl-w-propylamine hydrogen tartrate 

51 Propylene diamine hydrogen tartrate 

52 Potassium hydrogen ^-saccharate 

53 Piperazine arsonyl tartrate 

54 Rubidium hydrogen tartrate 

55 Resorcin 

56 Silver nitrate succinononitrile 

57 Tribenzylamine nitrate 

58 Triethylene tetramine hydrobromide 

59 Tetramethyl-pyrazine hydrogen tartrate 

60 Trans-dimethyl piperazine tartrate 

61 Xylose 


TABLE VIII 

Zero Coupling 
No. 

1 Aminoethyl-morpholine tartrate 

2 Aminoethyl-morpholine mandelate 

3 Ammonium antimony! tartrate hydrate 

4 Ammonium hydrogen o-sulfobenzoate 

5 Acetamide*oxalate 

6 Acetylphenyl hydrazine 

7 Barium thiosulfate-acetate dihydrate 

8 Calcium tartrate tetrahydrate 

9 Diammonium citrate 

10 Diphenyl trisiloxane 

11 Diphenyl iodonium chloride 

12 </-6-6'-dinitro diphenic acid 

13 Dimethylamine antimonyl tartrate 

14 Dimethylamine arsonyl tartrate 

15 ^/-arginine monohydrochloride 

16 Dimethyl piperazine 

17 Dimethyl piperazine mercurichloride 

18 1, 2-Dimorphoiino propane dihydrobromide 

19 1, 3-Dimorpholino propane dihydrobromide 

20 1, 3-Dipperidino propane dihydrobroraide 
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TABLE VIII— Continued. 

Zero Coupling 
No. 

21 Dimethyl morpolinium iodide 

22 Ethylene diamine thiosulphate acetate 

23 Ethyl morpholine hydrogen tartrate 

24 Ethylene diamine ethylene diamine tetra acetate 

25 Ethylene diamine selanate 

26 Ethylene diamine iodate 

27 Ethylene diamine primary arsenate 

28 Ethylene diamine tetracetic acid hydrochloride 

29 Ethyl morpholine arsonyl tartrate 

30 Ethyl-a-picolinium iodide 

31 Ethylene diamine succinate 

32 Ethylene diamine hydrogen ^/-malate 

33 Glycine hydrochloride 

34 Glycine tartrate 

35 Guanidine aluminum sulphate hexahydrate 

36 Hexamethylene tetramine hydrobromide 

37 Hydroxyethyl morpholine hydrogen tartrate 

38 Hydrazine sulphate 

39 Isobutylamine arsonyl tartrate 

40 Methylethyl morpholinium iodide 

41 Methylamine antimonyl tartrate 

42 Methyl-a-picolinium iodide 

43 Methylhydroxyethyl morpholinium iodide 

44 Methylhydroxyethyl morpholinium arsonyl tartrate 

45 Magnesium tartrate pentahydrate 

46 Magnesium 2, 5 dichlorbenzol sulfonate octohydrate 

47 5-Nitrosalicylic acid 

48 5-Nitro 2, 3 di(trichloromethyl) dihydrocoumarone 

49 Potassium zinc cyanide 

50 Potassium tetraoxalate dihydrate 

51 Potassium hydrogen succinate dihydrate 

52 P-Toluidine hydrochloride 

53 P-Aminohippuric acid 

54 P-C hloroacetan i 1 ide 

55 Phcnylthiosemicarbazide 

56 Propylene diamine mandelate 

57 Piperidine mandelate 

58 Potassium amino acetate 

59 Phenyltrimethyl ammonium iodide 

60 Potassium dibrompacetate 

61 Propylene diamine arsonyl racemate 

62 Potassium iodate 

63 Phenolphthalein diacetate 

64 P-Nitrobenzoyl piperidine 
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TABLE Will—Continued. 

Zero Coupling 
No. 

65 Sodium dihydrogen arsenate dihydrate 

66 Strontium nitrate-acetate hemitrihydrate 

67 Thiomalic acid 

68 Triphenyl guanidine hydrogen tartrate 

69 Trimethyl sulfonium iodide 

70 Tetraethanolammonium hydrogen arsenate perchlorate 

71 Tetraethanolammonium hydrogen sulphate 

72 Tetra-/>-tolyl silane 

73 Triphenyl methanone 

74 Urea nitrate 

75 Zinc 2, 5 dichlorbenzolsulfonate octohydrate 

4.2 Properties Determined from Three Small Oriented Plates 

It has been thought worth-while to investigate the properties of all 
piezoelectric crystals having an electromechanical coupling of 12 to 15 per 
cent or higher. This is a rather arbitrary division point which was chosen 
on the basis that since quartz has a 10 per cent coupling, it would require 
unusually good mechanical properties for a synthetic crystal to compete 
with quartz; whereas a coupling of 15 per cent or higher would be of interest 
for types of applications other than these usually satisfied by quartz. 

Since the powder method has a probable spread of 3 to 1 in the indicated 
coupling, it was thought worth-while to interpose an intermediate screening 
test between the powder test and the measurement of properties of large- 
scale crystals. This test consists in growing crystals from the powder 
size up to a size of 3 to 4 millimeters for all dimensions. This size is 
large enough to cut and handle in a practical manner. W. L. Bond has 
devised a method of determining the orientation of crystal cuts by means 
of the optic axes of the crystals. Triclinic, monoclinic, and orthorhombic 
crystals have two optic axes making an acute angle with respect to each 
other. By taking three plates perpendicular to the bisectrix of these two 
axes, parallel to the bisectrix and perpendicular to the plane of the optic 
axes, three mutually perpendicular sets of plates can be obtained, from 
which more accurate coupling data can be obtained. For crystals of 
tetragonal, hexagonal, and trigonal classes, there is one optic axis and 
crystals cut parallel to this and two other orientations perpendicular to the 
optic axis at directions determined by the crystal faces, will provide a set 
of three mutually perpendicular plates which can be used for coupling 
measurements. While no assurance exists that by measuring the couplings 
of these mutually perpendicular plates, one obtains the maximum coupling, 
experience has shown that couplings measured in this way will usually be 
within 50 per cent of the couplings measured for larger-sized crystals. 



PROPERTIES OF SMALL-SIZE CRYSTALS 57 

TABLE IX 

Approximate Measure of Strongest Coupling 


Material 

Crystal System 

Strongest 

Coupling 

1 

Ammonium tartrate 

monoclinic 

Per cent 

11.3 

2 

Ammonium pentaborate 

orthorhombic 

7.0 

3 

Ammonium hydrogen-*//-malate 

orthorhombic 

6.1 

4 

Ammonium hydrogen-^-tartrate-/-malate 

monoclinic 

8.6 


5 

Ammonium oxalate monohydrate 

orthorhombic 

10.25 

6 

Ammonium arsonyW-tartrate hemihydrate 

orthorhombic 

9.0 

7 

Aminoethyl ethanolamine hydrogen tartrate 

triclinic 

16.0 

8 

^/-propylene diamine arsonyl tartrate 

monoclinic 

7.1 

9 

1, 3-diamine butane arsonyl tartrate 

orthorhombic 

7.0 

10 

Dextrose sodium chloride 

trigonal 




trapezohedral 

9.0 

ii 

Ethylene diamine antimonyl ^/-tartrate 

orthorhombic 

8.0 

12 

Ethylene diamine arsonyl tartrate 

orthorhombic 

15.4 

13 

Iodic acid 

orthorhombic 


14 

Isopropylamine arsonyl tartrate 

orthorhombic 

11.7 

15 

Lithium rubidium tartrate 

orthorhombic 

11.7 

16 

/-asparagine 

orthorhombic 

12.5 

17 

/-tyrosene hydrochloride 

monoclinic 

13.2 

18 

/-tyrosene hydrobromide 

monoclinic 

16.0 

19 

Lithium thallium tartrate hydrate 

orthorhombic 

15.8 

20 

Methylalamine 

orthorhombic 


21 

Methyl morpholine antimonyl tartrate 

orthorhombic 

16.0 

22 

Neutral acetamide tartrate 

orthorhombic 

8.4 

23 

Potassium pentaborate 

orthorhombic 

11.8 

24 

Piperidine acetic acid hydrate 

orthorhombic 

9.0 

25 

Rubidium tartrate 

trigonal 




trapezohedral 

6.5 

26 

Rubidium dihydrogen arsenate 

tetragonal 

16.4 

27 

Rubidium dihydrogen phosphate 

tetragonal 

16.0 

28 

Sodium dihydrogen phosphate 

orthorhombic 

5.5 

29 

Sodium rubidium tartrate 

orthorhombic 

19.5 

30 

Sodium ammonium tartrate 

orthorhombic 

22.7 

31 

Silver tartrate thiourea 

monoclinic 

6.2 

32 

Sodium hydrogen tartrate 

monoclinic 

11.5 

33 

Tartaric acid 

monodinic 

17.5 

34 

Thallium hydrogen tartrate 

orthorhombic 

24.0 
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For monoclinic and triclinic crystals, measurements of thickness modes are 
made as well as those for contour modes measured for the other crystal 
classes. 

These measurements have been made by cutting square slabs, evaporat¬ 
ing gold over the surface, putting the crystals in a well-shielded holder with 
all the stray capacitances tied to ground across a low input and output 
impedance circuit. The resonance and anti-resonance, the static capac¬ 
itance, and the equivalent resistance of the crystal at resonance, are all 
measured. From these, the dielectric constant, the ratio of capacitances 
and the electromechanical coupling can be obtained from the formula 

€ 


where Co is the measured capacitance in farads, l c the thickness, A the 
cross-sectional area of the crystal,/# the resonance frequency, and /a the 
anti-resonant frequency. Table IX on page 57 shows measurements of the 
value of the strongest coupling found for the three mutually perpendicular 
plates for a number of the strong coupling materials of Tables IV and V. 


4tC q X 9 X 10 n / c 
A 


4_j 

A 


ll+±r 



CHAPTER V 


Resonant Measurement of the Properties 
of Large-Size Crystals 

When crystals of a large size are available, the elastic, piezoelectric and 
dielectric constants can be determined by measuring the electrical imped¬ 
ances of the crystal over a wide frequency range. These constants are 
measured by cutting out a specified number of crystal plates at various 
orientations with respect to the natural crystal and measuring the capaci¬ 
tance of the plates at low frequencies, the resonant, and the anti-resonant 
frequencies. These determine the “ free ” dielectric constant, the fre¬ 
quency constant and the ratio of capacitances of the crystal. Knowing 
the density of the crystal, one can calculate the elastic constant pertaining 
to the mode of motion. By measuring the resistance of the crystal at 
resonance, a measure of the “ Q ” is obtained. This is an indication of 
the internal dissipation of a crystal, if this is high enough to override 
other sources of dissipation. For most crystals measured, however, it is 
the mounting losses and the acoustic radiation losses that predominate 
and determine the crystal Q. Since the application of a crystal depends 
to quite an extent on the temperature coefficient of frequency and the 
temperature coefficient of the piezoelectric and dielectric constants, these 
properties are usually measured over a wide temperature range. Such 
measurements also provide an indication of the type of dipole operative 
in the piezoelectric effect, as discussed in section 10.6, Chapter X. 

The mode of motion that can be related most easily to the fundamental 
elastic and piezoelectric constants of the crystal is the longitudinal mode 
of motion. This follows from the fact that the resonant frequency of a 
long, thin bar is controlled by the Young’s modulus of the bar, and the ratio 
of capacitances is simply related to the piezoelectric constant, the dielectric 
constant and the elastic constant. Other simple modes that can be related 
to the elastic constants are flexure modes and torsional modes, but these 
require complicated plating arrangements for driving them and hence can¬ 
not be used for measuring piezoelectric and dielectric constants. As 
shown in section 5.2, longitudinal-mode crystals can be used to evaluate 
all the elastic constants except the shear constants and can be used to 
evaluate all of the dielectric constants and all of the piezoelectric con¬ 
stants. For evaluating the shear elastic constants, we have a choice of 
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using face-shear modes or thickness-shear modes. The face-shear mode 
has been used exclusively for these measurements on account of the greater 
ease of dimensioning such crystals and because no corrections have to be 
made for piezoelectric coupling effects. An alternate method for measuring 
the elastic constants is by using harmonics of thickness modes. This 
method 1 has been made the basis of an optical method for measuring elastic 
constants, which consists in using the standing-wave pattern as an optical 
diffraction grating. From the position of the diffracted light spots, taken 
for three orientations of the crystal, all of the elastic constants can be 
determined. 

Another method 2 used recently for measuring crystal elasticities is the 
pulsing ultrasonic method discussed in section 16.3. By sending shear and 
longitudinal waves down various oriented crystal cuts, all of the elastic 
constants of a crystal can be calculated. As shown by Huntington, 2 
these measurements result in the constant field elastic constants, which, for 
a ferroelectric type of crystal, vary considerably near the Curie tempera¬ 
ture. By means of this method, an indication of the size of a domain 
can be obtained for a ferroelectric type crystal, such as rochelle salt. This 
follows from the fact that when a crystal becomes ferroelectric, it breaks 
up into domains of definite sizes that act as sound-scattering centers; for 
example, just as metal grains do in aluminum. The data of Fig. A.4 taken 
at 100 kilocycles, show that the Q of a 45° X-cut rochelle salt crystal drops 
from 9,000 to 3,000 in the Curie region, due to the sound-scattering power 
of the domain. This corresponds to an attenuation of 2.5 X 10 -4 nepers 
per centimeter due to sound scattering. From equation (16.49), assuming 
that the non-homogeneity constant is within the limits 0.001 to 0.1, this 
results in a domain size within the limits of 0.01 to 1 cubic centimeter. 
This is about the same size as found by Mueller by an electrostatic method. 

The last two methods, the optical diffraction method and the ultrasonic 
pulse method, give only the elastic constants and do not evaluate the 
piezoelectric and the dielectric constant. Hence the measurement of the 
resonant and anti-resonant frequencies of specially oriented crystals still 
appears to be the best method for obtaining the constants of a piezoelec¬ 
tric crystal, although it may be supplemented by other methods. 

5.1 Calculation of the Resonance and Anti-Resonance Frequencies of a 
Piezoelectric Crystal in Terms of the Fundamental Constants 

In order to determine the fundamental elastic, piezoelectric and dielec¬ 
tric constants from measurements of capacitances, and the resonance and 

1 Bergman, L., Dr. Ultraschall, J. W. Edwards, 1942. 

2 Huntington, H. B., “ Measurements of Crystal Elasticities by a Pulse Method,” 
Phys. Rev.y Vol. 72, No. 4, pp. 321-332, August 15, 1947. 
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anti-resonance frequencies, a calculation of these quantities is made from 
the fundamental relationships given in Chapter III. For a plated crystal, 
the type of equation that satisfies the boundary conditions best is the 
Voigt type expressed in terms of the electrical field. This follows because 
for a plated crystal the tangential electric fields vanish and the only com¬ 
ponent left is the normal component. It is the purpose of this section to 
calculate these quantities for longitudinal and face-shear modes. 


5.11 Longitudinally Vibrating Piezoelectric Crystals 


In obtaining the elastic and piezoelectric constants of a crystal, it is 
necessary to vibrate the crystal in a simple mode of motion and determine 
the constants, from the measured resonant and anti-resonant frequencies 
and the capacitance of the crystal measured at low frequencies. The 
simplest mode of motion, and the one most easily related to the crystal 
constants, is the simple longitudinal mode. According to a recent con¬ 
vention in specifying crystal cuts, the thickness is taken along the z- or 
# 3 -axis of the crystal, the length along the *- or x^-axis, while the width 
lies along the jy- or x^-axis. If we take z as the thickness direction and 
apply plating to the surfaces normal to this axis, the only value of surface 
charge different from zero will be $3, since no electric connections are made 
to the other surfaces. Since z is assumed small, the voltage gradient 
dE^/dz will be a constant throughout the thickness of the crystal. Also, 
since the plating is an equipotential surface, £3 will not vary with x or 
y directions and 


di?3 ^ dEs 
dx dy 


(5.1) 


For sides normal to the thickness, the stresses on the surface are zero. 
Using the matrix notation of Chapter III, this is expressed by setting 
the stresses 

r 3 - r 4 - r 6 - o (5.2) 

Since the thickness is taken as small and.all the stresses are zero on the 
two surfaces normal to z, these stresses cannot differ appreciably from 
zero in the interior and hence we can set 

T 3 - T 4 » T 5 = 0 (5.3) 

for all elements of the crystal. Similarly, since the width is considered 
very small, the stresses 

T 2 * T 4 - T e - 0 (5.4) 

For the length, the only finite dimension, the stresses on the surface are 

T u 2* T 6 (5.5) 
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of these Tg and Tg have already been found to be zero so that the only 
stress different from zero in the interior is T \. 

The equation of motion for such a bar can be derived from Newton’s 
law of motion, and the piezoelectric relation of equation (3.1). In vector 
form, Newton’s law can be written 

P dx dy dz = F* (5.6) 

Of 


where & are the displacements of the elementary cube dx dy dz in the 
directions x> y and z, F* are the components of force in these directions 
exerted on the elementary cube, and p is the density of the material in 
the cube. From elastic theory as discussed in Chapter III, equations 
(3.5) and (3.6), we have that the total resultant force along the x direction 
is the partial derivative of the stresses or 



Similarly, for the other two directions, 



(5.8) 


These can be expressed in the general tensor form 


F* 


dTki 

dx k 


dx t 


(5.9) 


Hence the equations of motion become 


dT k , 
P dt 2 = dx k 


(5.10) 


For the longitudinal bar with its length along x, the only stress different 
from zero is T\, and hence the only equation of motion for this bar is 


^|i _ d]\ 

P dt 3 dy 


(5.11) 


Since Ti is the only stress, the corresponding strains are given by equation 
(3.58), the first part. For the case of interest here/' - 1 and since a charge 
is developed only in the z direction, n - 3. Hence we have 

Si rfiTi + daxEa 
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In particular, the stress T\ can be specified by a single strain, all the other 
strains being related dependently on this one. Taking the strain S\ f 
since it is simply related to the displacement &, we can write 

5*i — sfiTi + 

or (5.13) 

rn *$1 ^31^3 

ll ~ X~ 

*>11 *^11 

The electrical relations of equation (3.58) reduce to the form 

Sn - f E 3 + dnlTi = (*f - “^~) £ 3 +^ 5 , (5.14) 

W \^7T Jn / Jll 

The only charge of interest is the one in the z direction, which is the 
direction of the applied field. Hence 


^3 


[4 _4i\ 
L4t ^fj 


£3 + ‘S’l 
s ll 


Finally, we call the expression 


t 

€33 


df 


31 


LC 

e 33 


4ir 


sfi 


€33 


4t 4x 


(5.15) 


(5.16) 


indicating that it is the longitudinally clamped dielectric constant which 
relates the potential and surface charge when the crystal is clamped so 
that Si disappears. 

In terms of the two index symbols, the two piezoelectric and elastic 
relations can be written 


d 2 £i _ 1 _ d 2 £i , dzi ^£3 

P dt 2 ” sfi dx 2 + Jn dx 


$3 


_ — £3 

4 t 3 


^31 d£x 
jfi dtf 


(5.17) 


To solve this equation, we note that £3 is a constant independent of x 
since the plating forms an equipotential surface. Hence the equation of 
motion becomes 


d 2 *i JL 
p dr 2 “ jfj ax 2 


(5.18) 


For simple harmonic motion, the variation of ft with time can be 
written in the usual form 

ft = (5.19) 
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so that for simple harmonic motion equation (5.18) becomes 

dji 2 e u 0)2 

dx 2 


u2ps "5? “° 


(5.20) 


where v , the velocity of a plated crystal, is given by the formula 

f 2 = l/Vn (5.21) 

A solution of equation (5.20) with two arbitrary boundary conditions is 


cox _ . ox 
£ = A cos — +5sin — 
v v 


(5.22) 


To determine the constants A and B , use is made of equation (5.13). 
Differentiating equation (5.22) 

di n a) r . ox ^ oovl „ _ _ ... 

— ss = ~ —A sin +5 cos I = s n Ti + dsi^s (5.23) 
dx v L & J 

When # = 0 and * = / the crystal length, for a free crystal, the stress 

T t = 0 (5.24) 


Under these conditions 




(5.25) 


- 2? = d^\Es and - [" —/f sin — + B cos —1 
® vLvvJ 

Solving for the constants A and B and substituting in equation (5.23), 


iSi = 


cox 
cos — + 

V 


ol 
sin — 
0 


• sin 


dz\E$ 


. <*>(/ — #) # WAT 

sin-h sin — 

_ V _ V 

. 0)1 
sm — 
v 


(5.26 


The electrical impedance measured at the terminals of the plated crystal 
is then determined by substituting the value of S\ * d£\/dx in the last 
of equations (5.17). This gives S 3 » Da/4ir, where D 3 is the electric dis¬ 
placement in the z direction. Since the normal component of the dis¬ 
placement /4 t equals the surface charge, S 3 then represents the charge on 
the surface of the crystal. The current into the crystal is the rate of change 
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of the surface charge with time, and for a simple harmonic voltage is given 
by 

i - >JhdS - >4jT« 3 dx = >4jf' [j £ 3 + ^ *?i] (5.27) 


Introducing the value of ^ from (5.26) and integrating from 0 to /, we 
have 


< * jUJ 


dll 

4r + s B n 


'tan — 1 
__2 d 

oil 

2 “. /J 


(5.28) 


The admittance of the free crystal is then 

£ _ £_£_ julJfkz f. 4ir4i / tan w//2p \~) ,, 0Q . 

Z £ £ 3 A 4t/ ( L V w//2a /J ( ) 


At very low frequencies this admittance reduces to the capacitative react¬ 
ance 


jodj 

4rlt 



, 4,4,1 

+ if, J 


jo)/ w /e%3 

4irl t 


= juC 


(5.30) 


so that the low-frequency measurement of the capacitance C determines 
the free dielectric constant cj 3 . When the tangent 


tan 


Oil 

2 v 


oil 

oo or — 
2 v 


7T 

2 




£ _ 1 

2/ = 2l\l r psfi 


(5.31) 


A resonant frequency is obtained whose value is determined by the elastic 
compliance sf u the density p, and the length of the crystal. 

The anti-resonance occurs when the expression in brackets of equation 
(5.29) equals zero or when 


, . 4x4i (^n co A l/2v\ 
+ mJP, ) 


= 0 
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Defining the coefficient of electromechanical coupling as 


k 


331 


vF 


(5.33) 


and substituting in the value of from equation (5.19), equation (5.32) 
becomes 


<»aI 

2d 


cot 


2v 



(5.34) 


Defined in this way, the electromechanical coupling factor represents the 
percentage of the total electrical energy applied to the crystal at zero fre¬ 
quency, that is stored in mechanical form. 

We wish now to obtain an expression for evaluating the coupling factor 
k in terms of the measured resonant and anti-resonant frequencies Jr and 
/a- Their difference is usually small so that we can write 

Ja = fn + A/; * <*)/* + 2irA/ (5.35) 


Inserting these values in (5.34) and noting that 


cot (.A + B ) 


cot A cot B — 1 
cot A + cot B 


we have, since = X for the lowest resonance 
2d 2 


i( i+ 


B 




( 


T tA/ 

co t -+c°t — 


) 


T A/ 

cot-— 

2/ m 


%r A f . 

Expanding tan ~ — into the power series 
2 Jr 


t A/ 

‘“2 7 m 


1 


fA/ + 


6 # 


2/ * 

2 f B 


and solving for k? we have 


AA 3 



(rrp) 


+ 


•] <5. 


(5.36) 


Hence, when the frequency difference between resonance and anti-resonance 
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is measured, the coupling coefficient k can be obtained by substituting in 
the above formula. Usually the first term is sufficient. Having the cou¬ 
pling the elastic constant sfi> which can be calculated from the resonant 
frequency, and € 33 , which is obtained from low-frequency capacitance 
measurements, the piezoelectric constant d Z \ can be evaluated. By using 
these constants for rotated cuts, all the independent elastic constants not 
involving pure shear, all of the piezoelectric constants, and all of the 
dielectric constants can be evaluated. 



Fio. 5.1. Equivalent electrical circuit of a piezoelectric crystal and a plot of its reactance 

against the frequency. 


The equivalent circuit of the crystal 3 can be evaluated from equations 
(5.33) and (5.36) and is shown by Fig. 5.1. From network equations, 
the resonant frequency and the separation of resonance and anti-resonance 
frequencies are given in terms of the elements of Fig. 5.1 by the equations 


Jr = 


1 

iWUCx ’ 


Ja -Jr = Ci_ = J_ 
Jr 2C 0 2r 


(5.37) 


From equation (5.29), the capacity C 0 is given by 


Co 


4 c //u, x 1.11 x io ~ 12 

At It 


farads 


Hence C\ 




(1.11 X 1 (T 12 ) farads 


(5.38A) 


•The equivalent electrical circuit of a crystal was first derived by K. S. Van Dyke, 
Phys. Rev,, Vol. 25, p. 895, 1925; Proc, I.R.E. , Vol. 16, pp. 742-764, 1928. 
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From the resonant-frequency equation 


L\ = 


1 

4 JflCx 


4r 2 


9 X 10 11 


17 1 ^ 

( 8 dh /4A1 

LWvfi/ 

W sfy h )\ 


(5.38B) 


It is interesting to note that if the same process is carried out for an over¬ 
tone mode, the same value of Co and L\ result but C\ has to be multiplied 
by a factor l/n 2 where n is the order of the overtone. 


5.12 Evaluation of Shearing Constants From Face-Shear Vibrations 

A measurement of various orientations of the crystal in longitudinal 
vibration will evaluate all of the elastic constants except the shear con¬ 
stants. To measure the shearing elastic constants requires setting up a 
vibration in which a pure shear is the predominant motion. A choice can 
be made of a thickness-shear mode or a face-shear mode and the latter was 
chosen since the mode is simpler and is more easily dimensioned and be¬ 
cause the fundamental constants can be measured directly by a single 
orientation. Also, with a face-shear mode the motion is normal to the 
direction of the applied field and hence no correction has to be made for 
field distortion due to piezoelectric displacements, as will occur when the 
motion is along the direction of the applied field. 

The face-shear mode is a more complicated contour mode than the 
longitudinal mode and involves satisfying boundary conditions along four 
edges. We consider crystals cut normal to the z- or a^-axis and assume 
that the thickness is so small that the stresses determined by the #3 direc¬ 
tion can be set equal to zero. Hence 

T 3 = T 4 = T 5 - 0 (5.39) 

The remaining stresses, T u T 2 and 7e, are all finite throughout the 

crystal but vanish at the edges. The vanishing of the stresses in equation 
(5.39) simplifies the equation of motion for it results in only three inde¬ 
pendent strains, i.e. the other three strains have a definite ratio to the in¬ 
dependent strains. Since the field E is parallel to the z-axis at the sur¬ 
face, and the thickness is assumed small, the only component of the field 
will be £ 3 . Then equation (3.58) can be written 

S n ** S\ « sfiTi + S 12 T 2 + 4?6 + ^3i£a 

2S\2 ** ** SiqT\ + 4^2 + 4^6 + dz§Ez 

S 22 =* 5*2 S&Tx + 4^2 + 4^6 + ^32^3 

$8 ** T“-^3 + dz\T\ 4* ^32^2 + dz flTe 


(5.40) 
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All the other stresses disappear by virtue of (5.39). While the other com¬ 
ponents of the electric displacement do not disappear, the only one of 
interest is S 3 since the surface charge is equal to the normal component of 
the electric displacement divided by 4 tt and this is given by 5s. 

For inserting in the equation of motion, it is desirable to express the 
stress in terms of the strain. This can be done by solving equations (5.40) 
simultaneously, giving 

T\ = Cxi S1 4 - c c ii$2 + — * 31^3 

T 2 - clfS, + c c 2 fS 2 + 4?s 6 - 4>£s (5.41) 

Tq = CiQ S 1 4 “ C 2 q S 2 4 - Cqq Sq — £ 36£3 

■+■ ^ll^l 4“ *325*2 4* ^36*^6 

In these equations c+f designates the field, contour, elastic constants that 
apply when a contour mode occurs for a very thin crystal. These con¬ 
stants are given in terms of the elastic compliances at constant field by 
the formula 

(-\) k + l A kl 

cf = -; *, / = 1, 2, 3 (5.42) 

where A is the determinant 

E E E 

Siu S 12 > S 16 

A = jf 2 , s 22 y s 2 q (5.43) 

-E E E 
*^16> J 26) *>66 

and A kl is the minor obtained by suppressing the k ih row and I th column. 
The piezoelectric moduli applying to a contour mode of motion are given by 

*31 = ^31*l’f + dz2Cl2 + ^36*l(f 

*32 = dzi c 12 + dz 2 C % 2 4* ^36*2<f (5.44) 

*36 ~ ^3\ c \i 4* ^32*2 f 4- ^36*6<f 

while the contour clamped dielectric constant is given by the equation 

*3J? “ € 33 0^31*31 4" ^32*32 4“ ^36*36)4?T (5*45) 

The superscripts c,S indicate that this is the dielectric constant if the 
crystal is free from contour strain, but not from thickness strain. 

Inserting equation (5.41) in the equations of motion (5.10), noting that 

^£3 d£ 3 n 

dx dy 


= E 3 [— - 

L47T 


(^31*31 4” ^32*32 4* ^36*36) 
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since the plating is an equipotential surface, the equations of motion 
become 


d 2 fi 
dt 2 


-c,B d ? , 

CU 1? + 2fl8 tody 


, ,.JP e ,*d 2 {2 

T* ^66 T~1T + r 16 






+ (<tf + 4f)£f-+4T^? 

d# dy by* 

D £f? _ f ,* , .c,*\ a 2 f, 

P d/ 2 ClB d* 2 + ^ 12 + 66 a - f2fl 


(5.46) 


+ 4b'?r + 2«f-* 


dx dy 

d% 


dy* 


dx 2 


26 + f22 


For simple harmonic motion, equations (5.46) reduce to the form 


Cu 


d% 

dx 2 


+ 2c 


is 


a 2 fr 

(3 A' (3jy 


3 2 £i 


<3 2 f 2 


+ f oe TT + cie -r-x + (*12 + rea) 


+ ^26 ~~Y + “ 2 pfl 
dy 

3 2 fi , . , . d% 

Cl6 Hx 2 ' ^ fl2 ‘ f66 


dy 2 

= 0 


dx 2 


d% 

dx dy 


(5.47) 


d% 


d h 


— +c 26 -^+ c 66 ^+2c 26 


d% 

dx dy 


+ ^22 TT + W 2 p{2 = 0 

dy 


where the elastic constants are understood to be the contour, field con¬ 
stants. 

For experimental purposes it is found that the best measurements are 
obtained when the crystal is long compared to its width or thickness. 
This is further accentuated by taking a high harmonic of the mode which 
in effect makes the unit cell longer compared to its width. Hence the 
solution is one where the crystal is infinitely long in the x direction and 
with a finite width in the^ direction. For an infinitely long crystal, there 
should be no variation of the displacements and {2 along the length of 
the crystal and hence 


d% _ d%_ = d% _ a 2 & 

dx 2 dx dy dy 2 dx dy 


(5.48) 


This leaves only the terms 

d% . d% 2 a 2 ?! d% t 

^66 ~bpt ^ f26 ~dyp W P % 1 " *26 ^2 + *22 ~$y2 + W P«2 “ 0 (5.49) 



PROPERTIES OF LARGE-SIZE CRYSTALS 


71 


The solution of these equations represents two coupled modes controlled 
by the y dimension, i.e. the width. If c 2 6 * 0, these two motions are a 
shear vibration and a longitudinal vibration existing independently, but 
with c 2 % finite, the shear and the longitudinal motions are coupled so that 
there is no pure shear or pure longitudinal motion. To show this we elimi¬ 
nate f 2 from the above equation and obtain one fourth-order equation 


“I *2 ( 


d 4 fi ^ f 22 + ^66 

ty* P U22*66 - <2 6 J dy Z ' *22*66 ~ *26 


d% «V«1 
,2 ' 


(5.50) 


A solution of this equation is 

£1 A cos ay + B sin ay + C cos fry + D sin fiy 

where 


(*22 + Cqq)p / f 

a “ \2(<r 22 C66 ~ 4e) \ > 


I 2(r 2 2*66 

I (^22 + ^66 )p . L f 

~ U V 2 (c 22 c 6a - 4 b) V 1 V' 


(*2 2 ~ *66^ + 4^26 

(*22 4 * *ee ) 2 


(*2 2 ~~ fee ) 2 + 4 cj 
(*22 + ^66) 2 


If *26 — 0 


[7 » F 

a = w + —; p = (j) x — 
> *66 \ f 22 


(5.51) 


and the two vibrations would exist independently. 

The value of (2 is obtained by a substitution of the value of {1 in the last 
of equations (5.49) and is 

(2 * {- a C<1 * .—\ [4 cos a y 5 s ; n a y j 
\w p — a C 22 J 

+ ( —— —) [C cos Py +D sin py] (5.52) 

\w P ~ p * 22 / 

The boundary conditions to be satisfied are 

T 2 * * 2 « “T + *26 * 0 when y = 0 and y = l w (5.53) 

qy qy 

^6 ” C 26 ^ ~ - 0 when ^ = 0 and y = 4, 

qy qy 

where / w is the width of the crystal. These conditions determine the four 
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independent constants A , 5, C and D. In terms of £ 3 , these constants are 
_ f OgjP ~ « 2 f 22 ) tan a/to /2 ~j 

UOS 2 - a 2 )(c 22 c 6 fl - 4 >)J 

f.c JT c c f a,2 p <: 66 — /3 2 (C22^66 _ *2e)"l] 


^30-^3 — ^32-^3 


W 2 pC26 


n f (0> 2 P - a 2 C22) 1 v 

“ U(/3 2 - « 2 )(r22P00 - 4)J 


<?36^3 _ <?32^3 


Vpc 66 - /3 2 (<r22<T06 - 4>)‘ 


<0 2 PC26 


((o 2 p — ff 2 r 22 ) tan 
_0(0 2 - a 2 )(f22f06 


- 4>)J 


-[ 


^30^3 ~ ^32-^3 


_ (o> 2 p ~ @ 2 C22) _1 

,^(^ 2 — a 2 )(f22^66 ~ *26)J 

1 ^ 36^3 e 32^3 


2 pC 66 “ « 2 (^22^66 “ 4e) 


U 3 2 pC 2 Q 


2 P c 66 « 2 (**22^66 “ ^26) 


^ 2 P^26 


(5.54) 


To obtain the electrical admittance of the crystal, we make use of the 
last of equations (5.40), which for this limiting case becomes 


+ *22 + 4» 

dy dy 


(5.55) 


Integrating this equation over the length and width of the crystal, noting 
that £3 does not vary over the surface of the crystal, and £2 and £1 are not 
functions of x> we have 


Eal w U$§ 


+ — fej + ~ fij 


(5.56) 


where the displacements are the displacements at the two edges and Q is 
the total charge on the surface. Introducing the displacements from 
(5.51), (5.52) and (5.54), and noting that the current to enter the crystal 
is juQ) the admittance of the crystal becomes 

L L e 32^r f a 2 [co 2 pr 66 - ff 2 (f22^00 ~~ 4 e)] / tan al w / 2 \ 

E 4*l t 1 €3 i L (0 2 - a 2 ) (c 2 2Cm - <$ e )o)p 2 \ aljl ) 

* r ~ a2 (^ 22^66 **" ^ 20 ) *1 tan /54/2 1 

r LOS 2 - « 2 )(^00 - cWp\ M2 J 


I tan 

J M2 J 
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+ 


4iref 


36 


*3# LL 0* 


2 2 \ ( **4/2\ 

( " 11 - ° ^ \-^uT) 


“ 2 ) (^22^66 — f 26) J 

tan 04/2' 


■>(") 


L ~ ** 2 ) (*22*66 — 4e) J 

4^32^36 ff*66 (<a 2 P ““ QC 2 ^22)(^ 2 P ~ 0 2 *22) “ « 2 ^22^26 


-C,8 

«33 


X 


[ 


LL' 

tan a/^/2 
ot-lwj 2 


(0 2 - a 2 )(f 2 2f66 
tan 04/ 2~ 

04/2 


< r 26)“ 2 P f 26 


2“ 


+ r_f a _ r T-s^ + 

L^*22^*66 — ^oJL <*4/2 

At low frequencies 


tan 04/ 2' 

04/2 


]] 


tan <*4/2 tan 04/2 


«4/2 

and the admittance is a capacitance 


04/2 


1 


C = 


4 tt/< 


J 4irg32 / f 66 \ 

h L *33 \ C 22^6Q “* C 2Q/ 


4tt4 2 6 


+ 

*33 

4x42^36 /_2^ 

V22*66 


c,S 

*33 


(-■ -'" , ) 

V22^06 — *26/ 

^)] 


(5.57) 


! ] 


(5.58) 


(5.59) 


This capacitance is determined by the free dielectric constant of the crystal. 
If *26 5=5 0, the impedance reduces to that for two uncoupled modes, and is 


i ^/co/4* 33 

E = 4w h 



4rf32 

tan co ^ 

[jl 

1 C 22 2 

*22 € 33' 

v “4. 

p_ 4 
*22 2 / 


+ 



Ip 4^ 


4tt4 2 6 

tan “\f 6 a 2 


*66*3<f 

/ p 4 



4^2 ) 



(5.60) 


For such a case a measurement of the resonant and anti-resonant frequencies 
of the shear mode will determine the contour elastic constant cee and the 
contour piezoelectric constant 4e« Since the shear piezoelectric constant 
is more easily determined from longitudinal crystals, the elastic constant 
Ce e, determined by the resonant frequency, is the usual objective for shear 
measurements. 

For the general case when ^26 is not zero, equation (5.57) is the admit- 
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tance of two coupled modes. The resonant frequencies occur when the 
admittance is infinite (impedance zero) and hence occur when 

tan al w /2 = oo or tan f3l w /2 = oo (5.61) 

These are satisfied for the first modes when 


t _ /(^22 + lee) ~~ ^ (^22 — fee) 2 + 4 c%& 

2 P 

-_/ (^22 + fee) + ^\c22 — fee) 2 + 4^26 

/2 ~242p 


(5.62) 


Since the frequency/ is equal to the velocity of propagation v/2J w> we find 
that the two values of the velocity satisfy the determinant 


pP 2 ~ C22, ?26 

c26y pv* *“ ^66 


(5.63) 


Measurements of the two resonant frequencies will give two relations for 
calculating C 2 Q, C 22 and r 6 0 . Other relations are obtainable from longi¬ 
tudinal measurements. In all crystals except monoclinic and triclinic 
crystals, the longitudinal and the shear mode occur without coupling and 
can be used directly to determine C 22 and Cqq. 


5.2 Elastic , Piezoelectric , and Dielectric Constants of Rotated Crystals 


We have so far calculated the resonant and anti-resonant frequencies of 
longitudinal and shear crystals cut normal to the z-axis, with their lengths 
along the .v-axis and their widths along the y-axis. To measure all the 
properties of a crystal requires a number of different orientations for both 
longitudinal and shear vibrations. To make the solutions given previously 
hold for any of these oriented cuts, we use a system of rotated axes which 
are rotated from the reference axes by three rotations for the most general 
case. 

Starting with the x,y and z rectangular axes as defined in Chapter II as 
the reference axes, the elastic constants for any rotated cuts are given by 
the general tensor formula 


s ijkl — ~ * 


dx- dxj dx' k dxi 


dx„ dx n dx 0 dx f 


Jmnop 


(5.64) 


as shown by the Appendix Section A-4, where the partial derivatives are 
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the direction cosines defined by the equation 


dx[ 

dx[ 

dx[ 


*1 

x 2 

*3 

t 

l\ 



dxi 

8 x 2 

dx 3 

*1 

mi 

n\ 

dx ' 2 

dx ' 2 

dx 2 

9 

h 

, 


dx 2 

.—— 

= *2 

m 2 

n 2 

dxi 

dx 3 


8 X 3 

d4 

dx 3 

9 

*3 

4 

m s 

ns 

dxi 

dx 2 

dx 3 






(5.65) 


In a similar manner the piezoelectric and dielectric tensors are given by 
the formulae 


4k 


dx'i dx'j dx' k 

teidZeZ lmn 


/ 

= 


dx[ dx f j 
dxk dxi ekl 


(5.66) 


The constants of interest for longitudinal vibrations are the s'nn elastic 
constant, the piezoelectric constant, and the *33 dielectric constant. 
Applying the tensor transformation formulae and expressing in terms of 
two index symbols, these quantities become for any orientation 

jfi * s u^i + + ^ 55)^1 

+ ( 2 ju + 2 jf 6 )/?Wi»i 4- 2 jf 5 /iW! + 2 jfe/i m 1 + s 22 m 1 
+ (2^23 + + 2s24^1^1 + (2^25 + 2jf 6 )wi/i;7i + 2s 2 sin\li 

+ s 83 n l + 2j34»iWai + 2j35«i/i + 2(^30 + ^45) w lA^l (5.67) 

*4i ■* *4i4^i + di2h m i + + dukmxnx + d\$lshn\ 

+ diMimi + ^21^3^1 + ^22^3^1 + dytfntfA + i/24^3^1^1 
+ ^25^34^1 + ^26^34^1 + d%\tt§l\ + ^32^3^1+ ^33^3^1 
+ ds&zmitti + d^n^lifti + d^n^l\tn\ 

€33 ** *fi^3 + 2€i24f»3 + 2c 134^3 + €22^3 + 2*23^3^3 + € 33^3 


For shear vibrations in order to calculate the contour elastic constants in 
terms of the fundamental elastic compliances, we need to know sf[, sf 2> 
sfs> J 20 and Jee as a function of a general orientation, jfi is given by 
(5.67). The other five equations are 
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— *11 iVt + SmImVI + ll m l] + sfzVlrtl + /l»i] 

+ + /i^2 w 2] 4- SiAfytxh + ^ 1 ^ 2 / 2 ] 

4" S\§Vl m \t2 4“ ^l4 w 2] 4" s 22™l m 2 + 

+ s 24 [m x ni/n 2 + m\m 2 n 2 \ + s 25 [n x l x m 2 + m\n 2 l 2 \ 

(5.68) 

+ s 2 ^l x m x n\ + m\l 2 m 2 \ + sfa[n\n 2 ] + su[m x n x nl + n\m 2 n 2 \ 

+ ^36[»iA»S + «i»24] + 4b[A»*i»I + »?4*» 2 ] + s*U[m x n x tn 2 n 2 ] 

+ ^n x l x m 2 n 2 + m x n x n 2 l 2 ] + s^[l x m x m 2 n 2 + m x n x l 2 m 2 ] 

+ ^[^lA w 24] + ^56 [A w 1 w 24 + Wl/l/ 2 ^ 2 ] 4" J ae[4 w l4 w 2] 

“ J fi2/i4 4- 2jf 2 [mi/i(wi4 + w 2 /i)] 4- 2jf 3 /i«i[4«i + / 1 W 2 ] 

4- jf 4 [2wiwi/i4 + l\{m x n 2 + n x m 2 )\ + jfs[3/?4«i + l\n 2 ] 

+ s x6 [3/jmi/ 2 + l\m 2 ] + ls 22 m\m 2 + ls 2 ^\m x m 2 n\ + n x n 2 m\] 

+ jf 4 [3w?«i»2 + rn\n 2 ) + s^[lm x m 2 n x l x + m\(l x n 2 + n x / 2 )] 

+ sl^rn\l x m 2 + m\l 2 ] + 2jf 3 «?w 2 + s^m x n\n 2 + n\m 2 ] (5.6 9) 

+ sl[3n\l x n 2 + n\l 2 ] -I- s^Q[2I x m x n x n 2 + n x (/ x m 2 4- *»i4)] 

+ s^m x n x {m x n 2 + n x m 2 ) -f sf b [2n x l x m x n 2 + n\{l x m 2 + m x l 2 )] 

+ ^Q[/ x m x (m x n 2 + n x m 2 ) + m x n x (l x m 2 + rn x l 2 )\ 

+ 4b[»iA( 4»2 + »i4)] + SvPJinikm 4- l\(n x m 2 4- m x n 2 )) 

+ -^664^1(4^2 4- rn x l 2 ) 

s 22 = s nli + (2«ff 2 + Sw)/ 2 m 2 4 - (2jf 3 4- ^ 55)^2 

4- (2if* 4” 2s^)I 2 m 2 n 2 + 2jf 5 / 2 » 2 4- f ls x ^l 2 m 2 4- ^22 m 2 
+ (2^23 4” ^ 44 )^ 2 ^! + 2s 2 ^m 2 n 2 4- (2j^ 4- 2jf 6 )4w 2 » 2 
4“ 244*2 3 4" ** 33^2 4” 2j 34 w 2 # 2 4" 2j^/ 2 « 2 4“ 2(j^ 4* s^)l 2 fn 2 t^ 

s 26 = jfl2/l/| 4“ 2jf 2 4^2(4^2 + tf*l4) 4” 2jf 3 4w 2 [4«2 4- Wi4] 

4* ^u[2/i4^2^2 4- l\(jn\n 2 4- ^ 1 ^ 2 )] 4- 4- /f^i] 

4" jfe[3/i^2»i2 4~ 4" 2f^wim 2 4” 2 ^w 2 » 2 [wi» 2 + »iw 2 ] (5.71) 

4“ $24$m x m 2 n2 4- 0*l w i] 4- 0*2^24 4- m\(l\ n 2 4- ^i4)] 

+ 4b{34»^»»i 4" ^wlA] 4” 2 j^Wx^ 2 4* ^34[3wiw|w 2 4* ^ 1 ^ 2 ] 
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+ 4 l\ n \] 4 J36[2«i«24^2 4 ^ 2 ( 4^2 4 w l4)] 

+ s^ 4 m 2 n2(min2 + nim 2 ) 

+ ^ 5 ^ 2/2 ( w 1^2 + # 1 ^* 2 ) 4 Tn 2 n 2 (J\n 2 + w l4)] 

+ jfe[4w2(wi«2 + n x m 2 ) + m 2 n 2 {l x m 2 + m^)] (5.71) 

+ ^w 2 4[4 w 2 4* »i4J 

+ jm[ 4 w 2 (4^2 4 «i4) + »24(4 w 2 4 ^i4)] 

+ Jfle4^2 (4^2 4 ^i4) 


4“ %s\ 2 l\l 2 Tn\m 2 4'8j , ^/i/ 2 Wi« 2 
4- 4jf^/i4(wiW 2 4- n\m 2 ) 4" 4jf 5 /i4(/iW24*4 w i) 

+ 4jf 6 44(4^2 4- tf*i4) + 4jf 2 w^2 4- Ss 23 mim 2 nin 2 
+ 4^24^1 4- w?2«i) 4- 4jf 5 w 1 w 2 (4«2 4- 4«i) 

4- 4j 2 6Wiw 2 (4w 2 4- tf*i4) 4- 4 J 33 W 1 W 2 4- ^z^n x n 2 {m x n 2 4 «iw 2 ) (5.72) 

4- 4jf 5 »i« 2 [4w2 4- «i4] 4 4jf 6 «iw 2 (4^2 4- wi/ 2 ) 

4- s^(jn\n% 4 nim 2 ) 2 4 2s^(J x n 2 4 h n i)(/ n i n 2 4 #i*w 2 ) 

4 2s^(l l m 2 4 rnil 2 )(min 2 4 »iw 2 ) 4 Jm( 4»2 4 «i4) 2 
4 2 j^(/iwi 2 4 mil 2 )(lin 2 4 «i4) 4 ^(4^2 4 ^i4) 2 « 


From these rotational equations and the relations of Chapter III, all 
the elastic, piezoelectric and dielectric constants can be determined as 
illustrated by specific crystals discussed in Chapter X. 

Equations (5.67) show that all of the piezoelectric and dielectric con¬ 
stants can be evaluated from measurements on longitudinal crystals, 
while 9 elastic constants and 6 relations between the other 12 elastic 
constants can be evaluated from measurements for longitudinal crystals. 
For the most general case, the triclinic crystal, all of these measurements 
can be obtained from 18 oriented cuts. To obtain the remaining 6 
independent relations, 6 face-shear crystals cut for various orientations can 
be used. Alternately, all the elastic constants can be obtained from 21 
independently oriented crystal cuts vibrating in a face-shear mode, but 
this is not as easily done as for the longitudinal modes. 

The data of Chapter X illustrate the cuts required for particular crystal 
classes. 




CHAPTER VI 


Properties and Uses of Quartz Crystals 

Quartz crystals were the first piezoelectric crystals to receive wide 
application and because of their excellent mechanical properties they are 
still the most widely applied piezoelectric crystals. Although they were 
originally used in underwater sound transducers, quartz crystals are now 
almost restricted to uses for which their very stable mechanical properties 
are essential. These uses are principally in the control of the frequency of 
oscillators and in the production of very selective filters. 

Stable quartz crystal oscillators grew out of the original work of Pro¬ 
fessor W. G. Cady of Wesleyan University. These have been applied to 
controlling the frequency of broadcasting stations and radio transmitters in 
general. Quartz-crystal units, using some one of the low-temperature 
coefficient crystals described in this chapter, produce the most stable 
oscillators and the best time-keeping systems that can be obtained. The 
use of crystals to stabilize oscillators was so prevalent during World 
War II that over 30,000,000 crystals were produced in a single year for 
this purpose. 

Another use of quartz crystals has been in producing very selective 
filters. Because of the high Q existing in crystals they can practically 
eliminate the effect of dissipation in filter structures. Such filters have 
been applied widely in the long-distance telephone lines and in single 
side-band transatlantic radio telephone systems. Narrow-band crystal 
filters have been used in picking off single frequencies and narrow bands of 
frequencies for control and analyzing purposes. For this application 
quartz crystals have been most widely used. However, it appears that the 
requirements are lenient enough to allow some of the synthetic crystals, 
such as dipotassium tartrate (DKT) and ethylene diamine tartrate (EDT), 
to be employed, and their use is discussed in Chapter IX. 

Besides producing and detecting sound in liquids, quartz crystals have 
been used to produce and detect vibrations in gases and solids. Because 
of their high mechanical and electrical impedances, crystals are somewhat 
at a disadvantage in coupling to low mechanical impedance air waves. 
However, for solids and liquids, they are well-suited to generate and measure 
sound waves and are largely used in ultra-sonic interferometers and in 
generating shear and longitudinal waves in solids. Uses and results of 
employing such devices are discussed in Chapters XIII, XIV, and 
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XV. For most of these high-frequency applications quartz crystals are 
employed since they can be ground very thin and can be used to produce 
high frequencies. JSf-cut quartz is used to set up longitudinal vibrations 
and Y-cut quartz to produce shear vibrations. Such high-frequency 
sound waves have been used for testing steel castings and other solid 
materials for flaws. 1 

It is the purpose of this chapter to describe the properties of quartz 
crystals and the special orientations that have found applications in the 
oscillator, filter and ultra-sonic applications. 

6.1 Physical Properties of Quartz 

Quartz is described by the chemist as silicon dioxide Si0 2 , and crystal¬ 
lizes in the trigonal trapezohedral class. The z or optic axis is an axis of 
threefold symmetry, i.e., if one measures any property of the crystal at a 
definite position in the crystal, this property will be repeated at angles of 
=fcl20° rotation about the z-axis. The melting point of quartz is 1750°C, 
the density 2.65, and the hardness is 7 on the Mohs’ scale. Under 
atmospheric pressure, a or low-temperature quartz transforms into ft or 
high-temperature quartz at 573°C. Under stress, this transformation 
temperature is lowered, a quartz is insoluble in ordinary acids, but is 
decomposed in hydrofluoric acid and in hot alkalis. Quartz is soluble to 
some extent in water at high pressures and temperatures and to a much 
larger extent if sodium hydroxide is present. 

Quartz is mined principally in Brazil in several different types of 
deposits. 2 The preponderance of the crystals mined is in the lower 
weight class as shown by Table X on page 80. Most of the clear quartz 
has recognizable natural faces, but some, particularly river quartz, has 
no natural faces. 

Quartz occurs in optical, right-hand and left-hand forms, the 
crystals will rotate the plane of polarization of polarized light passing along 
the z or optic axis counterclockwise (left-handed) or clockwise (right- 
handed) from the point of view of the observer facing the source of light. 
Most crystals have sections with both handedness. In general, the middle 
section is likely to be all of one hand while the outside sections may have 
parts of each handedness. A conoscope 3 may be used to locate the optic 

1 Firestone, F. A., “ The Supersonic Reflecto$cope,’ , J.A.S.A., Vol. 17, No. 3, Jan., 
1946. 

2 Stoiber, Tolman and Buder, “ Geology of Quartz Crystal Deposits,” Amer . Mtn. y 
Vol. 30; pp. 245-268, 1945. 

* Bond, W. L., 41 Method for Specifying Quartz Crystal Orientations and Their 
Determinations by Optical Means,” B.S.T. July, 1943; Quartz Crystals for Elec¬ 
trical Circuits, Chapter II, D. Van Nostrand Company, Inc., 1946. 
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TABLE X 


Crystal Weight Groups 
Weight in Grams 

200- 300 
300- 500 

500- 700 

700- 1,000 
1,000- 2,000 
2,000- 3,000 
3,000- 4,000 
4,000- 5,000 
5,000- 7,000 
7,000-10,000 


Percentage of the Total Number 
of Crystals which were 
in Each Weight Group 

55.5 

29.5 
10.4 
2.1 
1.8 
0.5 
0.2 

< 0.1 

< 0.1 

< 0.1 


axis and will also show the handedness and position of any optical twinning. 
The principle of the conoscope is shown by Fig. 6.1. Light from the 
source is sent through a polarizer and through the converging lens L\, 
This lens sends converging or conical beams through the crystal, which are 
gathered by the second lens, focused, and sent through the analyzer. In 



U L2 

Fig. 6.1. Principle of coniscope. 

practice, the lenses and crystal are immersed in a liquid which has the 
same index of refraction as does the crystal along its optic axis. Such 
liquids may be mixtures of Decalin and Dowtherm or dimethylphthalate 
and a-monochlornaphthalene. The crystal breaks up all rays not parallel 
to the optic axis into two components which travel with different velocities. 
Hence the analyzer is not able to extinguish the light that has traversed 
the crystal except at angles for which the two rays are in opposite phase, 
and one sees a series of rings in the conoscope when the direction of the 
z-axis is along the line between the source and the eye. Due to the rotation 
of the plane of polarization in the crystal, one finds that the rings either 
expand or contract for a right- or left-handed crystal, respectively, for a 
clockwise rotation of the analyzer. This gives a method of determining the 
handedness of the crystal. Optical twinning also shows up in a viewing 
system of this type for it deforms the ring pattern. If plane rays rather 
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than conical rays are used and a source of white light is used, color effects 
also show the position of the optical twinning. 

Another type of twinning exists in quartz, the Dauphine or electrical 
type of twinning. This results from a 180° change in the direction of the 
crystal atomic arrangements. As shown by Fig. 6.2, bottom figure, the 
silicon atoms normal to the z-axis are arranged in near hexagons all pointing 



NORMAL ALPHA QUARTZ 



BETA OR HIGH-TEMPERATURE 
QUARTZ 


TWIN LINE 



TWINNED ALPHA QUARTZ 


Fig. 6.2. Arrangement of Silicon Atoms in planes Normal to z. Top-normal untwinned a 
quartz. Middle-high temperature 0 quartz. Bottom-eiectrically twinned a quartz. 


in one direction. If the temperature is raised above 573°C, a change in 
the arrangement to the hexagonal pattern shown in the middle occurs. 
As the temperature is decreased below 573°, the crystal may return to the 
form at the bottom, or part of it may return to this form and part to the 
form in which the near hexagons point in the opposite direction. If both 
forms exist, the crystal is said to have electrical twinning. The best 
method of detecting electrical twinning is by etching the surface with hy¬ 
drofluoric acid. 4 This dissolves the crystal at rates which depend on the 
orientation of the crystal surface. Since the two twinned areas will develop 
etch pits that are different in orientation or shape, grazing light will cause 
one part to reflect brightly while the other reflects diffusely, and hence one 
can see the parts that have different regions of electrical twinning. Since 

4 Willard, G. W., “Raw Quartz, Its Imperfections and Inspection,” B.S.T.J ., 
Oct., 1943; Quartz Crystals for Electrical Circuits , Chapter IV, D. Van Nostrand 
Company, Inc., 1946. 
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the piezoelectric effect is opposite for the two twinned areas, it is neces¬ 
sary to have only one region in a useful crystal. Electrical twinning 
usually occurs in an untwinned plate, if it is taken above the inversion 
point. It may also occur at lower temperatures, if stress is applied. Such 
twinning has been observed when a hot soldering iron is pressed against a 
crystal and may even occur when it is sawed. The Woosters 5 have re¬ 
cently found that the electrical twinning can be removed by exerting a 
definite stress on the crystal and taking it up in temperature nearly to 
the inversion temperature. Under this condition, the two twinned areas 
will store different amounts of potential energy and under high-temperature 
conditions the crystal tends to change in the direction of the twin which 
will store the larger energy. For a torque applied to the crystal, the 
twin cut in the direction of the BT cut will have the highest shear com¬ 
pliance and hence a BT crystal can be detwinned by applying a torque. 
An AT, on the other hand, tends to detwin in the BT directions and 
hence cannot be detwinned by using a torque. However, since the J 33 
elastic compliance is larger for the AT cut at +35° than for a cut at —35°, 
the AT can be detwinned by applying an elongation along z or a bending 
which excites the same elastic constant. 

Other defects 4 in quartz crystals are: 

(1) “ Bubbles bubble-like cavities that can be fine or large. 

(2) Veils, heavy or fine, which are more or less continuous sheets of 
small, bubble-like cavities. 

(3) Clouds or haze: aggregates of fine bubble-like cavities. 

(4) Ghosts or phantoms: outlines of earlier growths within the crystal, 
usually marking what were once edges of adjoining faces which 
become visible when a beam of light is reflected from the minute 
fractures or parting planes which outline them. 

(5) Fractures. 

These imperfections can be observed by directing a strong light through the 
crystal at right angles to the direction of observation. The crystal is 
usually immersed in an inspection tank, which is filled with a liquid having 
the same index of refraction as the crystal. Opinions differ on how many 
inclusions or bubbles of a small size can be tolerated in the finished crystal. 

Inspection and orienting instruments, as well as the method of sawing 
and preparing crystals, are well-described in a recent book 6 and in the 
May-June 1945 issue of the American Mineralogist . 2 

* Nature, Vol. 157, No. 3987, March 30, 1946. This criterion also derived inde¬ 
pendently by Dr. C. J. Davisson and Mrs. E. A. Wood. 

6 Heising, R. A., Quartz Crystals for Electrical Circuits , D. Van Nostrand Company, 
Inc., 1946. 
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6.2 Elastic , Piezoelectric and Dielectric Equations for Quartz 

The modes of motion and the properties of these modes depend markedly 
on how crystal plates are oriented with respect to the natural crystal 
structure. Fig. 6.3 shows a quartz crystal with idealized natural faces, 



Fig. 6.3. Quartz crystal and principal cuts. 


the three crystallographic axes, and some of the more important special 
cuts that have found use in the radio and telephone art. The axes as 
shown are in accordance with the 1945 IRE standard. In order to agree 
with general crystallographic nomenclature, the signs of the positive 
and j>-axes have recently been reversed by the IRE piezoelectric com¬ 
mittee. At the same time the sign of a counterclockwise angle is made 
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positive so that the angles for the new standard are the same as for Fig. 6.3. 
The z or optic axis of the crystal is paralJei to the long direction of the 
crystal, the tf-axis lies through one of the apexes of the hexagon, and the 
.y-axis is normal to the other two in a right-handed system. The piezo¬ 
electric, elastic and dielectric constants of quartz take the form 


Si 

S* 

5 3 

5 4 

s& 

$6 

Sx 

*v 


— J ?iTi + sf 2 T 2 + *^i3 T3 + S14T4 + d\\E x 

— S12T1 + S11T2 + J13T3 — Si\Ti — d\\E x 

= ^13 Tj + s\zT 2 + J 33 T 3 

= SuT\ — S\± T2 + J44T4 — d\\E x 

— J44T5 + 2 jf 4 Te — d u E y 

— lrf 4 T5 + 2(jf x — sf 2 )Ts — 2duEy 

— T 5 - </» 7 i - d n T 2 + d u T 4 +t~E x 

4ir 4 7T 

= ^ = ~d 14 T B - 2d n T 6 +y-E v 
4ir 4 tt 

D t «3 p 

= T* = 4^ Ei 


( 6 . 1 ) 


where S ly S 2y «S * 3 are the three elongation strains along the x y y and z-axis, 
respectively, S 4y 6*5 and Sq the three shearing strains, T\ y T 2y J 3 the three 
tensional stresses, T 4 , T 5 and T 6 the three shearing stresses, E xy E yy E z the 
three fields, D xy D yy D z the three electrical displacements which at the 
outer surfaces are equal to the surface charges 4*-$*, 4r$ y and 4 ir8 z . The 
method of defining these quantities is discussed in Chapter III. In 
cgs units, the elastic, piezoelectric and dielectric constants have the 


values. 7 


jfi = 127.9 X 10r 14 X cm 2 /dyne 

cfi = 86.05 X 10 10 dyne/cm 2 

sf 2 = -15.35 

4 - 4.85 

1! 

O 

4 = 10.45 

4 = - 44.6 

4 - 18.25 

J 33 - 95.6 

4 - 107.1 (6.2) 

six = 197.8 

4 = 58.65 

7 Mason, W. P., “Quartz Crystal Applications,” B.S.T.J., Vol. 22, No. 2, July, 
1943. 
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s& - 2(jfi - jf 2 ) - 286.5 X 1CT 14 

JS C 11 

CeB 2 

r B 

— - 40.5 

dn — —6.76 X 10 ~ 8 statcoulombs/dyne 

t[ = 4.58 ( 

f 4:ir statcoulombs' 
s, stat volt 

d u = 2.56 X lO -8 

63 = 4.70 



For the mks system, the elastic compliances are multiplied by 10, the 
piezoelectric constants divided by 30,000, and the dielectric constants 
multiplied by the factor 8.85 X 10~ 12 . 

6.3 Modes of Motion Excited in Quartz Crystals 

The various modes of motion that can be excited in quartz crystals can 
be obtained from equation 6.1. It is the purpose of this section to 
describe the simplest modes of motion and the methods for exciting them. 
Formulae for their frequency are given when these can be obtained in 
simple form. 


6.31 Longitudinal Mode 

The simplest mode of motion which can be produced in quartz is the 
longitudinal. This can be produced by cutting a bar out of the crystal 
in such a direction that a a ^ piezoelectric constant exists for the cut, and 
covering both of the major faces with metal electrodes. In practice , 8 such 
crystals are usually supported by soldering headed wires to the surface 
and these wires also serve as electrical contacts to the crystal surfaces: 
When the crystal is long and thin, it is shown in Chapter V that the 
frequency of such a crystal is given by 


Jr 


1 

2 


(6.3) 


where l is the length of the crystal, p the density, and sf u the inverse of 
Young’s modulus along the length of the crystal. The resonant frequency 
is the frequency of lowest impedance. It is shown in Chapter V that the 
impedance of such a crystal is similar to that of two condensers, a coil 
and a resistance, as shown by Fig. 5.1 A. The impedance of such a network, 
neglecting the resistance, is a reactance as shown in Fig. 5.IB having a 
resonant frequency Jr , an anti-resonant frequency /*, and ending up as a 
capacitative reactance. The resonant frequency and the anti-resonant 

8 Heising, R. A., Quartz Crystals for Electrical Circuits , Chapter VIII, D. Van 
Nostrand Company, Inc., 1946. 
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frequency are given by the formulae 

1 


Jr 

Taking the ratio 

A 
Jr ‘ 


2tV LiCi 


Cq + C*i 


U 


Co 


or 


AND 
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1 

/Co + Ci 

(6.4) 

“ 2ir 1 

V LjCiCq 

A -/% 1 

}l Co r 

(6.5) 


where r is the ratio of C 0 the capacitance due to the longitudinally clamped 
dielectric constant to the capacitance Ci due to the motional capacitance. 
A measurement at low frequencies gives the sum of the capacitances 
Co + Ci. From the solution for A/ = /a — Jr given in equations (5.36) 
and (5.33), we can evaluate all the constants of the equivalent circuit in 
terms of the piezoelectric constant d$ u the free dielectric constant €33, 
and the inverse of Young's modulus along the lengths of the crystal jf x . 
In terms of these quantities 


Co 


jgu* x 1.11 X IQ- 12 
4*7* 


farads 


Cl - x 1.11 X 10- 12 farads (6.6) 

u -OtOGSi) x’x' 0 " 1 ''™'* 

where 

-**> -4,-^r (6.7) 

s u 


/ = length of crystal in centimeters, l w width of crystal, and /* the thickness 
of the crystal, p is the density. 

As the width of the crystal gets larger, the frequency gets lower due to a 
sidewise coupling to a width motion through the Poisson's ratio of the 
crystal. For a crystalline material such as quartz, a coupling to a face- 
shear mode can also occur through the elastic constant s %4 (for an *-cut 
crystal with its length along y ), for a stress along the length produces a 
shear which distorts the face of the crystal from a rectangle to a rhombus. 
This face-shear mode is coupled to a flexure mode as shown by the resonant 
frequency of an #-cut crystal with its length along they-axis, published in a 
former paper 9 and shown in Fig. 6.4. The width of the cross-hatched 

9 Mason, W. P., “ Electrical Wave Filters Employing Quartz Crystals as Ele¬ 
ments,” July, 1934. 
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region is proportional to the separation of resonance and anti-resonance 
frequency, while the lower part of the curve is the frequency of resonance. 
The main longitudinal resonance is the one marked C. A is the width 
mode and B the face-shear mode. At a ratio of width to length of 0.8 
to 1.0, the face-shear mode is split into two parts due to coupling with some 
other mode, probably a thickness flexure. The curve labeled D shows 



Fio. 6.4. Resonances of an A’-cut quartz crystal with its length along the y-axis. 

that the face-shear mode can drive the second flexural mode weakly, but 
when the frequency coincides with that of the longitudinal mode it is 
relatively strongly coupled and makes the crystal useless for that ratio 
of width to length. By orienting the crystal so that its length comes at an 
angle of 18.5° from y in the direction of the minimum value of Young’s 
modulus, it can be shown that the s f u elastic constant disappears. The 
resulting frequency spectrum for this crystal known as the —18.5° Xcut 
is shown by Fig. 6.5. As can be seen, the shear and second flexure are 
very weakly driven and are of such a small order of magnitude that they 
do not interfere with the use of the crystal in a filter. 

Longitudinal crystals are usually mounted at their nodal lines by 
soldering headed wires to silver spots baked on the surface, and these heads 
serve both as a support and as the electrically conducting connection. The 
details of these mountings are described in reference 8. 
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Fio. 6.5. Resonances of a —18° X-cut crystal. 

6.32 Flexure Crystals 

Another simple mode of motion which has received use in the low- 
frequency range is the flexure crystal. Two varieties are in use, the width 
flexure mode and the thickness flexure or bimorph type. 



Fio. 6.6. Method for plating a longitudinal crystal to obtain a flexure mode. 


The width mode is driven by putting on two sets of electrodes, as shown 
by Fig. 6.6. The frequency of a long, thin bar is given by the equation 

m 2 l w 

'"itVnrviZ, m 
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where l w is the width of the crystal, / its length in centimeters, s '22 the 
inverse of Young’s modulus along the length, p the density and m a root 
of a transcendental equation. For a long, narrow crystal plate free on 
both ends, as is usually the case, the values of m for the successive overtones 
are 

m x = 4.37; = 7.85; m 3 = 11.00 (6.9) 

As the ratio of width to length becomes larger, rotary inertia plays a more 
important part and changes the value of m. It was shown in a former 10 



Fio. 6.7. Values of m for a flexure crystal as a ratio of width to length. 

paper that the effect of rotary inertia is to change the value of m according 
to the curves of Fig. 6.7. Figure 6.8 shows the frequency constant of 
an TVT-cut crystal as described in the next section plotted as a ratio of 
width to length. As the ratio gets large, the frequency becomes asymptotic 
to that of a shear crystal. 

Flexure crystals are mounted by four wires attached to the nodal 
points, which occur at a distance of 0.224 times the length from each end 

10 Mason, W. P., " The Motion of a Bar Vibrating in Flexure, Including the 
Effects of Rotary and Lateral Inertia/* J.A.$.A. y Vol. 6, 1935; W. P. Mason, 
Electromechanical Transducers and Wave Filters , Appendix A, D. Van Nostrand Com¬ 
pany, Inc., 1942, 2nd edition, 1948. 
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of the crystal. The ratio of capacitances 11 is somewhat larger than that 
for the same crystal driven longitudinally by a factor of 128/9ir . They 
are used in the frequency range from 10 kc to 50 kc for narrow-band 
pilot filters and other similar filters. 



FlC. 6.8. Frequency constant and ratio of capacitances of an MT flexure crystal. 

Thickness flexure crystals 12 are used in the form of two thin plates 
soldered together to produce a bimorph-type crystal. These have been 
made as low in frequency as 900 cycles and have been used to control 
rotating devices. By constructing them from +5° X-cut crystals, their 
temperature coefficient can be made low and such crystals produce stable 
low-frequency oscillators. 

6.33 Torsional Crystals 

Another simple mode that can be excited in quartz is a torsional mode 
whose frequency is controlled by the shear elastic constant of the crystal. 

11 Mason, W. P., Electromechanical Transducers and Wave Filters, p. 215, D. Van 
Nostrand Company, Inc., 1942, 2nd edition, 1948. 

18 Lane, C. E., “ Duplex Crystals,” Bell Lab. Rec., Vol. 24, No. 2, pp. 59-62, Feb., 
1946. 
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By using a cylindrical crystal, as shown by Fig. 6.9, its length along the 
#~axis and with 4 electrodes whose central lines make angles of 45° with 
respect to the y-axis, with opposite pairs connected together, a torsional 
mode can be generated in the crystal. The field in one direction along the 
jr-axis as shown, generates an x y or S$ face shear, which moves the top 



Fio. 6.9. Method for obtaining a torsional crystal from quartz. 

plane with respect to the bottom plane. The other set of electrodes has 
the reverse field and hence the reverse shear is generated in the other half 
of the crystal. This combination rotates the top plane with respect to a 
plane lower in the crystal and produces a torsional motion. The frequency 
of such a crystal is given by the expression 

1 ■ hyfc " W 7 (6 - I0) 

where n is the shear elastic constant for an isotropic body and c 66 is the 
corresponding shear elastic constant for shears around the z-axis. In¬ 
serting the value given by equation ( 6 . 2 ) 

c 66 - 40.5 X 10 10 
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the resonant frequency for a crystal 1 centimeter long is 

Jr = 1.95 X 10 6 cycles (6.11) 

This mode has not been used appreciably except to measure the shear 
constants of solid materials, but may be of importance in measuring shear 
viscosities and shear elasticities of liquids, as described in Chapter XIV. 


6.34 Face-Shear Mode of Motion 


A more complicated mode of motion which has received considerable 
use, is the face-shear mode. The CT and DT crystals described in section 
6.42 have this mode of motion. This is a complicated contour mode and 
no exact solution has been obtained for its frequency. When the crystal 
is long compared to its width, it is shown in Chapter V that the frequency 
is given by 


* R 24, 



( 6 . 12 ) 


for a crystal cut normal to the z or z rotated axis, where l w is the width of 
the crystal and c w is the contour elastic constant of the crystal. This 
mode has been used in evaluating the shear elastic constants of many 
crystals. Figure 6.10 shows a measurement of the frequency spectrum 
of a Y-cut quartz crystal plotted as a ratio of width to length. It is 
evident that the principal shear mode is coupled to even-order flexures. 
By dimensioning the crystal so that the main shear mode lies half way 
between two coupled flexure modes, a good agreement is obtained with the 
frequency of equation (6.12). 

An approximate formula derived by the writer 13 for an uncoupled face- 
shear mode takes the form 



where m and n are integers, a the length along the #-axis, and b the length 
along the y-axis, assuming that the field is applied along z. The principal 
mode is given by m - 1, n « 1, and as shown by the dotted line of Fig. 
6 .10, this agrees reasonably well with the “ uncoupled ” frequency of the 
shear mode. The shear mode is coupled to even-order flexures, as shown 
by the coupled mode frequencies. This coupling probably occurs through 
the stress conditions at the boundary. 

11 Mason, W. P., “ Electrical Wave Filters Employing Quartz Crystals as Ele¬ 
ments,” B.S.T.J ., Vol. 13, pp. 405-452, July, 1934. 
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Fig. 6.10. Spectrum of a F-cut shear quartz crystal plotted as a function of width to length. 

6.35 Thickness-Shear Modes 

The thickness-shear mode is used very extensively for obtaining high- 
frequency vibrating crystals of the AT and BT type, as described in 
section 6.42. Here again the only exact solution obtained is for a plate 
with infinitely large widths and lengths compared with the thickness. 
This theory is due to Christoffel, 14 who showed that if /, m and n are the 
direction cosines between the direction of propagation and the *-, y- and 
z-axes, that there are in general three different waves that can be propa¬ 
gated, whose velocities of propagation can be obtained from the 

14 Love, A. E. H., Theory of Elasticity , fourth edition, p. 298. 
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determinant 

Xu — pi? X12 X13 

X12 X22 pv 2 X23 = 0 ( 6 . 14 ) 

X13 X23 X33 — pi? 

where p = the density, v the velocity and the X's are related to the elastic 
constants of the crystal by the formulae 

Xu = C\\l 2 + c^m 2 + C55T1 2 + 2c5$mn 4" 'Zcisnt 4- 2ciQlm 

X 12 = CiqI 2 4- c 2 sm 2 4- C 4 ^n 2 4- (*46 4“ c 2 s)mn 4- (*14 4 c^)nl 

4 (*12 4“ c§§)lm 

X 13 — c\fj? 4 c^m 2 4 * 35 ^ 2 + (*45 4 c^s)mn 4 (*13 + *5sW 

4 (**14 4- c*>§)lm (6.1S) 

X23 “ *56^ 2 4- C 24 .n 1 2 4 c^n 2 4 (**44 4 c 2 s)mn 4 (**36 4- *45)^ 

4 (**25 4- c^lm 

X 22 = *W 2 4- c 2 2 m 2 4 c AA n 2 4 lc 24 mn 4 2r 4 6«/ 4 2 c 2Q !m 

X 33 ~ cs^I 2 4 044 m 2 4 ** 33 ^ 2 4 'Ic^mn 4 2c$sn! 4 2 c A s!nt 

For quartz 

(*11 - £12) 

**22 “ *115 **24 = —C14; Css = **445 **56 = *14* *66 = ^ 

and 

**15 = * 16 - **25 = **26 = *34 = *35 = *36 = *45 = *46 * 0 

For the rotated crystals containing the AT and BT crystals, which occur 
for a rotation about the x-axis, / « 0, m = cos 9 ; n = —sin 0. Then for 
these crystals 

Xu = *66 cos 2 9 4 *44 sin 2 9 —2cu sin 9 cos 6 = c'qq 

X 23 = —*14 cos 2 9 — (< C 44 4 £ 23 ) sin 9 cos 9 

X 22 = *22 cos 2 9 4 C 44 sin 2 9 4 2 cu sin 9 cos 9 ( 6 . 16 ) 

X33 * *44 cos 2 9 4 *33 sin 2 9 

X 12 * X 13 = 0 
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The first solution corresponds to the high-frequency shear mode and hence 
the frequency of such a plate is given by 


/ = 


0 i I \c66 cos 2 6 + C44 sin 2 6 — 2 c \4 sin 6 cos 6 
It “ It \ p 

1 S 

2/V p 


(6.18) 


where / is the thickness of the plate. 

This solution for the infinite plate agrees fairly well with the most 
prominent frequency but does not show any of the other shear modes or the 
coupled flexure modes. An approximate solution for the finite plate has 
been made by McSkimin 16 which results in the formula 


1 c n n 2 r 66 m 2 c &5 p 2 

S ~ 2 V p / 2 + p t 2 + w 2 


(6.19) 


where m and^ are integers and /, t and w the length, width and thickness 
of the crystal. If / and w are infinite, this reduces to (6.18). Experi¬ 
mentally, the upper modes predicted by (6.19) are present, but the elastic 
constants used do not give too good an agreement with experiment and 
Sykes 16 has proposed a formula 



ki(p - l) 2 
w 2 


( 6 . 20 ) 


where k and k\ are experimentally determined constants. 

In addition to these shear modes, coupling is found to all the even-order 
flexure modes. A number of experimental results are shown by Sykes. 16 
The dimensioning of a crystal to avoid all of these resonances is a complex 
study and has to be carried out largely by experimental techniques. 

6.4 Useful Orientations for Quartz Crystals 

By cutting out crystals at specified orientations with respect to the 
crystallographic axes, these modes can be excited with such desirable 
characteristics as low temperature coefficients of frequency, freedom from 
coupling to secondary modes of motion and high electromechanical coupling 
factors. It is the purpose of this section to describe these specific cuts. 

16 Heising, R. A., Quartz Crystals for Electrical Circuits , Chapter VII, D. Van 
Nostrand Company, Inc., 1946. 

ie Heising, R. A., Quartz Crystals for Electrical Circuits , Chapter VI, D. Van 
Nostrand Company, Inc., 1946. 
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6.41 X-cut Plates 

Equations (6.1) are useful in predicting the type of motion that will be 
generated in a given type of cut and the magnitude of the electromechanical 
coupling. For example, the first equation of equations (6.1) shows that a 
strain S\, which is an elongation along the #-axis, will be generated by 
a field applied along the #-axis. The applied field will then generate a 
thickness longitudinal mode since the motion is in the same direction as the 
applied field. If the thickness is made small, this type of crystal can 
produce a very high frequency and it was originally used to control oscil¬ 
lators. Due to the poor temperature coefficient of the X-cut plates, they 
have largely been replaced in the control of oscillators by AT and BT 
thickness shear-mode cuts, which have much better properties. X-cut 
plates are used, however, in producing ultra-sonic vibrations in solids, 
liquids and gases. Such waves have been used to study the properties 
of these materials and have also been used in flaw detectors 1 which deter¬ 
mine whether any cracks or irregularities occur in metal castings. For this 
purpose it is desirable to transform as much input electrical energy as 
possible into mechanical energy. A measure of the efficiency of this 
conversion for statically or slowly varying applied fields is the electro¬ 
mechanical coupling factor k , which is defined by the equation 

[ZZjs 

k = dn J—r 1 = .095 (6.21) 

where cf x is the effective elastic constant for a thickness mode. This is 
equal to 

Cii - 8.60 X 10 11 dynes/cm 2 (6.22) 

Inserting the values given in equation (6.21), we find that the coupling 
is about 9.5 per cent. This means that for a static field, the square of k is 
about 1 per cent, and about 1 per cent of the input energy is stored in 
mechanical form. For alternating fields near the resonance of the crystal, 
a considerably larger part, in fact nearly all, can be converted into mechani¬ 
cal energy if the shunt capacity is tuned by a coil, but nevertheless, the 
coupling is a measure of the width of the frequency range for which this 
conversion can be done efficiently. If Jb is the highest frequency and /a 
the lowest frequency for which the loss is not more than 50 per cent, it 
has been shown that 17 



17 Mason, W. P., Electromechanical Transducers and Wave Filters , Chapter VI, 
Equation 6, D. Van Nostrand Company, Inc., 1942. 
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Some synthetic crystals such as lithium sulphate and L-cut rochelle salt 
have coupling factors of .35 to .4 and are to be preferred when it is desired 
to radiate a wide band of frequencies, but for high frequencies, X-cut 
quartz is commonly used because of its excellent mechanical properties. 

The second equation of ( 6 . 1 ) shows that a strain S 2 > which is an elonga¬ 
tion along the .y-axis, is excited when a field is applied along the .v-axis. 
Since the length of the crystal is taken along this direction, this mode of 
motion is called a length longitudinal mode. It has been used to some 
extent to produce low-frequency oscillations in gases, liquids and solids. 
Two modifications of this cut have received considerable use in the con¬ 
struction of quartz crystal filters. These cuts are the —18° X-cut crystal 
and the +5° X-cut crystal, shown by Fig. 6.3. The —18° cut is used 
because it produces a very pure frequency spectrum giving only a single 
resonance over a frequency range of three to one . 18 The +5° X-cut 
crystal is used because it is the best orientation of the X-cuts for giving a 
low temperature coefficient of frequency. By putting a divided plating 
on the crystal as shown by Fig. 6 . 6 , this crystal can be driven in a flexure 
mode at much lower frequencies than can be realized with a longitudinal 
mode. It has been used for selecting single-frequency pilot channels for 
controlling the gain of a carrier system. 

The temperature coefficient of the +5° X-cut used for both longitudinal 
and flexure modes, can be improved by rotating the thickness around the 
length of the crystal. This results in the MT and NT crystals, shown by 
Fig. 6.3. These have temperature coefficients under one part in a million 
per degree centigrade, but a smaller coupling than the equivalent +5° 
X-cut crystals . 19 

6.42 Y-Cut Crystals 

When a field E v is applied along the ^y-axis, equations (6.1) show that 
there are two types of strain generated, £5 and S Q . Both of these strains 
are shearing strains which distort a square in the crystal into a rhombus, as 
shown by Fig. 6.11. The £5 strain, which is shown in Fig. 6.11, distorts 
the crystal in the #z-plane, while the *?e strain distorts the crystal in the 
xy-plane. Since the field is applied along the thickness, which is the y 
direction, the first strain 65 is called a face-shear strain and Sq a thickness- 
shear strain. The frequency of a face-shear mode is controlled by the 
contour dimensions and hence will be relatively low. The frequency of the 

18 Mason, W. P., “ Electrical Wave Filters Employing Quartz Crystals as Ele¬ 
ments,” VoL 13, July, 1934. 

19 Mason, W. P. and R. A. Sykes, “ Low Frequency Quartz Crystal Cuts Having 

Low Temperature Coefficients,** Proc. Vol. 32, No. 4, April, 1944. This also 

appears in reference 6 , Chapter XVII. 
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thickness-shear mode is controlled by the thickness dimension, which can 
be made very small, resulting in a high frequency. 

The Y-cut crystal was first used in the control of high-frequency oscil¬ 
lators but because of its high temperature coefficient, has largely been 
displaced by the AT and BT crystals, which are modified Y-cut crystals. 



Fig. 6.11. Distortion for a shear crystal and method for obtaining a longitudinal mode. 


The Y-cut crystal is still used to generate shear vibrations in solids. For 
this purpose it has a higher coupling than does the Y-cut, since the coupling 
for the shear thickness mode is 


k 



.142 


(6.24) 


Rotations of the thickness direction around the *-axis have resulted in 
rotated Y-cuts that have very favorable properties. Investigations made 
by Lack, Willard, Fair, Mason, Sykes, Koga, Bechmann, and Straubel have 
shown how the properties of the thickness-shear mode varied with angle of 
cut. As shown by Fig. 6.3, all the orientations resulting in useful crystals 
have their length along the ,v-axis and their thickness makes an angle 6 
with the^-axis. Figure 6.12 shows the frequency constant (kilocycles for a 
crystal one millimeter thick) as a function of the angle of rotation. At an 
angle of rotation of +31° and —59°, the frequency is minimum and 
maximum respectively. At these two angles the mechanical coupling 
between the thickness-shear mode and the face-shear mode and its over¬ 
tones becomes zero, and a crystal is obtained which is much freer from 
extraneous modes of motion than is the Y-cut. Figure 6.13 shows a plot 
of temperature coefficient against the orientation angle and at 35° — IS' 
and —49°, crystals are obtained which have zero temperature coefficients. 
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These cuts are known as the AT and BT crystals respectively, and they 
have been very widely used to control high-frequency oscillators. Fre¬ 
quencies as high as 15 megacycles are used for fundamental control and by 
using mechanical harmonics, frequencies as high as 197 megacycles have 
been obtained. 20 



Fig. 6.12. Frequency constant in kilocycle millimeters for a rotated Y-cut crystal. 



Fig. 6.13. Temperature coefficients for rotated Y-cut crystals. 


Since the AT and BT are relatively near in angle to the AC and BC cuts, 
they have a good frequency spectrum. Strong couplings still exist to 
flexure mod^s of motion. By measuring the modes of motion as a function 
of the length, width and thickness, dimensional ratios can be obtained for 
which only the main mode exists for a large frequency range on either side 

20 Mason, W. P. and I. E. Fair, " A New Direct Crystal Controlled Oscillator/' 
Proc. LR.E ., Vol. 30, pp. 464-472, Oct., 1942. 
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of the main frequency. 21 By maintaining these ratios fixed as the thick¬ 
ness is changed, a good crystal free from resonances over a wide temperature 
range is obtained. Crystals produced by the process of grinding to a set 
of predetermined dimensions are called predimensioned crystals and 
usually result in a higher activity crystal and one which has a smooth 
temperature-frequency curve over a wide temperature range. Another 
manufacturing process called the edge-grinding process, is sometimes 
employed. This consists in controlling the thickness dimension only, and 
removing troublesome couplings by grinding the edges of the crystal until 
the crystal has a high activity over a specified temperature range. This 
process has been used for crystals that do not have to satisfy stringent 
activity and temperature requirements, but is not likely to produce as 
satisfactory crystals as the predimensioning process. 

Thickness-vibrating crystals may either be ground or etched to fre¬ 
quency. On account of an aging which appears to be due to loosely 
bound and misoriented layers of quartz on the surface caused by sawing 
and lapping processes, it has become customary to etch crystal surfaces to 
frequency since this process removes the loosely bound material and leaves 
a surface that does not age appreciably. Aging appears to be caused by 
the effects of water vapor on the strained surface which results in either 
loosening or removing the strained material. The first process causes a 
lowering of the Q of the crystal (ratio of reactance to resistance) and a 
consequent lowering of the activity of the oscillator controlled by the 
crystal, while the second process causes an increase in the frequency of the 
crystal. Aging can be prevented by etching the crystal surface or by 
hermetically sealing the crystal. 

Two other methods of adjusting the frequency of crystals have recently 
been employed. One 22 uses a crystal whose frequency is etched above the 
desired frequency by a predetermined number of kilocycles and then 
lowered by plating of a metal by an evaporation process. The metal is 
evaporated by an amount necessary to load the crystal down to its desired 
frequency. By this method the frequency can be very accurately con¬ 
trolled in the final mounting that the crystal uses. The other method 
employs the recently discovered fact that exposure to X-ray irradiation 
lowers the elastic constant of BT and AT crystals and hence lowers their 
frequency of oscillation. 23 The effect is produced by electrons being 

21 Sykes, R. A., “ Modes of Motion in Quartz Crystals,” B.S.T. Vol. 23, No. 1, 
Jan., 1944. This also appears in reference 6, Chapter VI. 

22 Sykes, R. A., “ High Frequency Plated Quartz Crystal Units for Control of 
Communications Equipment,” Proc. I.R.E. y Vol. 34, No. 2, p. 92W Feb., 1946; Proc. 
/.&£., Vol. 36, No. 1, pp. 4-7, Jan., 1948. 

22 Frondel, C., “ Effect of Radiation on the Elasticity of Quartz,” Amcr. Min. y 
Vol. 30, M*v r 1945. 
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expelled from orbits around silicon atoms in the quartz and causing a 
lower energy of binding between molecules and hence a slightly lower 
elastic constant. This effect amounts to one-tenth of one per cent fre¬ 
quency change at the most and varies by considerable factors from crystal 
to crystal, presumably due to the amount of their impurity content. 
Exposure to AT-rays causes a darkening of the crystal and the amount of 
darkening appears to be correlated with the amount of frequency change. 
Because of the variability of the effect, this process has not had a wide use. 

Two other rotated Y-cut crystals that have a zero temperature coefficient 
are the CT and DT face-shear cuts . 24 These are nearly at right angles to 
the AT and BT cuts and use the same shearing moduli in the face-shear 
mode that the AT and B T do in the thickness-shear mode. The CT cut 
at +38° orientation, as shown by Fig. 6.3, has a frequency constant of 308 
kilocycles centimeters for a square crystal and has been used in frequency- 
modulated oscillators in the frequency range from 300 kc to 1000 kc. 
The DT crystal is smaller for the same frequency and is used in the fre¬ 
quency range from 200 to 500 kilocycles. The CT crystal received wide 
use in frequency-modulated oscillators for tank and artillery radio circuits 
during the past war. 

The final rotated Y-cut crystal that has been used considerably for 
controlling very precise oscillators for time standards and for use in the 
Loran navigation system, is the GT crystal . 25 This crystal is produced, as 
shown by Fig. 6.3, by rotating the plane by 51° — 7.5' from y and by 
rotating the length 45° from the *-axis. It has been found that the 
frequencies of all the zero coefficient crystals can be represented by an 
equation of the type 

/ =/oD + «a(T - To) 2 + a 3 (T - T 0 ) 3 • • • ] (6.25) 

where the successive constants decrease very rapidly and To is the tempera¬ 
ture of the zero coefficient. Most zero temperature coefficient crystals 
have a parabolic temperature variation about To with a curvature deter¬ 
mined by the constant 02 > as shown by Fig. 6.14. An exception to this 
rule is the AT cut for which is zero and the frequency change is deter¬ 
mined by 03 . To obtain the value plotted, the angle of orientation has 
to be very closely 35° — 17'. If the angle is 3 minutes smaller, a positive 
temperature coefficient of 1 part in a million per degree centigrade is 
superposed on this characteristic, while a 3 minute increase in orientation 
introduces a negative coefficient of the same order of magnitude. This 
characteristic is much more favorable for a wide temperature range than 

24 Willard, G. W. and S. C. Hight, Proc. /./?.£., Vol. 25, pp. 549-563, 1937. 

26 Mason, W. P., “ A New Crystal Plate Designated the ‘ GT Proc . 

Vol. 28, pp. 220-223, May, 1940. 
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Fig. 6.14. Temperature frequency characteristics of zero temperature coefficient quartz 

crystals. 

the BT ; hence AT crystals are used where close tolerances over a wide 
temperature range are required. 

The GT crystal has a similar freedom from a parabolic variation of 
frequency with temperature. The GT is a coupled-mode type of vibration 
and by adjusting the ratio of width to length, a positive or negative 
temperature coefficient can be superposed on the temperature curve of 
Fig. 6.14. Using a crystal mounted by means of several wires soldered to 
the crystal surface, 26 a very stable unit is obtained which is little-affected 
by shocks and which ages very little over a long period of time. This has 
resulted in an oscillator that maintains its frequency to 1 part in 10 9 or 
better, over long periods of time and has made possible the precise timing 
necessary in the Loran system and in very stable time standards. 27 

6.43 Generalized Low-Temperature Coefficient Crystals 

In addition to the single- and double-orientation crystals described 
previously, whole families of triple-orientation crystals can be obtained 

26 Greenidge, R. M. C., “ Mounting and Fabrication of Plated Quartz Crystal 
Units,” B.S.T ./., Vol. 23, p. 234, July, 1944. This also appears in reference 6, 
Chapter XII. 

27 Jones, H. Spencer, Endeavor , Vol. 4, No. 16, Oct., 1945. 
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with zero temperature coefficients. While none of these have come into 
practical use, it appears worth-while to point out their existence and 
method for analyzing their location. By knowing the elastic constants of 
the crystal, their temperature coefficients, and how these vary with 
orientation, regions of low coefficients can be analyzed by calculation. 

Several measurements have been made of the temperature coefficients 
of quartz. The latest determination 28 of the writer’s, which agrees within 
a few per cent with determinations of Bechmann and Atanasoff and Hart, 
are given in equation (6.26) expressed in terms of changes in parts per 
million per degree centigrade. 
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These coefficients, with the elastic constants of quartz given by equations 
(6.2) and the temperature coefficients of expansion which are 

a 3 = 7.8 X 10“ 6 , ai = a 2 = 14.3 X 1(T 6 (6.27) 


are sufficient to determine the temperature coefficient of any mode of 
motion whose frequency can be given in terms of the elastic constants. 

For example, the temperature coefficient of frequency of a longitudinal 
mode can be calculated from the frequency equation 


/- 


1 




(6.3) 


The equation fits the elastic compliance of a rotated cut and the above 
temperature coefficients. The variation of sf ly which is the inverse of 
Young’s modulus, as a function of orientation is investigated in Chapter V, 
and in terms of the IRE orientation system shown by Fig. 6.15, the 
oriented modulus is 

jfi = sfi (cos 2 8 cos 2 yp + sin 2 yp ) 2 

+ ( 2^13 + J 44 ) sin 2 8 cos 2 yp (cos 2 8 cos 2 \p + sin 2 yp) 

+ J 33 sin 4 8 cos 2 yp — 2 sin 8 sin yp cos \p 
X [3 (cos ^ cos 8 cos yp — sin ip sin yp ) 2 
— (sin tp cos 8 cos yp — cos (p sin yp) 2 ] 

26 Mason, W. P., 14 Quartz Crystal Applications,” July, 1943. 


(6.28) 
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Differentiating equation (6.3) with respect to 9, the temperature, we have 


or 


4f _ _ 1 l_L 

de 21 "V psfi 


d[ 

de l 

T + 


(dp ds\i 

de de 

~ + ~w, 
-*11. 


2\P 


d l 

J = Tf = [T p + Tsfi] 


(6.29) 


where Ta> the temperature coefficient of the quantity A is defined as the 
rate of change of A with temperature divided by the value of A . For a 


z 



general orientation, the temperature coefficient of the length a[ varies as 
a[ - 14.3 - 6.5 (sin 2 6 cos 2 +) (6.30) 

Since the total mass is the same when the crystal expands, the temperature 
coefficient of the density is the negative of the sum of the coefficients of the 
three axes or 


T p « —36.4 

Hence the temperature coefficient of frequency becomes 


fds* 


n 1 


T/ -3.9 + 6.5 sin 2 ^cos 2 ^-~ 


i* 


(6.31) 


(6.32) 
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Differentiating equations (6.28), we have the temperature coefficient for a 
general orientation 

Tf = 3.9 + 6.5 sin 2 0 cos 2 yp 

sfiTsfx (cos 2 0 cos 2 yp + sin 2 yp) 2 
+ ( 2 ^ 13 Ts i 3 -f s^Tsft) sin 2 0 cos 2 yp (cos 2 0 cos 2 yp + sin 2 yp) 

+ ^33^33 sin 4 0 cos 4 yp — 2 jf 4 7 Vf 4 sin 0 
X sin yp cos ^[3 (cos 0 cos tp cos yp — sin ip sin yp) 2 

— (sin ip cos 0 cos yp + cos tp sin yp) 2 ] 

sfi (cos 2 0 cos 2 yf/ + sin 2 yf/) 2 + (2.r 13 + jf 4 ) sin 2 0 cos 2 yp 
X (cos 2 0 cos 2 yp + sin 2 \ p) -f j 33 sin 4 0 cos 4 yp 
— 2 si 4 sin 0 sin \p cos ^[3 (cos ^ cos 0 cos yp — sin sin yp) 2 

— (sin ^ cos 0 cos yp + cos (p sin yp) 2 ] 

Introducing the values of the elastic constants from (6.2) and the tempera¬ 
ture coefficients from (6.26), equation (6.34) takes the numerical values 

Tf - 3.9 + 6.5 sin 2 0 cos 2 yp 

755 (cos 2 0 cos 2 yp + sin 2 yp) 2 + 22,565 sin 2 0 cos 2 yp 
X (cos 2 0 cos 2 yp + sin 2 yp) + 8700 sin 4 0 cos 4 yp 
+ 5310 sin 0 sin yp cos ^[3 (cos tp cos 0 cos yp — sin ip sin yp) 2 

— (sin ip cos 0 cos yp + cos ip sin ^) 2 ] 

127.9 (cos 2 0 cos 2 yp + sin 2 yp) 2 + 175.8 sin 2 0 cos 2 yp 
X (cos 2 0 cos 2 yp + sin 2 ^) 4- 95.6 sin 4 0 cos 4 ^ 

+ 89.2 sin 0 sin \p cos ^[3 (cos ip cos 0 cos yp — simp sin yp) 2 

— (sin tp cos 0 cos yp 4- cos tp sin yp) 2 ] 

The only regions of low-temperature coefficients are the regions for 
which the two, big middle terms are small, which requires that 0 —► 0, 
or yp —> 90°. The first region would be a Z-cut crystal with its length 
somewhere in the #y-plane and would result in a temperature coefficient 
of two parts per million negative. Such a crystal is not of much interest 
since there is no piezoelectric constant for driving it. The other region 
yp —► 90° also results in the length being near the xy crystallographic plane, 
but would allow the major surface to be made perpendicular to the .v-axis 
and hence would kllow the crystal to be driven piezoelectrically. By 
allowing yp to be slightly greater than 90°, the fourth term in the numerator 
can be made slightly negative and of a value greater than the two positive 
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terms. This results in the +5° Y-cut crystal having nearly a zero coeffi¬ 
cient and this is the most favorable one for a low coefficient longitudinal 
mode of motion. All other directions have a negative temperature 
coefficient. 

The temperature coefficients of many other modes of motions can be 
derived in a similar manner, but since none of them have come into practi¬ 
cal use, they will not be considered further. 

6.5 Quartz Crystal Applications 

As mentioned in the introduction, the principal uses for quartz crystals 
are in the control of radio-frequency oscillators, the production of very 
selective filters, and as high-frequency electromechanical transducers for 
producing and measuring mechanical vibrations in gases, liquids and 
solids. It is the purpose of this section to discuss briefly the uses of quartz 
crystals in oscillators and filters. The last three chapters are devoted to the 
use of crystal transducers in measuring the properties of gases, liquids and 
solids. 

6.51 Use of Quartz Crystals in the Control of Oscillators of the Pierce Type 

A vacuum-tube oscillator is a device for producing and maintaining a 
source of power having a definite frequency of oscillation. It involves the 
use of a vacuum-tube amplifier for producing a gain and a feedback circuit 
which produces a phase shift of 2 mr radians (n an integer, usually one) at 
the frequency of oscillation. Hence, when the oscillator is started, a 
transient in the circuit (which will have a wide range of frequencies) will 
be amplified, but it is only the frequency that comes back in the same 
phase that will continue to build up. This frequency will build up until 
it is limited by the non-linear elements of the vacuum-tube amplifier. 
Hence, the condition for determining the frequency and amplitude of 
oscillation are that the gain through the complete feedback path must be 
equal to zero and the phase shift through the feedback loop must be equal 
to 2ir radians or some integral multiple of this. This criterion is often 
written in the form 

M0 - 1 (6.35) 

where m is the complex amplification factor of the tube (/.*., the ratio of the 
output plate voltage to the input grid voltage) and 0 is the same factor for 
the feedback path. 

Since non-linear parameters are involved in the vacuum-tube amplifier, 
the solution for the stability is rather complex. The general conditions 
for determining the frequency stability of an oscillator has been given by 
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Llewellyn 29 and solutions for crystal oscillators have been given by Terry, 
Wright, Vigoureux, Koga, Heegner, Boella and Fair. 30 Since these are 
summarized by I. E. Fair in Chapter XII of the book Quartz Crystals for 
Electrical Circuits , they will not be discussed further. It is there shown 
that an approximate idea of the conditions for frequency stability can be 
obtained by representing the feedback circuit by the three reactances 
Xu X 2 and Xs of Fig. 6.16 and the tube parameter by a plate resistance 
R P y a grid resistance and a source of voltagewhere V g is the voltage 
across the grid resistance R gy and /z is the amplification factor of the tube. 
For circuits of the Pierce type, shown by Fig. 1.2, X\ is the reactance of the 
tuning condenser and coil in the plate of the tube, X% the reactance feedback 



Fig. 6.16. Equivalent circuit for analyzing performance of an oscillator. 

from plate to grid, and X 2 the reactance from grid to cathode. For a 
single tube, the sign of the amplification factor /z is negative, since a positive 
grid voltage will produce a reduction in the voltage across the plate. 

Crystal oscillators can be divided into two classes, those in which the 
oscillator frequency is modified by the presence of the crystal, and those 
in which the oscillator will not oscillate unless the crystal is present. An 
example of the first class is shown by the Giebe, Scheibe click oscillator of 
Fig. 4.1, for which the oscillator frequency is controlled by the crystal, if 
the adjustment of the coil and condenser is such that the oscillator fre¬ 
quency, as controlled by them, is in the neighborhood of the crystal 
frequency. If the frequency of the coil condenser oscillator alone is far 
from the crystal frequency, the crystal acts as a simple capacitance and 
has no effect on the oscillator frequency. Examples of the crystal- 
controlled oscillator are the Pierce-Miller circuits of Fig. I.2A and the 
Pierce circuit of Fig. 1.2B. If the crystal of either of these circuits becomes 
broken or loses its activity, the oscillator will stop oscillating. 

These two circuits are probably the most widely used crystal-oscillator 
circuits. In the Pierce-Miller circuit of Fig. 1.2A, the crystal is in the grid 
circuit and feedback is obtained through the grid-plate capacitance or 

29 Llewellyn, F. B., “Constant Frequency Oscillators,” Proc . LR.E ., Vol. 19, 
p. 2063, Dec., 1931. 

80 These solutions are discussed by I. E. Fair in Chapter XII of Quartz Crystals for 
Electrical Circuits y D. Van Nostrand Company, Inc., 1946. 
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through an external capacitance sometimes added. For the Pierce circuit, 
feedback is obtained through the crystal itself and the grid-cathode 
capacitance is the source of the reactance If the oscillator is not driven 
so hard that the grid goes positive and grid current is drawn, the grid 
resistance R g becomes very high and can be neglected. Under these 
circumstances it can be shown that the frequency occurs very nearly when 

Xi + X 2 “I - A 3 = A == 0 (6.36) 

where A is a small quantity, determined by the tube constants, and is 
nearly zero for a high-gain tube. This condition is determined by the fact 
that the three reactances have to produce a 180°-phase shift and if the 
amplification factor p is high, their sum is nearly zero to produce a zero 
gain. Furthermore, it can be shown 31 that the conditions of oscillation are 
not satisfied unless the crystal reactance is positive. Hence, in these 
circuits, the oscillating frequency is always between the resonant and anti¬ 
resonant frequencies of the crystal. 

By tuning the plate circuit by the variable condenser, X\ will vary and 
hence in order to satisfy equation (6.36), the frequency of the oscillator 
will vary. However, since the change in reactance with frequency (as 
shown by Fig. 5.1) is so sharp, the amount of frequency change that can be 
obtained by tuning is small and can be made smaller by letting j a approach 
/r. This can be accomplished by using a crystal with small coupling or 
by shunting capacitance around the crystal. Due, however, to the fact 
that the crystal has some dissipation, this process cannot be carried too 
far or the loss in the feedback circuit will become too large for the tube 
amplification to overcome. As shown by Mason and Fair 31 a figure 
of merit M for such crystals is given by 

M = @ (6.37) 

where r is the ratio of capacitances ( C 0 /Ci of Fig. 5.1) for the crystal and 
where Q is the ratio of reactance of one of the series elements L\ or C\ of 
Fig. 5.1 to the resistance R\. If this figure of merit is greater than 2 , the 
reactance of the crystal becomes positive and by employing enough gain 
the crystal can always be made to oscillate. To maintain oscillations 
within a narrow limit of frequency, the ratio of capacitances of the crystal 
must be high, and to maintain oscillations for a high ratio of capacitances, 
the Q of the crystal must be high. The same considerations apply to the 
change of frequency due to change in tube parameters caused by fluctuation 
of plate current, change of tubes, etc. These change the factor A of 

81 Mason, W. P. and I. E. Fair, “ A New Direct Crystal-Controlled Oscillator for 
Ultra-Short Wave Frequencies,” Proc. I.R.E., Vol. 30, p. 464, Oct., 1943. 
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equation (6.36) and cause a slight change in frequency in order that the 
reactances shall balance (6.36). However, if the ratio of capacitances and 
the Q of the crystal are high, this results in a very small change of frequency. 

It has been shown by Fair 30 that a quantity which determines the 
activity and frequency stability of a given crystal in a definite oscillator 
circuit, is the performance index PI of the crystal and circuit. When this 
factor is known, the frequency stability and the oscillator activity can be 
uniquely determined. In terms of the figure of merit M, the static 
capacitance of the crystal C 0 and C*, the total input grid capacitance of the 
circuit, PI is 



Methods for measuring the PI of a crystal for a given circuit are discussed 
by C. W. Harrison in Chapter XV of “ Quartz Crystals for Electrical 
Circuits.” 

Circuits of the Pierce and Pierce-Miller type are capable of maintaining 
the frequency of a crystal oscillator within a few parts in a million and can 
be changed in frequency by about 200 parts in a million by a tuning of the 
plate condenser. They are the most widely used oscillator circuits. 

6.52 Oscillators of the Bridge Type 

Oscillators of the Pierce type satisfy the requirements for most crystal 
oscillators where a moderate amount of frequency stability is satisfactory. 
For very precise oscillators, however, the Pierce type is not the most stable 
type. This is obvious from Fig. 6.16, for if the coupling circuit between 
plate and grid can be made of pure resistances, then a change in the plate 
and grid resistances due to voltage fluctuation will not involve any fre¬ 
quency change. Also in the Pierce circuits there is no way to limit or 
control the amplitude of the crystal, which is an important matter if very 
precise frequencies are to be obtained. 

Both of these limitations are removed in the resistance bridge circuit 
devised by Meacham, 32 which is shown schematically by Fig. 6.17. With 
this circuit a transformer is used to reverse the phase of the output voltage 
and the feedback circuit has to produce a zero phase shift in order to 
establish the conditions for oscillation. The crystal is one arm of a 
resistance bridge and in order to produce a zero phase shift in the bridge, 
the crystal has to wQrk at its resonance frequency. The control of ampli¬ 
tude is obtained by using a small resistance lamp or thermistor as another 

* 2 Meacham, L. A., “The Bridge Stabilized Oscillator,” Proc . I.R.E ., Vol. 26, 
pp. 1278-1294, 1938; B.S.T. Vol. 17, pp. 574-591, 1938. 
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arm of the bridge. As the amplitude builds up, the resistance of this 
element gets less and the bridge tends to become balanced. This increases 
the loss of the bridge circuit and cuts down the amplitude. Hence, a 
stable amplitude is quickly reached which depends on the thermal element 
rather than the non-linear tube parameters. The thermal element is 
usually chosen so that the crystal amplitude is very small, and since the 
amplitude is maintained at a constant value, no frequency fluctuation due 
to amplitude variations occur. The Meacham bridge oscillator is used in 
all of the very constant frequency oscillators of the Bell System, Bureau of 
Standards and the Greenwich Observatory. 



Another limitation of the Pierce type circuit is that the crystal has to 
have a positive reactance in order that oscillation can be produced. This 
limits the use of the Pierce oscillator circuit in driving the crystal at a high 
overtone frequency. To obtain a positive reactance the figure of merit 
M has to be greater than 2. It can be shown from equation (5.34) that the 
ratio of capacitances of a crystal increases as the square of the overtone 
order. For example, a BT crystal having a ratio of capacitances of 1000 
for the fundamental and a Q of 100,000, will have a figure of merit M = 4 
for the fifth overtone frequency, that is, five times the fundamental. In 
practice it is found that the fifth overtone frequency is as high as can be 
consistently driven by an oscillator circuit of the Pierce type. 

To get around this difficulty, the writer and Fair 31 proposed the use of a 
bridge-type circuit in the feedback path, the arms of which are the crystal 
and three capacitances. Various forms of the circuit are possible and a 
self-contained bridge was also constructed. The capacitance of the 
crystal is balanced out by the bridge capacitances and the limitation that 
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the crystal has to have a positive reactance is removed. With this 
arrangement, the 23rd overtone of an 8.56-megacycle AT crystal was 
driven and frequencies as high as 197 megacycles were controlled. The 
crystals had to be ground very flat to be active in this high-frequency range 
and commercially the 9th overtone of a 10-megacycle plate is about as 
high as has been used. 

6.53 Use of Crystals in Filters 

The largest use of crystals in the telephone industry is their use in the 
very selective band-pass filters of the broad-band carrier frequency systems. 
For this purpose quartz crystals have been largely used, but as discussed 
in Chapter IX, they are being replaced by a new synthetic crystal, ethylene 
diamine tartrate. Since the use of crystals in filters is fully discussed in 
Chapter VIII of “ Electromechanical Transducers and Wave Filters ” 
by the writer, only a brief summary will be given here. 

The crystal element of Fig. 5.1 is equivalent to a combination of coils 
and condensers of high Q having the reactance characteristic of Fig. 5.IB. 
Due to the fundamental limitation of about 10 per cent electromechanical 
coupling obtainable in a quartz crystal, the separation of resonance and 
anti-resonance is from equation (5.36) equal to 

= 4 * 2 = - 004 ( 6 - 39 > 

Jr * 

or about 0.4 per cent of the resonant frequency Jr. Hence, if we deal only 
with combinations of crystals, it can be shown that the widest pass bands 
obtainable are twice this or 0.8 per cent. This is too narrow for most 
communication bands, but narrow band filters of this type have been used 
for essentially single-frequency pilot channel filters and for analyzing the 
spectrum of noise and speech. Such crystals can be combined into T 
and 7r networks and in lattice networks. The filter circuits and their 
design formulae are discussed in the above reference. 

For the wider band filters needed for passing voice channels, it is necessary 
to employ coils as well as condensers and crystals. Since the ratio of 
reactance to resistance of the best coils mounted in a reasonable space does 
not exceed 400, attention must be given to the effect of dissipation. 

In a filter the effect of dissipation is twofold. It may add a constant 
loss to the insertion loss characteristic of the filter, and it may cause a loss 
varying with frequency in the transmitting band of the filter. The second 
effect is much more serious since the additive loss can be overcome by the 
use of vacuum-tube amplifiers, whereas the second effect limits the slope 
of the insertion-loss frequency curve. Hence, if the dissipation in the coils 
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needed to widen the band of the filter produce only an additive loss, a 
satisfactory result is obtained. 

By using only series or shunt coils on the ends of the filters, this result 
can be accomplished, for the coil resistances can be made part of the 
terminating resistances and add only a constant loss independent of fre¬ 
quency. Figure 6.18 shows the most common filter configuration 33 
employing coils, crystals and condensers. In this configuration two divided 
plate crystals form the four arms of the lattice. The two halves of the 
crystal Q\ form the series arms of the lattice while the two sets of plates on 
Q 2 form the crossarms. The two small condensers Cb are used for the 
adjustment of the frequencies of the attenuation peaks. The condensers 
Ca on the ends of the bridge serve to adjust the band width of the filters 



Fig. 6.18. Crystal filter using a lattice of crystals and series coils. 


together with the coils Lo. Each end coil consists of two balanced wind¬ 
ings, each of which form the two coils L 0 /2. The equivalent electrical 
circuit for the divided plate crystals are shown on the right side of the figure, 
where 2Qi and 2 Q 2 indicate the equivalent electrical circuit of a crystal 
(shown by Fig. 5.1) of twice the impedance of the fully plated crystal. 

It is shown 34 that the attenuation of such a filter section is equal to the 
sum of three “ m ” derived type band, filter sections. With the coils on 
the end of the sections, one of these sections is of the type having an infinite 
loss at an infinite frequency. The frequency of infinite loss of the other 
two sections is adjustable and is controlled by the relative impedances and 
frequencies of the two crystals Q\ and Q 2 . The formulae for designing these 
crystals are discussed in reference. 34 

This filter section can be generalized by the addition of crystals to the 
series or crossarms of the lattice. If one crystal is taken out and a con¬ 
denser substituted, the attenuation corresponds to two simple filter sec- 

83 This configuration is covered in U. S. Pat. No. 2,045,991, issued to the writer, 

84 Mason, W. P., Electromechanical Transducers and Wave Filters , Chapter VIII, 
D. Van Nostrand Company, Inc., 1942, 2nd edition, 1948. 
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tions. The addition of a crystal in either the series or crossarms adds the 
equivalent of a simple filter section. The use of two divided plate crystals 
in both the series and the crossarms forms the basis of the 219-type quartz 
crystal filters 35 and in this filter the equivalent of five simple band-pass 
filters is obtained in a single lattice configuration. This filter provides 
sufficient attenuation to meet the requirements of the broad-band carrier 
filters. By using other configurations 34 of coils, crystals and condensers 
low-pass, high-pass, band-elimination filters, and all pass-phase networks 
are possible. 

86 Willis, E. S., “ A New Crystal Channel Filter for Broad Band Carrier System,” 
Elec. Eng. Trans. Sec. y March, 1946. 



CHAPTER VII 

Properties and Uses of Rochelle Salt 
7.1 Introduction 

Rochelle salt was first produced in 1672 by an apothecary of LaRochelle 
by the name of Pierre de la Seignette. While the medical and chemical 
properties of rochelle salt became well-known, it was not until 1880 that 
anything remarkable was discovered about its physical properties. In 
that year the Curie brothers included it in their pioneer researches on the 
piezoelectric effect and found it to be strongly piezoelectric. 

The first quantitative measurements of the piezoelectric effect in rochelle 
salt were made by Pockels in 1894. In the course of his experiments, 
Pockels also discovered the Kerr effect in rochelle salt as well as the 
anomalous dielectric behavior in the directions of the a or x crystallo¬ 
graphic axis. 

The first descriptions of technical applications of rochelle salt crystals 
were made by A. M. Nicolson 1 in 1919. Nicolson described the applica¬ 
tion of rochelle salt in obtaining piezoelectric microphones, receivers, 
loudspeakers, etc., and also used rochelle salt crystals in controlling the 
frequency of the first piezoelectric crystal-controlled oscillator. 2 

These early investigations were followed a few years later by a series 
of important papers by J. Valesek, in which the piezoelectric and dielectric 
properties of the crystal were thoroughly investigated. His most important 
work was on the analogy between the dielectric properties of rochelle salt 
and ferromagnetism, which is the source of the description of the properties 
of rochelle salt as being ferroelectric. 

Widespread interest in the structural theory of rochelle salt started in 
1929 with the work of the Russians, Shulvas-Sorokina and I. Kurchatov 
and his collaborators. This has been followed by many investigations, 
both theoretical and experimental, outstanding among which are those 
of Scherrer and his associates in Zurich; Fowler, Beevers and Hughes, and 
Ubbelohde and Woodward in England; and Cady, Mueller and the writer 
in this country. Theories of the action of rochelle salt have been given 

Nicolson, A. M., “The Piezoelectric Effect in the Composite Rochelle Salt 
Crystal/* Trans . ^./.£.£., Vol. 38, pp. 1467-1485, 1919; Proc . //./.£.£., Vol. 38, 
pp. 1315-1333, 1919. 

2 U. S. Pat. No. 2,212,845, filed April 10, 1918, issued August 27, 1940. 
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by Fowler, Cady, Mueller and Busch. Since they are described in detail 
in Cady’s “ Piezoelectricity,” they are not discussed here. A theoretical 
treatment of the ferroelectric effect for rochelle salt and KDP due to the 
writer, is given in Chapter XI. This is similar in structure to Mueller’s 
“ internal field ” theory, but an attempt has been made to associate the 
theory with the hydrogen bonds occurring in the structures. It is the 
purpose of the present chapter to describe briefly some of the physical and 
chemical properties of the crystal. 





o 


Fig. 7.1. Rochelle salt crystal and principal cuts. 

7.11 General Properties of Rochelle Salt 

Rochelle salt is sodium potassium tartrate with four molecules of water 
of crystallization (NaKC 4 H 40 6 — 4 H 2 O) and forms in the orthorhombic 
bisphenoidal class. The usual form of the crystal is shown by Fig. 7.1A, 
which shows the direction of the x -, y - and z-axes which coincide with the 
a> b and c crystallographic axes of the crystal. Although this crystal 
can occur in enantiomorphic forms, it is generally true that all the tartaric 
acid obtained from the grape industry is of the dextro form and only dextro 
or ^-rochelle salt crystals are found. The molecular weight of rochelle 
salt is 282.184 and the density, as measured by W. L. Bond, is 1.775 d= 
0.003 at 25°C. This determination agrees very well with that determined 
from the X-ray structure of the cell which, as shown by Beevers and 
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Hughes, 3 has a cell dimension of 11.93A along the tf-axis, 14.3A along y 
and 6 . 17 A along z. Since there are four molecules per unit cell, this gives 
3.81 X 10 21 molecules per cubic centimeter. Dividing this number by 
Avogadro’s number 6.06 X 10 23 and multiplying by the molecular weight 
282.184, one obtains a density of 1.77. The solubility, per liter of water, at 
0°C is 1.50 moles (420 g.) and at 30°C it is 4.90 moles (1,390 g.). The most 
common method for growing rochelle salt, and in fact most water soluble 



Fig. 7.2. Stable humidity limits for rochelle salt. 

crystals, makes use of this solubility temperature relation. Seed bars are 
placed in a rocking or rotating tank which contains a supersaturated solu¬ 
tion at about 40°C. Salt comes out of solution and is deposited on the 
seed bar surface, thus reducing the degree of supersaturation. To main¬ 
tain it in a growing condition, the temperature is reduced a certain fraction 
of a degree per day, the degree of supersaturation is maintained and the 
crystal continues to grow. When it has reached room temperature or 
some convenient temperature it is removed from the tank and the process 
is repeated. The Brush Company of Cleveland, Ohio, are the largest 
growers of rochelle salt. 

Since the crystal has water of crystallization, it has an appreciable vapor 
pressure. As shown in Fig. 7.2 lower line, if the humidity of the surround- 

* Beevers, C. A. and W. Hughes, " The Crystal Structure of Rochelle Salt (Sodium 
Potassium Tartrate Tetrahydrate NaKC^O*— 4HaQ),” Proc. Roy . Soc. y Vol. 
177, pp. 251-259, 1941. 
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ing atmosphere is below 35 per cent at 25°C, the water vapor pressure of 
the crystal is greater than the vapor pressure of water in the surrounding 
atmosphere and the crystal will lose water and dehydrate. This causes 
a white powder of dehydrated material to form on the outside of the crystal, 
which will ruin the operation of the crystal if it becomes too large. The 
crystal is stable between 35 and 85 per cent relative humidity at room 
temperature. Above 85 per cent humidity, the crystal will absorb water 
from the atmosphere on its surface and will slowly dissolve if kept in such 
an atmosphere. To minimize these humidity effects, the crystals are 
often coated with waxes. These retard rather than prevent the dehydra¬ 
tion of the crystal. If the crystal can be hermetically sealed in a con¬ 
tainer, it can be made to last indefinitely by putting powdered crystalline 
rochelle salt and dehydrated rochelle salt in the container. The former 
will give up water if the temperature rises, while the latter will take up 
water if the temperature lowers, and the two will maintain a humidity 
that approximates the lower curve as a function of temperature. 

At a temperature of 55°C (130°F) the crystal breaks up into sodium 
tartrate and potassium tartrate with the evolution of one mole of water, 
which dissolves the two crystals in a liquid solution. If the solution 
is rapidly supercooled, it remains quite fluid for a number of minutes before 
it crystallizes and hardens. This “ melted ” rochelle salt forms a very 
stiff glue that has been used to glue together pieces of rochelle salt. 

Rochelle salt crystals are commonly cut either with a band saw or a 
wet string technique. They are most easily surfaced by a milling technique 
using a sharp high-speed cutting tool. They can also be surfaced with a 
sanding belt cooled with a saturated solution of the material. The most 
recent and satisfactory method of applying metal electrodes to their surface 
is by evaporating gold in a relatively high vacuum. This process has to 
be completed quite rapidly, since the crystal will give off moisture in a 
vacuum. However, if done quickly, the loss of water is negligible and very 
satisfactory electrodes result. 

7.2 Physical Properties of Rochelle Salt » 

7.21 Dielectric Properties of Rochelle Salt 

Between the temperature of — 18°C and +24°C, rochelle salt has ferro¬ 
electric properties. By this is meant that the salt becomes spontaneously 
polarized in the =fc.v-direction, and polarization-field curves show hysteresis 
loops just as B-H curves do for a ferromagnetic material. The magnitudes 
of the spontaneous polarization has been measured by Mueller 4 and by 

4 Mueller, H., “The Dielectric Anomalies of Rochelle Salt/* Ann . N. Y. Acad. 
Scu, Vol. 40, p. 34,1940. 
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Hablutzal 5 by measuring the remanent polarization of the hysteresis loop 
and the results are shown by Fig. 7.3 plotted as a function of temperature. 
The polarization rises to a value of 740 esu/cm 2 at 3°C, the optimum tem¬ 
perature. The figure also shows the spontaneous polarization of heavy 
water rochelle salt for which the hydrogens in the water of crystallization 
and the hydrogens in the OH groups are replaced by heavy hydrogens. 
The two Curie temperatures (the temperatures for which spontaneous 



Fig. 7.3. Spontaneous polarization for rochelle and heavy water rochelle salt. 


polarization occurs) are changed to — 22°C and +35°C, and the spontaneous 
polarization increases to 1,120 esu/cm 2 at about 6°C. The Curie tem¬ 
peratures can also be changed by pressure. Figure 7.4 shows measure¬ 
ments by Bancroft 6 of the Curie temperatures of rochelle salt as a function 
of hydrostatic pressure. Hydrostatic pressure can raise the upper and 
lower Curie temperatures and cause them to separate. On the hydrogen 
bond theory of Chapter XI this is a result of the change with pressure of 
the factor 

^ (1 - tanh 2 A /kT) 

where the meaning of the terms is given in Chapter XI. 

6 Hablutzal, J., 11 Dielectric Investigations of Heavy Water Rochelle Salt/' Helv. 
Phys. Acta y Vol. 12, pp. 489-510, 1931. 

* Bancroft, D., “ The Effect of Hydrostatic Pressure on the Susceptibility of 
Rochelle Salt,” Phys. Rev. y Vol. 53, pp. 587-590, 1938. 
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A typical set of hysteresis loops showing polarization versus field strength 
(volts per cm) for a free crystal are shown by Fig. 7.5. These are due to 



Fig. 7.4. Effect of hydrostatic pressure on upper and lower Curie temperatures. 



Fig. 7.5. Hysteresis loop for rochelle salt as a function of the applied voltage (after David). 


David 7 and were measured at 50 cycles with the field applied along the 
x~axis. The curves labeled a> b> c and d are respectively for maximum 

7 David, R., “ The Dependence of the Dielectric Properties of Rochelle Salt on 
Mechanical Conditions,” Hek. Phys, Acta, Vol. 8, pp. 431-484, 1935. 
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field strengths of 30.7, 61.4, 123 and 384 volts per cm. It is obvious from 
these curves that the average and the instantaneous dielectric constants 
(which for these curves are nearly Crimes the ratio of the polarizations to 
the field), vary markedly depending on the field strength. The rounding 
off of the hysteresis loops is usually ascribed to domain structure in rochelle 
salt. Other evidence is the existence of a Barhausen effect, 8 the pyro¬ 
electric tests 9 with Btirker’s powders, and the scattering of sound from an 
ultrasonic wave. From his tests Mueller concluded that the domain sizes 
were around 1 cm in diameter. On account of the difficulty of observing 
twinning in rochelle salt and KDP optically or with X-rays, not much is 
known about the type of twinning responsible for domain structure in 
these crystals. For barium titanate, on the other hand, where a 90° 
change in orientation of the ferroelectric axis can occur, it is definitely 
known that domain structure can be the result of a twinning along the 
101 plane. 

At low field strengths, the dielectric constant is much smaller than at 
high field strengths. Figures 7.6 and 7.7 show measurements 10 of the 
44 free ” dielectric constant along the .v-axis plotted as a function of tempera¬ 
ture for field strengths in the order of 5 volts per cm. The dielectric 
constant is about 200 midway between the Curie temperatures of —18°C 
and +24°C, and increases to nearly 2000 at the Curie temperatures. 
Outside of the Curie region the dielectric constant falls off and at a tempera¬ 
ture of — 157°C, the dielectric constant decreases to a value of 7 and does 
not decrease farther with a lowering of the temperature. For high field 
strengths, the dielectric constant, as shown by Fig. 7.6, measured by the 
average slope of the hysteresis loop, becomes larger between the Curie 
points than it is at the Curie temperatures. The differential dielectric 
constant, represented by the instantaneous slope of the curve, may be as 
high as 200,000. 

The dielectric constants of rochelle salt along the y- and z-axes are en¬ 
tirely normal and do not depend appreciably on the field strength. The 
dielectric constant along the y -axis c^, i.e. the 44 free ” dielectric constant 
under constant stress is 

- 11.1 from -10°C to +24°C 

and increases linearly from 11.1 to 12.5 at 45°C. The dielectric constant 

8 Mueller, H., 44 Properties of Rochelle SaIt,” Phys. Rev., Vol. 47, pp. 175-191,1935. 

9 Mueller, H., 44 The Dielectric Anomalies of Rochelle Salt,” Ann . N. Y. Acad. 
ScL, Vol. 40, pp. 321-356,1940. 

10 Mason, W. P., 44 A Dynamic Measurement of the Elastic, Electric and Piezo¬ 
electric Constants of Rochelle Salt,” Phys. Rev., Vol. 55, pp. 775-789, 1939; H. 
Mueller, 44 Properties of Rochelle Salt,” Phys. Rev., Vol. 47, pp. 175-191,1935. 
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Fic. 7.6. Free dielectric constant for rochelle salt for fields of 5 and 500 volts per centimeter. 



Fig. 7.7. Free inverse susceptibility of rochelle salt for temperatures below the lower Curie 

temperature. 
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normal to the z -axis is 

4 - 9.2 

The “ free ” or constant stress dielectric constant determines not only 
the energy stored in electrical form but also that stored for a static or low- 
frequency voltage in mechanical form. The mechanical energy stored 
results from a distortion of the crystal due to the piezoelectric effect. If 
we clamp the crystal so that it cannot be distorted, then the only energy 
stored is the electrical energy and the dielectric constant corresponding to 
this is the clamped dielectric constant. It is difficult to clamp a crystal 
hard enough to prevent any mechanical distortion, but a similar result can 



Fig. 7.8. Clamped dielectric constant for rochelle salt at low field strengths. 

be obtained by measuring the crystal at a frequency so high that almost all 
of the natural resonances and their harmonics are lower in frequency than 
the value of the applied frequency. This is similar in principal to the 
measurement of the electronic dielectric constant of any substance. By 
increasing the frequency, the dipole and atomic dielectric constants fall 
out of the picture, because they require a motion that is too slow to follow 
the applied field. The clamped dielectric constant has recently been 
measured 11 by measuring the dielectric constant and associated resistance for 
a large-sized crystal (/= 1.75 cm; 1.75 cm; / = 0.75 cm) at a frequency of 
20 megacycles. The result over a temperature range is shown plotted by 
Fig. 7.8. The dielectric constant increases to about 300 at —18° and +24°, 
the two Curie temperatures. The finite value of the “clamped” dielectric 

11 Mason, W. P., “Theory of the Ferroelectric Effect and Clamped Dielectric 
Constant of Rochelle Salt,” Phys . Rev., Vol. 72, No. 9, pp. 854-865, Nov. 1, 1947. 



PROPERTIES AND USES OF ROCHELLE SALT 


123 


constant and the occurrence of its maximum at the same temperature as 
that for the “free” dielectric constant are accounted for by the theory 
presented in section 11.5, Chapter XI. The solid curve labeled 1 is another 
measurement 12 of the constant made at a frequency of 160 kilocycles by 
eliminating the interaction between the mechanical and electrical energies 
by means of theoretical relationships of the type discussed in the next 
section. The two measurements agree quite closely, as do also the asso¬ 
ciated <2’s of the crystal considered as a condenser. 

7.22 Piezoelectric Properties oj Rochelle Salt 

When a voltage is applied to an X-cut rochelle salt crystal, a relatively 
large distortion occurs for the crystal. The distortion for a plain X-cut 
crystal is a face shear which distorts a square into a rhombus, as shown in 
Fig. 7.1B. To obtain a longitudinal motion, one cuts a crystal out with 
its length 45° from the^y- and z-axis as shown by Fig. 7.IB. If one plots 
the ratio of the extension to the applied voltage, the ratio becomes very 
large near the Curie points and is much smaller at other temperatures. 
Also the ratio is a function of the voltage gradient. On the other hand 
if one plots the ratio of the extension to the charge per unit area on the sur¬ 
face, the ratio is nearly constant for all temperatures and does not depend 
on the voltage gradient. Actually, as shown in Chapter VIII and Chapter 
X, the most constant ratio is not the ratio of the extension to surface charge 
(or electric displacement, if we consider a quantity that has meaning in 
the interior of the crystal and is equal to the surface change (times 4ir) 
at the surface), but is the ratio of the stress to a part of the electric dis¬ 
placement, namely, the dipole polarization. However, the dipole polariza¬ 
tion is not easily measured so that it appears better to base the funda¬ 
mental equations on the electric displacement, since this is easily measured 
and is directly related to the energy stored per unit volume of the crystal. 
This point of view is developed in Chapter III and it is shown that the 
piezoelectric, elastic and dielectric equations for an orthorhombic bi- 
sphenoidal crystal (class 6 symmetry V =* D 2 or 222), can be written in 
the form 


7i = cnS\ + £12^2 + ^13*5*3 

E* ** TT ~ ^14^4 



411 


T 2 “ C 12 S 1 + C22$2 + ^23^3 

€22 


T 3 * + ^23 *5*2 + £33^3 

(7.1) 


12 " The Location of Hysteresis Phenomena in Rochelle Salt Crystals,” Phys. Rev., 
Vol. 58, pp. 744-756, Oct. 15, 1940. 



124 PIEZOELECTRIC CRYSTALS AND ULTRASONICS Chap. 7 


T4 = c^S 4 — hu 


Tfi = C 55 S 5 “ ^25 


Tq = CqqSq — A 30 




— A 36 S 6 


( 7 . 1 ) 


where T\ to T 6 are the six stresses for the crystal, as defined in Chapter III, 
£1 to Sq the six strains, D xy D y , D g the electric displacements along the x 
y- and z-axis, respectively, E xy E v , E z the fields along the three axis, Cu 
to c 66 the nine elastic stiffness constants, and A 14 , A 26 , A 36 the three piezo¬ 
electric constants relating the stress to the electric displacement divided 
by 4ir. The shear elastic constants have a superscript D , indicating that 
they are measured at constant electric displacement, while the dielectric 
constants along y and z, 4u e 22 , *33 are measured at constant strain, i.e. 
are the clamped dielectric constants. 

All the dynamic methods of measuring the piezoelectric constants of 
rochelle salt employ longitudinal vibrations of crystals cut with their 
length 45° from the crystallographic axis and with their thickness along 
the third axis. By using the transformation equations given in the 
appendix, Section A-4, it can be shown that the elastic and piezoelectric 
equations pertaining to a 45° X-cut crystal can be written in the form 


T[ - „,A + (31±fa) si + (22-±i!2) si + A 

Ti - A + ( 


+ 


0 


C22 + ^*33 + 2^*23 + 4 ^ 44 ^ n / 

2 / 1 ' \ 4 ) Si 

C22 + f 33 + 2^23 ~ 4c^\ , ( C 33 — C22\ , (D x \ 

~) s • + ) s< - *“ fe; 


nt ( C 12 + C 13\ cf , /^22 

* - ^ 5 ; + 


+ C 33 + 2C23 — 4 


( 


2 / \ 4 

C 22 + ^33 + 2^23 + 4^44 


J>\ 

-JS '2 


(7.2) 




r»/ ( ^V3 ^*12^ f,/ | ( ^33 ^22^ p/ , (^33 ^22^ p/ 1 

r. - ^ —) s, + {—j—) s> + 4—) * 


+ 

Dz 

& 


c 


^22 + ^33 *“ 2^23 


)a 


hu(S' 2 - S' a ) 


& 
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T&, Tq> Ey and E\ do not enter into the motion of the crystal. For a long, 
thin crystal with its length along the ./-axis, its thickness along x , and its 
width along z\ the only stress that differs from zero is T 2 . Setting T\ — 
Tl * T 4 « Tg * Tq = 0 , the equations pertaining to this crystal are 


T' 2 


Cx 


J 44 + S 22 4- J 33 + 2 Si 


)S2 

_ Ah (D*\(_ 
2&W)\sZ\ 


S44 4“ $22 4* *$33 4* 2j* 


;)■ 


(7.3) 


E x 


D x 4 ir *14 / J22 4- ^33 + 2^23 \~1 

4tT .€?1 ^44 V?4 +J 22 + «^33 4" 2^23/ « 


*14 / 4 _; 

2^44 V44 + ^22 4" -*33 4- 2j 2 3, 


where s 22 y *339 X 23 are the elastic compliances of the crystal which are deter¬ 
mined from the elastic stiffnesses by the equations 

Sij = (-lJ^/A 0 

where 


^11 

^12 

^13 

^12 

r 2 2 

*23 

^13 

*23 

*33 


and A C »>, is the minor obtained from A c by suppressing the ith row and jth 
column. J 44 — I/V 44 . From the form of (7.3) it is obvious that 


J 44 4* **22 + J33 4" 2^23 D' 

- = S22 


(7.4) 


which is the inverse of Young’s modulus for the long, thin crystal at an 
angle of 45° between the y- and z-axes. Also 

4 ir *?4 / s 22 4- J33 4- 2j23 \ _ 4 t _ 4t .7 

*11 ^44 V44 4* S22 4“ **33 + 2^23/ *11 *l{ 

where €if is the longitudinal clamped dielectric constant, /.<?. the dielectric 
constant measured when the strain £2 is zero. As discussed in a previous 
paper , 12 this can be measured by measuring the dielectric constant at 
twice the resonant frequency of the crystal. By evaluating the terms 

*14 / s 22 4- ^33 4- 2j 2 3 \ 

<44 V44 4- S22 4- J33 4- 2*23/ 
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the clamped dielectric constant can be evaluated, and this is the source 
of the 160-kc clamped dielectric constant measurement of Fig. 7.8. With 
these simplifications, equation (7.3) can be written in the form 


Ti 



E x 


D x h\\ ", 

~ " 2&g * 


(7.6) 


The most direct way of measuring the constant Ah is to determine the 
open-circuit voltage of a rochelle 45° -Y-cut for a given strain S 2 . This 
was done in a previous paper 12 by glueing a half-wave rochelle salt crystal 
onto a half-wave quartz crystal and comparing the open-circuit voltage 
of the quartz with that of the rochelle salt when they are both driven by 
a half-wave quartz driver. Knowing the relative strain in the two 
crystals which are in the ratios of the velocities of sound propagation for 
the two crystals, and the open-circuit voltage for quartz, which is given 
by the equation 

Eq = = 1.312 X 10 s l t S 2 , (7.7) 


where /* is the thickness of the crystal, it was found that the value of Ah 
for rochelle salt was 


Ah = 7.58 X 10 4 dynes/cgs units of charge (7.8) 


and this value was quite independent of temperature from — 10°C to 
+45°C. 

Another method of measuring Ah is to measure the resonant and anti¬ 
resonant frequencies of a plated crystal and the free dielectric constant. 
Figure 7.9 shows the measured resonance (Curve A), the anti-resonance 
(Curve 5), while Curve C shows the resonance of the same crystal measured 
with the plating removed and the crystal in an air-gap holder with a large 
air gap. To use these measurements in evaluating Ah, one has to combine 
the piezoelectric equation (7.6) with Newton's law of motion for any ele¬ 
ment of the crystal which for this case can be written in the form 


£5 dll 

p dt 2 " ay 


(7.9) 


where ij is the displacement of the elementary volume in the direction of 
the length, y'. Introducing the first of equations (7.6), noting that 
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S 


/ 

2 


—»we have the equation 


P 


d 2 rj _ 1 d 2 y\ hu 

dt 2 S%2 dy ' 2 2cf 4 ^22 



(7.10) 


From the second of equation (7.6) noting that the plated surface is an 



Fig. 7.9. Resonances of a rochelle salt crystal as a function of temperature. A. Resonant 
frequency of a plated crystal. B. Anti-resonant frequency of a plated crystal. C. Reso¬ 
nance of an unplated crystal in an air gap holder. 


equipotential surface so that E x is independent ofy', we have 

J_dD* ( h u \d\ 

4f«y ~X2&&)a y » 


Eliminating r from the two equations, we have 

dy 


d 2 v 


dt 2 sf 2 dy 


I i 2 

,D‘ 


V l hu \ J /«n C \ d 2 V 
'' 2 ' W«s D J U )dy 2 ' 



(7.11) 



1 - It 2 
S 22 


where 


(7.12) 
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where k the electro-mechanical coupling factor is defined by 

i2 (hi* \V <n \ _ (hi* W efi \ _ (di*Y 4 t 

* " WJ W47 ~ WJ U47 " V 2 ; eM 


(7.13) 


as can be shown from the relations in Chapter III. These follow from the 
equations 


4ir 

4t 

1 

1 

1 

LC 

*11 

~Z 

^44 

£14 

II 

SHf 

</l4 


4tt 4t 

T = + £l4«14 

*11 *11 


(7.14) 


which hold for an orthorhombic bisphenoidal crystal (class of rochelle 
salt). In these equations d \4 and £14 are other types of piezoelectric con¬ 
stants as defined in Chapter III. From these equations we have 


4tt 4?r ^ 

lc 

*11 € U r; 


li ( ^ J 22 ~ J 44 \ 4?T /ti4 

44 \ 4^22 / *11 *44 


(7.15) 


4*r 

1 rf'M’ 

LC -1 
*11 

4 w 

LC 1 

«n L 

~ UfJ 

-1 

1 

~ LC 
*11 


4*\f22 4tts%2 


Equation (7.12) is the same equation discussed in detail in Chapter V. 
It is there shown that the resonant frequency is given by the equation 


1 1 


(7.16) 


while the electromechanical coupling defined by equation (7.13) is related 
to the separation A/ between the resonant and anti-resonant frequencies 
by the equation 



From the data on the resonant and anti-resonant frequencies of Fig. 7.9, 
which allow one to calculate and k the electromechanical coupling, the 
data of Fig. 7.6 for the free dielectric constant, and from Fig. 7.10 of the 
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next section which shows a measurement of c ?4 over a temperature range, 
the value of A 14 can be evaluated and was found to be nearly a constant 
equal to about 7.8 X 10 4 . There is some indication that it falls off slightly 
at the higher temperature which would agree with the data of Chapter X 
that the ratio between the piezoelectric stress and the dipole polarization 
is the most nearly constant ratio. Since the dielectric constant of electrons 
and atoms «n, t.e. for all sources except the dipole, is around 7, the dipole 
polarization represents from 92 to 99 per cent of the total value of Dx/ 4r 
and hence the dipole polarization piezoelectric constant/ 14 , defined as the 



Fio. 7.10. Shear elastic constants of rochelle salt measured in air gap holder. 

ratio of the piezoelectric stress to the dipole polarization for a constant 
strain, has a value around 

/i4 = - 7.8 X 10 4 (7.18) 

€ 11 “ € 11 

No very exact measurements have been made for these constants for high 
polarizations, but theoretically they should be independent of the polariza¬ 
tion value. 

For the other two piezoelectric constants along the y - and z-axes, the 
writer 13 found 

h 2i - -5.8 X 10 4 ; A 36 - 4.81 X 10 4 (7.19) 

As discussed in Chapter III, three other forms for writing the piezoelectric 

11 Mason, W. P., “A Dynamic Measurement of the Elastic, Electric, and Piezo¬ 
electric Constants of Rochelle Salt,” Phys. Rev., Vol. 55, pp. 775-789, April 15,1939. 
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equations are in common use and these involve other piezoelectric constants 
that are related to the ones measured here by the equations 


(7.20) 


A14 

h 2 h 

^36 

£14 = ; 

*44 

£25 — ; 

^55 

£36 - ~~D 
^66 

^14 c ?l 

^25 € 22 

^36 e 33 

4! 

ii 

' 2fi= 4* 5 

' 8# - 4* 

Jfc 

11 

j h 23 {t 22 ) 

** ' 4i<4r) ! 

j ^36 (^33 ) 

*• " £(4x) 


The g constants determine the open-circuit voltage of the crystal used as a 
microphone for a given applied pressure, the e constants determine the 
stress exerted by the crystal for a given applied field, and the d constants 
determine the displacement of the crystal for a given applied field. From 
the elastic constants determined in the next section and the dielectric 
constants determined in the last section, these constants for room tempera¬ 
ture (25°C) become 

gu - 6.3 X 10- 7 ; g2B - -19 X 10- 7 ; fte = 4.8 X 1(T 7 

*14 - 1.4 X 10 6 ; *25 - -4.7 X 10 4 ; * 3 e = 3.4 X 10 4 (7.21) 

d u - 7 X 10 6 ; d 25 « —169 X 10” 8 ; d 36 - 35.5 X 1(T 8 


The values of *14 and du vary considerably with temperature and field 
strength while the value of £14 and h \4 are relatively constant. For the 
y and z directions, since no ferroelectric effect exists along these axes, the 
values of all four constants are relatively fixed for temperature and field 
strength conditions. 


7.23 Elastic Constants of Rochelle Salt 

As shown by equation (7.1) there are nine elastic constants for rochelle 
salt. Six of them *n, c\ 2y * 13 , c 22> *23 and * 33 , are independent of the field 
or electric displacement conditions while the other three depend on whether 
we have constant field or constant electric displacement. The relation 
between the constant field and constant displacement constants is dis¬ 
cussed in the Appendix Section A-2, and it is there shown that 

C44 388 *44 + *14^145 £55 * *65 + *26^26; £66 * + *36^36 (7.22) 

The elastic compliances which occur when we write the strains in terms of 
the stresses are also of interest, and, in fact, are more easily measured than 
the elastic stiffness constants. For rochelle salt these occur in equations 
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of the type 

51 = snTi + S12T2 + siaTz 

52 = S12T1 + S22T2 + J33T3 

S $ ■* ^13^1 + J23T2 + J33T3 
$4 * S44T4 + gu ■— 

S$ = S 56 T 5 + £25 




Ey 

E t 


•*66 Ts + 


£36 


Dz 

4r 


Dx 

«n 

A, 

€22 


Dm 

,T 


~ £14 T 4 

— £25^5 

£36^6 


(7.23) 


The j constants Jn to J 33 are related to the c\\ to r 33 constants by the 
relations 

Sij « (-l) <+y A c »//A c 

where 



'11 

Cl2 

C \3 

A c = 

C\2 

C 2 2 

*23 


^13 

C23 

^33 


(7.24) 


and A e a is the minor of this determinant obtained by suppressing the ith 
row and jth column. The three shear compliances at constant field are 
related to the shear compliances at constant displacement by the formulae 

J44 * 544 — dugi 4 \ 5 = — ^25^25; sqq = Sqq — dsagaa ( 7 . 25 ) 


The relation between shear elastic stiffness and shear elastic compliance 
constants can be written in the form 





& 




E _L . 

£55 — e > 

•*55 


j> _ _L. 

f ee - n * 
•*66 



(7.26) 


The nine elastic compliances have been measured by static means by 
Mandell and Hinz and by dynamic methods by the writer 13 and Hunting- 
ton. 14 The shear constants measured by the writer were the constant 
displacement type measured by employing an unplated crystal in an air- 
gap holder. The method of separating out the various constants by using 


14 Huntington, H. B., Pkys . Rev., Vol. 72, No. 4, pp. 321-331, Aug. 15, 1947. 
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variously oriented crystals is discussed in detail in Chapter X. Huntington 
measured essentially the constant field constants since he employed the 
ultrasonic pulse method which results in the constant field constants. 
Table XI shows a comparison of the measurements of Hinz, Huntington 
and the writer. The last two agree very well except for the value of s 13 . 
The last column shows the recommended values of the constants. 

TABLE XI 

Elastic Constants of Rochelle Salt 





Mason, 30°C 




Hinz, Room Temp. 

Constant Dis¬ 

Huntington 

Recommended 


Constant Field 

placement 

Adiabatic 

values 





Constant 

Constant Dis¬ 



Calc. 

Observed 

Displace¬ 

placement, 


Obsd. 

Adiabatic 

Adiabatic 

ment 

Adiabatic 

cm^/dyne 

xio- 12 

xio- 12 

xio- 12 

xio- 12 

xio- 12 

Sl\ 

5.23 

5.19 

5.18 

5.24 

5.20 

s 22 

3.43 

3.41 

3.49 

3.50 

3.50 

J33 

3.24 

3.22 

3.34 

3.37 

3.35 


J 44 

9.63 

9.63 

7.98 

7.45 

7.9 

•*66 

33.7 

33.7 

32.8 

34.9 

33.0 

«*66 

11.8 

11.8 

10.1 

10.4 

10.2 

•*12 

-2.18 

-2.20 

-1.53 

-1.54 

-1.53 

•*1 8 

-1.69 

-1.72 

-2.11 

-0.98 

-1.7 

•*23 

-1.34 

-1.36 

-1.03 

-0.91 

-1.0 


Some values have been measured for the temperature coefficients of the 
elastic constants. In general these differ depending on whether the tem¬ 
perature range is below, between, or above the Curie temperature. Above 
the Curie temperature, the writer found the following values of the tem¬ 
perature coefficient expressed in parts per million per degree centigrade 


Tsu = 1,230; 

T& = 

-1,660; 

Ts 12 * 

5,240 

TS 22 — 1,330; 

Ts& - 

700; 

Tsis 855 

2,710 

7V 33 = 890; 

H 

x 

1,830; 

TS23 ** 

- 10,200 


These are useful in only one temperature range but show the large varia¬ 
tion of elastic constants compared to what one can obtain in quartz. Two 
of the shear elastic constants have been measured over a wide temperature 
range by measuring the face-shear modes of long, thin crystals cut with 
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their thickness along the x- and 2 -axes and with their lengths along the 
z- and .y-axes respectively. The face-shear modes of these two crystals 
are determined by the c 44 and Cqq constants, respectively, when they are 
measured in an air gap holder with a large air gap. This follows from the 
fact that the D x and D z electric displacements are the only ones generated 
by these modes of motion, and since the normal component equals the 
surface charge which is zero, since no plating is on the crystal, and hence 
D x and D t are constant through the crystal and equal to zero. Figure 
7.10 shows the values plotted as a function of temperature and it is obvious 
that the proximity of the ferroelectric temperatures exercises an effect on 
these two shear elastic constants. 


7.3 Useful Cuts in Rochelle Salt 

The cut most widely used is the X-cut which as shown by Fig. 7.IB, 
is cut with its major face normal to the *-axis. If a voltage is applied to 
this cut, it shears so that the square changes into a rhombus. But cutting 
the crystal length 45° from the crystallographic jy- and 2 -axes, a crystal 
is obtained which elongates along one direction and contracts along the 
width. This cut, which is known as the 45° X-cut, is widely used in pro¬ 
ducing longitudinal vibrations. By combining two longitudinal crystals, 
as shown by Fig. 7. 1 C, a “ bimorph ” crystal is obtained which bends. 
This has a much lower frequency than a longitudinal crystal and is used 
in voice frequency apparatus for picking up and reproducing sound. 
Figure 7 .ID shows a combination of two X-cut crystals used to produce a 
twisting motion. The center faces of the two crystals form one set of 
electrodes, and the two outside electrodes, the other pair, so that two 
opposing face-shears are applied to the combination. This causes the 
whole crystal to twist and produces a torsional motion in the pair. Finally, 
Fig. 7 . 1 E shows two thin face-shear X-cut crystals which, when they are 
clamped on three corners, produce a large motion at the fourth corner. 
All three of these bimorph-type crystals have been used in such devices 
as phonograph pickups, microphones, headphones, loudspeakers, surface 
roughness analyzers, light valves and many other applications. 

For a 45° X-cut crystal, the equations applicable for the extension are 


Si = s'iTi + gl ~ 
E x - -giTi + filD x 


(7.27) 


where Si is the strain along the length, Tj the stress applied along the 
length, gi the effective piezoelectric constant for the 45° axis, and the 
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impermeability (inverse of the dielectric constant) which is measured when 
the crystal is free to move. In cgs units the above constants have the 
values 

4 = 3.16 X 1 (T 12 cm 2 /dyne; g t - 31.5 X 1CT 8 = ^ (7.28) 

while the free dielectric constant, which is the inverse of 0 T > has the value 
shown by Fig. 7.6 for low applied fields and for high fields (500 volts per 
cm). Equation (7.27) can be used to predict the action of the crystal 
under static conditions or at frequencies much lower than the resonant fre¬ 
quencies of the crystal. For example, if we wish to find the response of 
the crystal as a microphone, the second equation states that for open- 
circuit conditions for which the charge on the surface, and hence the elec¬ 
trical displacement is zero, the potential generated for a given pressure 
(negative of the tension 77) is 

E 

E x = y = giTi = 31.5 X 10"" 8 (pressure in dynes/cm 2 ) (7.29) 

n 

Since the electrostatic unit of potential, the stat volt, is 300 volts, the volts 
generated per dyne per sq cm pressure are 

£voits =31.5 X 10” 8 X 300 X ItXp = 9.1 X 10” 6 volts per dyne (7.30) 

per sq cm for a crystal 1 centimeter thick. Since the voltage generated 
for a given pressure is directly proportional to the gi constant, which is 
one half the appropriate shear constant, equation (7.21) shows that a 45° 
Y-cut crystal, which will have a gi piezoelectric constant equal to § X 190 
X 10~ 8 = 95 X 10“~ 8 , will generate about 3 times the open-circuit voltage 
for the same pressure that a 45° Xcut crystal will. The 45° Y-cut has 
been used to some extent as a microphone and as a transducer in under¬ 
water sound equipment for transferring electrical energy into mechanical 
energy. When the crystal is used as a microphone working into a low 
impedance, the Y-cut will not deliver as much voltage as an Xcut crystal 
on account of the very low impedance (high capacity) of the Xcut 
crystal, but the voltage that it does deliver is not a function of the tem¬ 
perature as in the case of the 45° Xcut. 

By eliminating D x from equation (7.27), the strain «S*j, which is the expan¬ 
sion per unit length, can be expressed in terms of the applied field as 



( 7 . 31 ) 
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In the absence of an external stress 7*, the total free displacement for 1 
volt applied is 

d = Sil - 1.03 X 10-9 ^(j) (7-32) 

This displacement as a function of the volts per inch applied is shown by 
Fig. 7.11 for several different temperatures. Outside of the Curie region 
the displacement is much less since the dielectric constant e[ is so much 
smaller, particularly for large fields. 

When two crystals are glued together to form a bimorph unit it has been 
shown 15 that the displacement of the component longitudinal crystals is 



Fio. 7.11. Strain in an X-cut rochelle salt crystal as a function of the field and temperature. 

multiplied by the factor 3 l/l t where / is the length of the crystal and l t the 
total thickness of the two elements. This is a method of enhancing the 
total displacement of the unit at the expense of a considerable lowering of 
the resonant frequency of the device. Since the dielectric constants of the 
two crystals glued together will be less than the free dielectric constant of 
Fig. 7.6 and will approach the dielectric constant of the clamped crystal 
shown by Fig. 7.8, the very large temperature and saturation effects noted 
for the free crystal, will be considerably reduced for the bimorph type. 
However, the response may vary by a factor of 5 for a wide-temperature 

16 Mason, W. P., Electromechanical Transducers and Wave Filters , Chapter VI, 
p. 214, D. Van Nostrand Company, Inc., 1942, 2nd Edition, 1948. 
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range. A typical response in the ferroelectric range for a bender unit 
If inches long, -J inches wide and 0.040 inch thick is 

33 volts 0.002 inch 

77 volts 0.004S inch 

125 volts 0.006 inch 

140 volts 0.0065 inch 

The displacement for any other shape unit will vary in proportion to the 
factor (l/It) 2 and will be independent of the width. 

When such units are used as voltage generators, as in phonograph pickup 
devices, the mechanical impedance of the device is very considerably 
lowered over what would be obtained with a clamped longitudinal device. 
The response can be calculated by determining how much strain is gener¬ 
ated by a given motion and calculating the voltage from equation (7.27). 
A typical unit 0.030 inch thick, yf inch long and y*g- inch wide will give an 
output as high as one volt when played from a phonograph record. This 
response will be relatively independent of the temperature when the device 
is operated into the grid of a vacuum tube. 



CHAPTER VIII 


Properties and Uses of Ammonium Dihydrogen Phosphate (ADP) 
and Potassium Dihydrogen Phosphate (KDP) 

During World War II a new piezoelectric crystal ammonium dihy¬ 
drogen phosphate (NH 4 H 2 PO 4 ) was developed and was widely used 1 as 
the transducing element of underwater transducers and hydrophones. 
This crystal has no water of crystallization and hence will not dehydrate, 
will stand temperatures up to 100°C, and will radiate considerable amounts 
of acoustic power without breaking down. The properties were so favor¬ 
able that ADP largely displaced rochelle salt and other types of electro¬ 
mechanical transducers in underwater sound applications. It appears 
likely that for devices that transform mechanical vibrations into electrical 
vibrations, such as phonograph pickups, microphones, etc. — that ADP 
will give superior results to rochelle salt and may eventually replace ro¬ 
chelle salt for such applications. For devices that have to produce a 
large motion for a given voltage, however, rochelle salt is still the only 
crystal that has a large enough d constant to be of interest. 

ADP is one of a group of four isomorphous salts that have very interest¬ 
ing dielectric and piezoelectric properties. It was first shown by Busch 2 
that ammonium dihydrogen phosphate (NH 4 H 2 PO 4 ), potassium dihy¬ 
drogen phosphate (KH 2 PO 4 ), potassium dihydrogen arsenate (KH 2 ASO 4 ), 
and ammonium dihydrogen arsenate (NH 4 H 2 AS0 4 ), all exhibited phase 
changes at temperatures ranging from 91°K to 220 °K. It was established 
for potassium dihydrogen phosphate and potassium dihydrogen arsenate 
by measuring the dielectric constant and the associated charge potential 
loops, that these phase changes were of the ferroelectric type. Similar 
measurements of ammonium dihydrogen phosphate (ADP) and ammonium 
dihydrogen arsenate failed to show ferroelectric properties on account of 
the sudden fracture of these crystals at temperatures above the ferro¬ 
electric Curie temperatures. Furthermore, by extrapolating the dielectric 
and piezoelectric measurements to low temperatures, it is doubtful if they 
would become ferroelectric down to temperatures of 0°K. 

1 Keller, A. C., “ Submarine Detection by Sonar,” Trans . AJ.E.E Vol. 66 , pp. 
1217-1230,1937. 

* Busch, George, " Neue Seignette Elektrika,” Hek. Phys . Acta % Vol. 2 , No. 3, 
1938. 
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Of these crystals, ADP is the only crystal that has had technical applica¬ 
tion although the use of KDP has been suggested for use in filters by 
Matthias and Scherrer. 3 On account of the high temperature coefficient 
of frequency, however, which amounts to about 300 parts per million per 
degree C in the room temperature range, it is doubtful if KDP would be 
useful for this purpose. ADP is the crystal of the four isomorphous crystals 
having the largest electromechanical coupling (30 per cent) and it is the 
purpose of this chapter to describe its properties and applications. Since 
KDP has considerable theoretical interest on account of its ferroelectric 
transformation, its properties are also discussed, 

8.1 Physical Properties of ADP and KDP 

8.11 General Properties of ADP and KDP 

ADP and KDP crystallize in the tetragonal scalenohedral class (sym¬ 
metry Vd = D 2 d or 42 m on the Hermann-Mauguin system) with the habit 
shown by Fig. 8.1. The c- or z-axis lies along the long direction of the 
crystal. This is an axis of fourfold alternating symmetry. The x- and 
y-axes, which lie normal to the prism faces, are axes of twofold symmetry. 
Since the properties of crystal plates cut normal to these two surfaces are 
identical, it is a matter of convention which is called x and which y. The 
two diagonal axes, labeled P\ and P 2y can be distinguished by piezoelectric 
tests and P\ has been taken as the axis along which a positive stress (ten¬ 
sion) produces a positive charge at the positive (i.e. upper) end of the z- 
axis. With the z-axis vertical and the Pi-axis toward the observer’s 
right hand, the x-axis has been taken as the axis which runs from front 
to back of the crystal and the y-axis from left to right. The density of 
ADP is 1.804 while that of KDP is 2.31. 

ADP and KDP have no water of crystallization and hence will not dehy¬ 
drate when the humidity becomes low. At about 93 per cent humidity 
the crystals will deliquesce and will pick up moisture from the atmosphere. 
They are usually used under oil or in a sealed container so that this property 
does not cause trouble. ADP can be taken up to 190°C before it melts. 
However, ammonia is given off from the surface at temperatures above 
100°C and since this impairs the adherence of the electrodes to the crystal 
surface, it is desirable to keep the temperature of operation under 100°C. 
This allows one to use the crystal under any likely atmospheric conditions. 
Electrodes are usually put on by the gold-evaporation process. The 
crystal can be cut by an abrasive disc, cooled by a saturated solution of 

* Matthias, B. and P. Scherrer, “ Crystal Band Pass Filters,” Heh. Phys, Acta , 
Vol. 16, pp. 432-434, 1943. 
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the material, and can be surfaced by an abrasive belt cooled by the same 
solution. 

Due to the transmission of ions through the crystals, they have a volume 
leakage, which for the purest salt is shown for ADP and KDP in Fig. 8.2. 
The crystal structure of KDP is shown by Fig. 11.9 of Chapter XI and 
it is seen that the P0 4 groups are bonded to other P0 4 groups by means 




Fio. 8 1. Crystal form and crystal axes for ADP and KDP. 

of hydrogen bonds. An ion containing these bonds will have less activa¬ 
tion energy than for most crystals and a lower resistivity results. The 
presence of a field can cause a migration in the direction of the field which 
is the source of the resistivity measured and plotted in Fig. 8.2. 

A rough calculation of the conductivity 4 can be made as follows. In 
order that a hydrogen bonded ion shall move from one position to another, 

4 This calculation follows closely that given by J. Frenkel, Kinetic Theory of Liquids^ 
pp. 40-48, Oxford University Press, 1946. 



140 PIEZOELECTRIC CRYSTALS AND ULTRASONICS Chap. 8 


enough energy must be imparted to it to break the bond. As will be 
seen, this bond energy is in the order of 12.6 kilocalories per mole for Z-cut 
KDP and 14.6 kilocalories for Z-cut ADP. The potential barrier that 
has to be overcome in breaking this bond will be as shown by Fig. 8.3, 
plotted as a function of the distance. There are two stable positions 
separated by a distance 5 which for KDP is in the order of 4.6 X 1(T" 8 cm 

TEMPERATURE IN DEGREES CENTIGRADE 



I0»/(273+t) 

Fig. 8.2. Resistivity of ADP and KDP as a function of temperature. 

on the average. The height of the potential barrier W in ergs is about 21 
times the average potential energy of the ion, so that according to Maxwell's 
distribution law, the probability that a molecule will have enough energy 
to cross the barrier and become free for a single try, is 

r WfhT * <r 21 - 0.80 x icr 9 (8.1) 

for a temperature of 300°K * 27°C. Multiplying this by v t the number 
of times per second that the molecule assaults the barrier, <* 12 * the number 
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of transitions occurring per second from potential well 1 to potential well 
2 , is 

a„ = ve~ w ' kT ± k -l e - w ' kT (8.2) 

h 


kT 

According to Eyring’s reaction rate theory, v = — , where k is Boltzmann’s 

h 


constant, h Planck’s constant and T the absolute temperature. 

When a field E is impressed across the crystal in the direction 1 to 2, 
the potential well 1 will be raised with respect to the potential maximum 



Fio. 8.3. Potential well distribution for calculating leakage resistance. 


tV, while the potential well 2 will be lowered, as shown by the dotted line. 
Then the difference between the bottom of wells 1 and 2 and the top of 
the potential barrier are 


W x 



tV2 



(8.3) 


where S is the potential well separation, e the charge on the nucleus, and 
E the field which is also the applied field, since the current flow would 
destroy any internal field of the Lorentz type. Hence a \2 and a 2 i, the 
rates of going from potential wells 1 to 2 or vice versa, are 


«12 


kT 

h 


-(W-Bet/2)/kT, 
* » 


a 21 


kT 

h 


e ~(W+B*m/kT 


(8.4) 


The net flow in the direction of the field is 
(<*i 2 - an) - 

• ^ -W/kT 

" h kT 


Eeh 

~T 


e -W/kT 


(8.5) 


The leakage current will be the number of cells n per sq cm times the 
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charge e times the net flow («i 2 — a 2 1 ) or will be 


I = — 0£2l) 


NEe 2 b 2 e -W/kT 


( 8 . 6 ) 


where iV = is the number of molecules per cubic centimeter. The 
resistivity per cubic centimeter will then be the field E per centimeter 
divided by the current i per square centimeter or 

n E he w/kT . . A X 9 X \0 u e w/kT , 

R = y = ln C S S units --- ln °“ ms P er cc (° # ') 


The activation energy W can be calculated from the data of Fig. 8.2, 
from the resistivity as a function of temperature. By taking two tempera¬ 
tures T\ and Ti 


Hence 



Ri e w/kTl 2LrL_ LI 
— wTFF € k L Ti ITjJ 
Ro e w/kTi 



( 8 . 8 ) 


(8.9) 


The expression in calories per mole is obtained by multiplying by 
Avogadro’s number N a = 6.06 X 10 23 and dividing by the mechanical 
equivalent of heat (4.187 X 10 7 ergs/cal). Hence 


N A k log, 


^(ca1 . per mole) 


•© 


(S-T,)‘ 


187 X 10 7 


12.6 kilocalories per mole 
for Z-cut KDP. 


( 8 . 10 ) 


For Z-cut ADP the activation energy is 14.6 kilocalories per mole. 

The constant of (8.7) is also of some interest. From X-ray data, 
N = 10 22 , 6 * 4.6 X 10~ 8 cm and h - 6.6 X 10- 27 , ^ * 4.8 X 1 (T 10 , and 
WlkT = 24.3 at 300°K = 27°C for Z-cut ADP. This gives a calculated 
resistivity of 4 X 10 7 compared to a measured value of 2 X 10 10 . This 
makes it appear that the conductivity is due to an impurity, having a 
lower activation energy than pure ADP, for which 1 molecule in 10 8 is 
providing an ion. 

Some confirmation of this idea is furnished by the work of E. J. Murphy, 
who found that by taking the temperature up to 125°C a break occurred 
in the resistivity curve and the activation energy indicated for the higher 
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temperature was 20.4 kilocalories. Murphy ascribes this activation energy 
to the pure salt and the lower activation energy to an impurity. Further 
confirmation of this idea is had by introducing 0.006 molar per cent of 
sulphate ions (S0 4 ) into the crystal, which caused the activation energy to 
drop to 10.9 kilocalories and the resistivity to 5 X 10 8 ohm centimeters 
at 27°C = 300°K. This checks the idea that one molecule in 10 4 is 
contributing to the conduction with a much lower activation energy. For 
some applications it is necessary to specify a high resistivity and the 
freedom from certain ions, such as the sulphate ions, has to be good. 



Fig. 8.4. Inverse susceptibility of ADP and KDP as a function of temperature measurements 

along z-axis. 

8.12 Dielectric Properties of ADP and KDP 

On account of their symmetry these two crystals have two dielectric 
constants €n = €22 and € 33 . These constants have been measured for the 
free crystal by Busch 2 and the writer . 5 The results agree quite closely and 
are shown by Fig. 8.4 for KDP and Fig. 8.5 for ADP. The dielectric 
constant along the z-axis for KDP shows the very large peak associated 
with a ferroelectric crystal at a temperature of 122°K and the dielectric 
constant, becomes sms high as 30,000. Below the Curie temperature, the 

* Mason, W. P., “ The Elastic, Piezoelectric and Dielectric Constants of Potassium 
Dihydrogen Phosphate and Ammonium Dihydrogen Phosphate,” Phys. Rev., Vol. 69, 
pp. 173-194, March 1 and 15,1946. 
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polarization exhibits hysteresis effects, and by taking the saturation value 
for the hysteresis loop Busch 2 finds that the spontaneous polarization 
as a function of temperature is shown by Fig. 8.6. The maximum polariza- 



Fio. 8.5. Dielectric constant of ADP and KDP along x-axis. 



Fio. 8.6. Spontaneous polarization of potassium dihydrogen phosphate and potassium 

dideuterium phosphate. 

tion is in the order of 14,100 esu/cm 2 compared to 740 for rochelle salt. 
By introducing deuterium in place of the hydrogen, Bantle® showed that 

« Bantle, W., “ The Specific Heat of Seignette-electric Substances. Dielectric 
Measurements on KDjPO. Crystals,” Helv. Pkys. Acta, Vol. 15, pp. 373—404,1942. 
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the Curie point could be raised to 213°K. The dotted curve of Fig. 8.6 
shows the measured spontaneous polarization. By going to temperatures 
below 58°K for KDP and below 105°K for the deuterium salt, it was found 
that the hysteresis loops disappeared and the dielectric constant dropped 
to 40. It has been suggested that this effect is due to the freezing-in of the 
domains so that they cannot be reversed even by the largest applied field. 

Above the Curie temperature, the “ free ” dielectric constant for KDP 
is given closely by the equation 

<33 = 4.5 + 3122/(7 + 151) (8.11) 

where T is expressed in degrees centigrade. This indicates that the 
dielectric constant is made up of a part that varies only slightly with 
temperature, and another, due presumably to the hydrogen bond dipoles, 
which varies inversely as the temperature difference. A similar equation 
fitting ADP is 

€33 = 7.0 + 2670/(7 + 287) ( 8 . 12 ) 

indicating that the Curie temperature due to the hydrogen bonds is in the 
neighborhood of absolute zero. No measurement has been made of the 
clamped dielectric constant, but this can be calculated from the equation 

*33 = *33 ~ 47r(^36<?36); *11 = *11 “ (8.13) 

and the evaluation of the piezoelectric constants given in the next section 
and also in Tables XII and XIII. 

8.13 Piezoelectric Properties of ADP and KDP 

For the crystal class {Vd = D 2 d or Aim) the piezoelectric, elastic and 
dielectric equations can be written in the form 

T\ = CnSx + C12S2 + ^i 3 *S* 3 ; 

T2 ■* C12S1 + C22S2 + £13^3; 

T 3 « C 13 S 1 + £13*5*2 + £33«S3; 

T 4 * £ 44*54 — hu(Dx/4v); 

T 6 -4^5 - kuiDy/Ar); 

with similar forms for the other three methods for writing these equations. 

The piezoelectric constant Aae has been measured for these crystals 
over a wide temperature range and has been found to decrease somewhat 


Te = £66*5*6 — ^3e(0«/4x) 

E t = ^ - h u S 4 
*11 

= h u s 5 
*11 

Ez = “X ” ^36*5*6 

*33 


(8.14) 
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as the temperature is increased. If, however, we take the ratio of the 
piezoelectric stress to the dipole polarization, a constant ratio / 36 is obtained 
which is independent of temperature. To obtain this constant using 
equation (8.14), we note that 


£ + Pm + P * = fj (1 + 4 t* 3 .) + P„ = ^ 


(8.15) 


where P*, is the polarization for electrons and atoms and Ph is the dipole 
polarization. is the susceptibility due to electrons and atoms, and 
c 3o is the dielectric constant due to electrons and atoms, which from 
equations (8.11) and (8.12) are 4.5 and 7.0 for KDP and ADP respectively. 
Introducing (8.15) into equations (8.14), the equations for the piezo¬ 
electric effect become 


T 6 = Cq 6 Sq — A 36 


(8.16) 


Solving these equations simultaneously 

rtn f D , ^36*3o e 33 1 


t D . ^36*3„ e 33 "| n ( 

+ m4 - «.)J * _ (; 

4 *Pzd ( ^36*33 \ n 

S " l 5 J ^6 

*33 *3# \*33 € 3 0 / 


(8.17) 


Hence the piezoelectric constant j 36 relating the stress Tq to the dipole 
polarization, is 


_ ( ^36*33 \ 
\*33 ~ €3./ 


(8.18) 


The piezoelectric constant h 35 was measured by measuring the resonant 
frequency of a plated 45° Z-cut crystal and comparing that with the 
resonant frequency for an unplated crystal. The frequency of the plated 
crystal is controlled by S 22 elastic compliance, while that for the unplated 
crystal with an air gap holder is controlled by the elastic compliance J 22 . 
As shown by equation (7.12) of the last chapter, these are related by the 
equation 

1 — 1? * * 22/^22 (7.12) 

where the electromechanical coupling, is equal to 


( ^36 V *33 ( 4eV 

\2<r®6/ 4*r/fa \ 2 / 


(7.13) 
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Figure 8.7 shows the measured resonance frequencies for plated and un¬ 
plated crystals for KDP and Fig. 8.8 shows the same quantities for ADP. 
From these the electromechanical coupling constant can be calculated and 



Fio. 8.7. Resonance frequencies for plated and unplated KDP crystals. 

is shown plotted by Fig. 8.9 for both ADP and KDP. The curve for KDP 
rises to a maximum of 92 per cent at —151°C, the Curie temperature, and 
continues high to 80°K, the lowest temperature measured. ADP has 



about a 30-per cent coupling at room temperature, which is the highest 
value for a non-ferroelectric crystal so far found. It increases to about 
42 per cent at — 125°C, at which temperature the crystal shatters to bits. 
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This temperature is not a Curie temperature, for the dielectric constant 
and coupling curves of Fig. 8.4 and 8.9 do not show any deviation from a 
smooth curve as this temperature is approached. It was surmised 6 by 
the writer that there was a second set of hydrogen bonds between the oxy¬ 
gen and the ammonia ions and that the sudden shattering at — 125°C is 
due to a first-order change in the crystal structure connected with the 
ammonium hydrogen bond system. The existence of this second set of 
hydrogen bonds has recently been confirmed by Prof. R. Pepinsky 7 by a 



Fio. 8.9. Coefficient of coupling of ADP and KDP as a function of temperature. 

structure analysis of ADP. This ammonium hydrogen bond system may 
explain why the coupling constant of ADP is so much larger than that of 
KDP, for with the close mechanical coupling between all the P0 4 ions that 
occur through the ammonium hydrogen bonds, one would expect a larger 
change in the lattice positions would be caused by a change in the H 2 PO 4 
dipoles than would occur in the KH 2 PO 4 case, where the PO 4 ions are 
coupled to the K ions by central electrostatic forces. 

That the fracture at ~125°C is not a change in the P0 4 hydrogen bond 
system is confirmed by the work of Bartschi , 8 Matthias, Merz and 
Scherrer. According to them the transition is due to the freezing of the 
rotation of the ammonium ion similar to what occurs in ammonium chlcK 
ride. By introducing thallium in the ADP crystal, they screen the 
quadruple moment of NH 4 and lower the transition point to -180°C. 

7 Private communication, to be published shortly. 

8 Bartschi, P., B. Matthias, W. Merz, and P. Scherrer, Hch. Phys . Acta> Vol. 
18, Fasciculus Quartus, 1945. 
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From these data, the data on the free dielectric constant given in Fig. 
8.4 and Fig. 8.5 and the data on the elastic constant given in the next 
section, all of the piezoelectric constants can be calculated and are given 
by Table XII for ADP and Table XIII for KDP. 

TABLE XII 

Piezoelectric Constants of ADP 

Temperature 


in °C 

d Ze X 10 8 

*86 X 10“ 4 

£36 X 10 8 

a 86 x io- 4 

«38 

/se X 10- 4 

100 

129.5 

7.62 

117 

7.47 

12.9 

16.3 

80 

132.5 

7.82 

116 

7.55 

13.0 

16.3 

60 

136 

8.14 

116 

7.67 

13.3 

16.2 

40 

142 

8.61 

117.5 

7.87 

13.6 

16.2 

20 

148 

9.04 

118.5 

8.09 

14.0 

16.2 

0 

155 

9.54 

120.0 

8.37 

14.4 

16.3 

- 20 

161 

10.0 

119 

8.44 

14.9 

16.0 

- 40 

170 

10.65 

121 

8.75 

15.4 

16.1 

- 60 

180 

11.32 

122 

8.94 

16.0 

15.9 

- 80 

198 

12.4 

125 

9.35 

16.7 

16.1 

-100 

207 

12.9 

126 

9.6 

17.3 

16.1 

-110 

242 

14.9 

130 

10.0 

18.2 

16.3 

-120 

261 

15.4 

132 

10.2 

18.6 

16.3 

-122 

270 

15.6 

132 

10.3 

19.0 

16.3 


TABLE XIII 


Piezoelectric Constants of KDP 

Temperature 


in °C 

<*6 X io 8 

*36 X IO" 4 

£36 X 10 8 

*36 X 10“ 4 

s 

€33 

/ae X 10~ 4 

100 

50.4 

2.91 

36.8 

2.16 

17.0 

2.95 

80 

54.0 

3.17 

37.2 

2.21 

18.0 

2.95 

60 

59.0 

3.5 

38.6 

2.32 

18.9 

3.04 

40 

63.2 

3.8 

38.8 

2.35 

20.3 

3.02 

20 

69.6 

4.26 

39.4 

2.44 

21.8 

3.07 

0 

76.2 

4.73 

39.6 

2.50 

23.75 

3.09 

- 20 

85.9 

5.39 

40.4 

2.58 

26.0 

3.12 

- 40 

98.6 

6.24 

41.0 

2.66 

29.4 

3.14 

- 60 

119.0 

7.55 

41.5 

2.73 

34.9 

3.14 

- 80 

153 

9.75 

42.0 

2.79 

43.9 

3.10 

-100 

202 

12.8 

42.2 

2.81 

57.6 

3.05 

-120 

334 

20.8 

43.0 

2.93 

89.8 

3.08 

-130 

480 

29.0 

43.2 

2.97 

123 

3.09 

-140 

975 

47.3 

43.4 

2.98 

200 

3.06 

-145 

1465 

70.0 

43.6 

3.02 

291 

3.07 

-150 

4400 

130.0 

44.0 

3.07 

542 

3.10 
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The first four columns of these two tables show the four standard 
piezoelectric constants <? 36 , #36 an d ^ 36 * Of these for the ferroelectric 
crystal, dse varies by a factor of 88, d? 36 by 44.5, g 3 6 by a factor 1.2, and A 3 e 
by a factor 1.42. Hence the constants involving the electric displacement 
D z are much more constant than those involving the field. However, if we 
take a part of the displacement, namely, that part due to the dipole polariza¬ 
tion, a much more constant ratio is obtained for both ADP and KDP. 
The fifth column shows the clamped dielectric constant and from this and 
the dielectric constant due to electrons and atoms which, from equations 
(8.11) and (8.12), are respectively 4.5 for KDP and 7.0 for ADP, one can 
calculate the ratio of piezoelectric stress to dipole polarization. This is 
shown by the last column, for the two crystals and within the experimental 
error is a constant equal to 16.2 X 10 4 for ADP and 3.1 X 10 4 for KDP. 
It is this ratio of 5 to 1 that gives ADP the larger electromechanical 
coupling and makes it the more useful crystal at room temperatures. 

The other piezoelectric constant for these crystals is very small, and any 
crystal with its major face cut perpendicular to the 2-axis is very weakly 
driven. The coupling is so small that measurements by the resonant and 
anti-resonant method are not too reliable. The constants were measured 
at one temperature by putting the crystal in an impedance bridge and 
measuring the equivalent shunt resistance as a function of frequency near 
resonance. The relation for a KDP crystal is 


Frequency 

102250 

102270 

102280 

102290 

102300 

102310 

102320 

102330 

Equivalent shunt resist¬ 
ance in ohms 

1,200,000 

680,000 

570,000 

500,000 

550,000 

700,000 

900,000 

1,180,000 


the crystal being a 45° A'-cut with the dimension L = 19.56 mm; 
fV » 6.10 mm; T = 0.90 mm. The shunt capacity of the crystal was 
54 wf agreeing with a dielectric constant of 46 shown in Fig. 8.4. By 
considering the equivalent circuit of a crystal, it can be shown that the 
equivalent shunt resistance is given by the formula 


Rs 



(8.19) 


where R a is the shunt resistance at resonance, Co the shunt capacitance of 
the crystal, r the ratio of C 0 to the motional capacitance Ci, and /r the 
resonant frequency of the crystal. From the measurements R\ * 500,000 
ohms, /r = 102,290 cycles; C * 54 X 10~ 12 farads. At 40 cycles from 
resonance, the ratio R a /R\ * 2.4. This gives enough data to solve for r, 
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which we find to be 26,400. 
related to r by the equation 

k 


The electromechanical coupling factor is 



( 8 . 20 ) 


From the resonant frequency and the length, jf 2 is found to be 2.56 
cm 2 /dyne. Hence _ 

4=2X kjdlfS - 4.2 X 1(T 8 for KDP 
\ 4tt 


X 1(T 12 
( 8 . 21 ) 


A similar measurement for the 45° A'-cut ADP crystal gives 

du - 5 X 10 ~ 8 (ADP) 


( 8 . 22 ) 


Hence although the dielectric constants normal to the .v-axis are very 
large, the piezoelectric constants for this direction are very small. 


8.14 Elastic Constants for ADP and KDP 

All the elastic constants of these two crystals have been measured over a 
temperature range by the usual process of measuring longitudinal vibrations 
for 6 oriented crystals, and face-shear modes for crystals cut normal to the 
x- and z-axis. The constants Sn, s 12 , s 13 and J 33 are independent of the 
condition of the applied field and are shown by Fig. 8.10 for ADP and 
Fig. 8.11 for KDP. The two shear-elastic constants do depend on the 
field, but since the coupling is so small for fields normal to the z-axis, no 
measurable difference is found for c 44 . Figure 8.12 shows the s 44 and s 66 
constants for ADP. The .fee constant is given for the two conditions of the 
electric field,namely, Sqq denoting a constant field and ^denoting a constant 

displacement. Similar measurements for KDP, plotted as c 44 = — 

1 Su 

and cee- — > are shown by Fig. 8.13. 

*06 

The temperature expansion coefficients for these two crystals are also of 
interest and are shown by Fig. 8.14 for ADP and Fig. 8.15 for KDP. 
ADP has nearly a zero temperature coefficient of expansion in the region 
from 20 °C to 80°C, 

8.2 Useful Cuts and Applications of ADP Crystals 

8.21 Useful Cuts for ADP Crystals 

Since the £35 constant is so much larger than the £14 constant in ADP, 
it is obvious that most of the useful cuts will be those that are normal or 
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Fig. 8.12. Shear elastic compliances of ADP. 



Fig. 8.13. Shear elastic stiffnesses of KDP. 




PERCENT EXPANSION MEASUAREO FROM 25°C 


154 PIEZOELECTRIC CRYSTALS AND ULTRASONICS Chap. 8 



Fio. 8.14. Temperature expansions of ADP along x- and z-axes. 
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nearly normal to the z-axis. A crystal cut normal to the z-axis will gener¬ 
ate a face-shear motion similar to that shown by Fig. 7.IB for rochelle salt. 
By cutting the length 45° from the x and y crystallographic axes, a longi¬ 
tudinal motion may be produced. The Z-cut and the 45° Z-cut crystals 
are the principal cuts used for ADP crystals. The Z-cut has been used in 
generating face-shear modes and in the production of torsional crystals. 
The 45° Z-cut crystal has been used as the transducing element in under¬ 
water sound equipment and in microphones, phonograph pickups, and in 
other devices for transforming mechanical energy into electrical energy. 
By cutting the major surface at an angle of 45° between the x- and z-axes, 
with the width along the y-axis, a cut is obtained which will produce a 
thickness-shear mode of high electromechanical coupling. Also if the 
normal makes equal angles with all three crystallographic axes, a plate is 
obtained which will generate a thickness longitudinal mode in the manner 
of an L-cut rochelle salt crystal. 9 The coupling is less than can be 
obtained in an X-cut thickness vibrating quartz crystal and therefore this 
cut has not been used. 

The equations of motion of a 45° Z-cut take the form 

s t = S22T1 + g i~ 

E x = —giTi + PasDz (8.23) 

where gi = = 59.2 X 10” 8 ; S 22 = 4.72 X 1CT 12 cm 2 /dyne; 

*33 = 7F = 15.7 

P33 

When used as a voltage generating device, the volts generated on open 
circuit per dyne per sq cm for a crystal 1 centimeter thick, are 

£voite = 1*78 X 10"~ 4 volts. (8.24) 

This is larger than for 45° Xcut rochelle salt. Because of the lower 
dielectric constant this crystal has to be operated into a higher impedance 
than does rochelle salt to obtain the same output. Crystals of this sort 
are replacing rochelle salt for applications such as microphones and phono¬ 
graph pickups because of their greater chemical stability and their ability 
to withstand wide temperature variations. 

9 The L-cut rochelle Salt crystal was first described by Cady, “ The Longitudinal 
Piezoelectric Effect in Rochelle Salt Crystals,” Proc. Phys . Soc., Vol. 49, pp. 645-653, 
1937, and has been used to some extent in producing high-frequency longitudinal 
vibrations in liquids. 
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8.22 Applications of ADP in Underwater Transducers 

The electromechanical coupling factor of ADP, given by the formula 


k = 


£36 


I *33 _ 

\4«£ ' 


(8.25) 


On account of this high coupling 10 these crystals can convert electrical 



Fic. 8.16. Voltage breakdown of ADP crystals plotted as a function of crystal thickness. 

into mechanical energy or vice versa, efficiently over a frequency range of 

Jb/Ia - 1.36 (8.26) 

The crystal limitations in transferring electrical power to mechanical 
power are the breaking strain and the voltage gradient that the crystals 
will permit. Experiments with ADP crystals show that they will break 
if the strain exceeds from 5 to 10 X 10” 4 cm per cm. The voltage gradient 
that they will stand, before a voltage puncture occurs, is a function of the 
thickness of the crystal. Figure 8.16 shows the voltage gradient which 
will produce a puncture in the average crystal when they are immersed in 
an insulating oil. 

The two types of units commonly used are shown by Fig. 8.17. The 
quarter-wave unit is glued to a quarter-wave heavy metal backing plate, 

10 Mason, W. P., Electromechanical Transducers and Wave Filters , Chapter VI and 
VII, D. Van Nostrand Company, Inc., 1942, 2nd Edition, 1948. 
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usually with a ceramic or plastic insulator in between, and radiates its 
energy from its free face. A half-wave unit works into a low mechanical 
impedance on one end and radiates its energy from the other end. The 
equivalent circuit for these types of units and methods for calculating their 
efficiency, band widths, etc. has been discussed in the book, Electromechan¬ 
ical Transducers and Wave Filters 10 Chapter VI. 

A large-scale transducer 1 using a number of quarter-wave radiators was 
produced during the war by Bell Laboratories and incorporated as part of 
QJA sonar system used by the Navy. The face plate of the transducer is 
shown by Fig. 8.18, which shows 52 quarter-wave transducing blocks of 
crystals which are glued to the same number of quarter-wave metal backing 
plates and the whole assembly held by a thin, metal-face plate. The 




(3) QUARTER-WAVE TRANSDUCER (t>) HALF-WAVE TRANSDUCER 

Fio. 8.17. Quarter-wave and half-wave transducers. 

blocks on the outside are made of two ADP crystals, while those on the 
inside are made of four ADP crystals. Since the same voltage is ap¬ 
plied across all the crystals, the inner and thinner crystals operate at an 
amplitude twice that of the outer crystals, which are twice the thickness of 
the inner crystals. The purpose of this graduation was to suppress the 
minor lobes that are only 13.5 db down from the main lobe if the whole 
unit acts like a plane piston. This has been accomplished, as shown by 
Fig. 8.19, which shows the measured and theoretical response of this unit 
plotted as a function of angle from the normal. The measured side lobes 
are at least 22 db down from the main lobe. The crystal groups are 
connected electrically into halves about a vertical line and each half is 
connected to the high side of a transformer; the low sides provide imped¬ 
ance matches to the driver amplifier and receiver amplifier circuits. The 
purpose of dividing the transducer in two halves is to allow a phase com¬ 
parison of the received pulse on the two halves, which will locate the 
direction of the pulse much closer than would be possible with the 
directivity pattern of the transducer alone. The transformers are 



158 PIEZOELECTRIC CRYSTALS AND ULTRASONICS Chap. 8 



Flo. 8.19. Theoretical and measured directional pattern of QJA transducer. 
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mounted within the transducer case. The contacts between the crystals 
and their electrodes are gold to gold. Gold is evaporated on the crystals 
and gold-plated metal foil is later attached to the prepared crystals by 
glueing. This combination provides a very low interface electrical 
resistance and consequently minimizes heating at this point during the 
transmission of the high-power outgoing pulses. 

The crystal array and resonator plate assembly are supported in rubber 
mountings inside a steel case. A rubber closure essentially sound trans¬ 
parent is vulcanized to the steel case forming the front face, as shown in 
Fig. 8.20. The case is sealed by a rubber gasketed steel cover which also 
serves to house the matching transformers within the cylindrical section. 
A sound absorbent baffle, which consists of alternate layers of 100-mesh 
wire cloth and expanded metal is fastened to the inside of the case directly 
back of the steel resonators. The function of this sound-absorbent baffle 
is to attenuate signals through the back of the transducer and also to 
reduce reflections within the case. The transducer assembly is supported 
by a flange at the top of the cover casting which is attached to the vertical 
training shaft of the retracting gear. The transducer can be rotated within 
a cylindrical space 12 inches in diameter. The entire transducer weighs 
about 200 pounds. 

The inside of the transducer is vacuum filled with electrical grade castor 
oil from which air and water vapor have been removed by evacuation. 
The crystal array has an effective area of 200 sq cm so that with an electrical 
power input of the order of 100 to ISO watts, it corresponds to at least 0.5 
watt per sq cm of crystal area. Because the conversion efficiency of the 
crystals is nearly perfect, better than 80 per cent of this power is converted 
into acoustic energy. By the time this energy has reached the front 
surface it has spread out so that the energy density in the water is consider¬ 
ably less than ^ watt per sq cm which represents the steady-state cav¬ 
itation value for sea water at atmospheric pressure. It has been found 
that many liquids including castor oil will support more energy density 
than that indicated by the calculated steady-state value based on pres¬ 
sure only. The cohesive pressure of the liquid and the increases observed 
for short pulse duration indicate that such projectors are capable of ra¬ 
diating considerably more power. 

The transducer is mounted in a stream-lined dome and the whole unit 
can be drawn up into the ship by the retracting gear, shown by Fig. 8.21. 
The details of the stream-lined dome are shown by Fig. 8.22. The front 
part is a transparent .018-inch thick piece of stainless steel supported on an 
expanded metal frame. In the back fastened to this bulkhead is an 
absorbing panel and a reflecting pad to provide sound absorption for the 
transducer and reflection of noise coming from the propeller. The 
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directional pattern of the transducer within the dome is essentially the 
same as that outside, and the use of the streamlined dome reduces materi- 



Fig. 8.20. Case and pc rubber transparent window for QJA transducer. 

ally the noise generated by moving the transducer rapidly through the 
seawater. 

The details of the QJA system are described in the above-mentioned 
paper. 1 Such systems were widely used during World War II, and they 
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and other type systems employed ADP crystals to a very considerable 
amount. 



Fio. 8.2 J. Dome and retracting system for QJA sonar system. 

8.23 Use of ADP Crystals in Producing High Strains in Metals 

The particle velocity on the end of a quarter-wave or half-wave crystal 
is equal to 

i = vS M or £ = 3.3 X lO 8 ^ (8.27) 

where £ is the particle velocity, v the velocity of propagation (equal to 
3.3 X 10® cm per sec for a 45° Z-cut ADP crystal) and Sm is the maximum 
strain that the crystal will stand. This maximum strain occurs at the 
middle of a half-wave length unit or at the glued joint for a quarter-wave 
unit. Since the crystal is stronger than most of the adhesives that can be 
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used to attach it to high mechanical impedance solid materials, the half¬ 
wave length unit can be used to produce a higher particle velocity than the 
quarter-wave unit. 



Fio. 8.22. Details of transparent dome showing absorbing baffle. 

With a maximum strain of 5 X 1CT 4 possible for ADP or most other 
synthetic crystals, the limiting particle velocity is about 165 cm per sec, 
and hence crystals cannot be used directly to produce very high strains in 
metals, or terminal velocities approaching the speed of sound. If, how- 
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ever, a crystal mosaic is glued to a metal rod tapered exponentially like a 
horn, a very high strain and a very high terminal velocity can be produced 
at the small end. Fig. 8.23 shows a construction used for testing fatigue 
in metals. A crystal mosaic several inches in cross-section is glued to a 
steel rod which tapers from the crystal area down to a thickness of 0.05 



inch, after which it increases in diameter. The taper is an exponential 
function of the length and must satisfy the relation. 

(8.28) 

v. 

where the taper T is determined by the equation for the area 

s = s 0 e~ m (8.29) 

/ is the resonant frequency of the crystal, and v 8 the velocity of sound in 
the steel. If the total length of the steel piece is made an integral number 
of half-wave lengths of the crystal frequency, the glued joint will come 
at a loop of the motion and will not be appreciably strained. The whole 
system acts as a resonant system and produces a considerable motion for 
small applied voltages. The particle velocity of the steel section adjacent 
to the crystal is the same particle velocity as the crystal surface. Now 
it can be shown that the strain in the bar of uniform section at the nodal 
point (point of maximum strain), is equal to 

S - \/v a (8.30) 

where v 8 is the velocity of propagation of the wave in the steel and { the 
particle velocity at the surface. The effect of the tapered section is to 
increase the particle velocity in inverse proportion to the diameter. Hence, 
if the diameter decreases from 2 inches to .05 inch, the velocity is multiplied 
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by a factor of 40 and the strain at the nodal point is equal to 

S, = 40 X - S e (8.31) 

o. 

where S B is the strain in the steel, S c the strain in the crystal, v c the velocity 
of propagation in the crystal (3.3 X 10 5 cm per sec) and v 8 the velocity 
of propagation in the steel—about 5.1 X 10 6 cm per sec. For a strain of 
4 X 1CT 4 in the crystal, a strain of .01 can be generated in the steel. This 
is sufficient to cause plastic deformation in the steel and by gradually 
increasing the drive on the crystal the fatigue properties of the steel can 
be investigated at a high rate of strain and velocity. It should be noted 
that for the transformer formulae to remain valid, the largest diameter of 
the metal horn should be less than a half-wave length for the frequency of 
operation. 

This same system can be used to produce a high particle velocity on the 
small end of the steel bar. The only limitation is the strain that the metal 
will stand. Other uses appear to be delivering a large amount of power for 
a small area. By attaching a boring tool and using carborundum, a very 
rapid drill is obtained. 

By mounting a torsional crystal on the large end of the bar a torsional 
vibration can be given to the bar and the properties of the material under 
shearing strain can be tested. An ADP crystal can be made to vibrate 
in torsion as discussed in Chapter XIV, by using the electrode system 
shown by Fig. 14.7. The inside surface is covered by one electrode while 
the two outside electrodes, each of which cover a 90-degree segment, are 
connected together and form the other electrode. The centers of the two 
outside electrodes are normal to the z-axis and the field is directed out 
from the center for both electrodes, as shown in Fig. 14.7, thus producing 
a shearing motion for one segment and the opposite shear on the other 
segment so that the whole crystal is given a torsional motion. The use 
of a torsional ADP crystal for measuring shear viscosity and elasticities 
of liquids is discussed in Chapter XIV. 



CHAPTER IX 


Properties and Uses of Ethylene Diamine Tartrate (EDT) and 
Dipotassium Tartrate (DKT) Crystals 

9.1 Introduction 

During the last 10 years or more, the properties of synthetic crystals 
have been investigated at Bell Laboratories with the aim of understanding 
the properties of such crystals and in obtaining crystals of use for the 
telephone plant. This search has recently resulted in two crystals of the 
monoclinic sphenoidal class which have cuts having zero temperature co¬ 
efficients, high jj’s, little or no water of crystallization, and a high electro¬ 
mechanical coupling. These crystals are a suitable substitute for quartz 
for use in electrical wave filters. The requirements for such crystals are a 
rather high degree of frequency and inductance stability over a temperature 
range from 55°F to 110°F, a good chemical stability against atmospheric 
humidity conditions, a low mechanical dissipation, and a long-time stability 
against structure changes which would produce a change or aging in 
frequency or electrical properties. 

Fortunately, these crystals were discovered before the end of the war, 
for due to the large number of quartz crystals used in communication 
equipment, a shortage of large-sized quartz crystals had developed. Dur¬ 
ing the war, quartz crystals to the number of 30,000,000 per year, were 
used in the communication equipment of the services for the purpose of 
stabilizing the frequencies of oscillators. As the war progressed, it became 
difficult to obtain large-sized crystals and toward the end of the war most 
manufacturers were using crystals whose original weights were under 100 
grams. With the end of the war, it has become difficult to obtain natural 
crystals of sufficient size to supply blanks for filters which may run in 
size up to 2 inches long. With these synthetic crystals, it is possible to 
grow natural crystals of any desired size and hence the filter crystal supply 
problem can be met. 

These crystals are ethylene diamine tartrate 1 (C 0 H 14 N 2 O 0 ) and di¬ 
potassium tartrate 1 (K 2 C 4 H 4 O 0 —IH 2 O). The first has been given the 

1 The properties of EDT are described in a paper " New Low Coefficient Synthetic 
Piezoelectric Crystals for Use in Filters and Oscillators,” W. P. Mason, Proc. I.R.E., 
Vol. 35, No. 10 , p. 1005, 1947, while the properties of DKT are described in a paper 
“ Properties of Monoclinic Crystals,” Phys. Rev., Vol. B 0 , pp. 705-728, Nov., 1946. 
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designation EDT and the second DKT. EDT has no water of crystalli¬ 
zation and hence will not dehydrate. It will deliquesce or collect water at 
humidities above 93 per cent, but since it is fabricated in low-humidity 
rooms and mounted in sealed glass containers, this introduces no handicaps. 
DKT has one molecule of water of crystallization for each two of potassium 
tartrate, but this is tightly bound and tests show that no dehydration 
takes place up to 80°C. The crystal deliquesces somewhat lower in 
humidity — around 80 per cent — than does EDT. Of these two crystals, 
DKT is more stable with temperature, but is harder to grow and requires 
more careful handling than does EDT. Accordingly, the first commercial 
application has been made using the EDT crystal. The Western Electric 
Company has established a growing plant for this crystal at Allentown, 
Pa., and is producing finished crystals of this material for filters. 

As discussed in a recent paper by Walker and Kohman, 2 these crystals 
are not grown by the rocking-tank method which has been used for rochelle 
salt and ADP, because of the much greater tendency to crystallize from 
solution spontaneously as compared with the other two crystals. Instead, 
a rotary method has been used in which crystal seeds are mounted on a 
spider rotated with a reciprocating motion through the saturated solution. 
This motion keeps a constant saturated solution at the growing face of the 
crystal. Experience has shown that if motion is stopped for a period of 
several hours, the interfacial solution becomes less saturated, thus starv¬ 
ing the crystal and causing the formation of a veil. The sotary motion 
also tends to sweep out spurious seeds, permitting them to settle on the 
bottom of the tank, where an unsaturated zone is maintained because 
of the proximity of the tank bottom to the heating element located at the 
base of the apparatus. The crystals can be grown by either starting with 
a saturated solution at a high temperature and gradually lowering the 
temperature, or by using a constant temperature and replenishing the salt 
by a continuous process. The constant-temperature method is used at 
the Western Electric plant at Allentown. The temperature is set at 43°C, 
for it has recently been found that a hydrate of EDT is more stable below 
41 °C, and trouble has been experienced in growing this as a contaminant 
when the temperature is lower than 43°C. The early process of growing 
involves a capping operation in which the formation of natural faces occurs 
on a cut plate of the proper cross-section, and a bar growth in which clear 
material is grown on the capped plate. The capping operation can be 
dispensed with if the growing end of the crystal is used as a capped plate. 
The crystal has peculiar growing habits and will grow only on one end of 
the.y or b crystallographic axis. 

2 Walker, A. C. and G. T. Kohman, u Growing Crystals of Ethylenediamine 
Tartrate,” Trans . A.I.E.E., Vol. 67, 1948. 
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The study of the methods of fabricating, mounting, methods for elimi¬ 
nating interfering modes of motion, and testing, has been carried out under 
the direction of R. A. Sykes. Part of this work is described in a paper by 
Pennell and Griffin. 3 The bars used are up to 7 inches of clear growth 
having a cross-sectional area of from 2 to 4 square inches. The cutting 
and wafering is performed by a wet-string type of saw which cuts by dis¬ 
solving the material locally along the cutting line. This machine is shown 
by Fig. 9.1. The string saw consists of one or more endless strings running 
over pulleys to give a taut vertical section similar to a ganged band saw. 
Following cutting, the wafers are rough ground to give a flat face and a 
straight edge and are X-ray corrected for face and edge orientation. They 
are then ground to size on a wet-belt sander equipped with accurate ways 
and holding fixtures. To prevent local heating, a liquid coolant is used. 

Processing of the plates into finished crystal units now begins. The first 
steps consist of etching the plates in a solution of alcohol and water to 
remove any surface cracks, and attaching of four headed terminal wires by 
a cementing process. These wires are only 8 mil inches in diameter, yet 
can withstand loads of 7 to 8 pounds. They are located in pairs on opposite 
sides near the center of the plate. The plate, with the wires attached, is 
then coated to a thickness of a few hundred thousandths of an inch with 
gold by an evaporation process and the plating on each major surface is 
divided into halves by a sand-blasting process. 

Frequency adjustment is accomplished by reducing the length of the 
crystal by grinding the end with a fine abrasive paper. After adjustment, 
the crystal is mounted in a cage and sealed in an evacuated glass con¬ 
tainer, as shown by Fig. 9.2. Tests on the long-time stability of these 
plates have been made over a considerable period. These measurements 
show that a typical EDT crystal unit will frequency age about +40 parts 
in a million over the first year. This aging rate is rapid at first, but 
diminishes to almost zero at the end of the year. The same general sort 
of thing occurs for the dissipation factor, the resistance decreasing to 50 
per cent of its initial level and becoming asymptotic within a year. In 
frequency aging, the dispersion is low enough so that the ultimate fre¬ 
quency can be predicted and provided for during final adjustment. In 
comparing the characteristics of the new EDT synthetic crystal units to 
the more commonly used cuts of quartz for network applications in the 
low-frequency ranges, it may be said that EDT is superior with regard to 
inductance and ratio of capacitances, that it is approximately equal or 
superior in temperature coefficient, physical size, and aging characteristics, 

a Griffin, J. P. and E. S. Pennell, " Design and Performance of Ethylene Diamine 
Tartrate Crystal Units,” Trans . A.I.E.E ., Vol. 67, 1948. Presented before A.I.E.E., 
Jan. 26-30, 1948. 



168 PIEZOELECTRIC CRYSTALS AND ULTRASONICS Chap. 9 



Fio. 9.1. String saw for cutting £DT crystals. 
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but that it is inferior in regard to mechanical strength and dissipation 
factor. However, Q*s as high as 30,000 are regularly obtained with the 
mounted crystal and this is sufficient to meet the band-pass filter require¬ 
ments for the high-frequency carrier systems. 

The application of these crystal units to filters has been carried out 
under the direction of A. R. D’Heedene and some of the work is described 
in a paper by E. S. Willis . 4 The crystals have been applied in the 56-kc 



Fig. 9.2. Mounted EDT crystal for filter uses. 


pilot channel filters and in the 12 -channel bank of the high-frequency 
carrier systems, which provide very flat filter bands utilizing about 3300 
cycles of a total frequency spacing of 4000 cycles for transmission of speech. 
All the filters for the cable and open-wire carrier and the coaxial systems 
use the same bank of filters which lie in the frequency region from 60 to 
108 kc. *Fhe need for these new crystals arising out of the large growth 
of the carriei* systems and the dwindling supply of quartz, is summarized 
in this paper. After considering alternate means for supplying these filters 
it was decided, in the interest of manufacturing effort and office space 

4 Willis, E. S., “Crystal Filters Using Ethylene Diamine Tartrate in Place of 
Quartz,” Trans. A.I.E.E.> Vol. 67, 1948. Presented before A.I.E.E., Jan. 26*30, 
1948. 
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Fig. 9.3. Crystal filter circuit and resulting attenuation characteristic. 


required, to develop the EDT crystal units. These not only maintained 
the same operating frequency range as the present circuits, but also pro¬ 
vided the following advantages: 

1 . The EDT filters can be designed to meet practically the same elec¬ 
trical requirements as the quartz filters, thereby requiring only minor 
systems circuit changes. 

2 . The EDT filters occupy the same mounting space as the quartz- 
crystal filters, eliminating the need for extensive equipment design 
changes. 

3. An independent source of piezo-active material is provided so that 
growth of the long-distance facilities in the future will not be re¬ 
stricted by the inability to import sufficient quartz. 
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The initial application was for the pilot-channel filter used for picking 
off a control frequency for adjusting the gain of the amplifiers of the system. 
A ladder network was used with three shunt condensers and two series 
crystals. The A type EDT crystal, described in section 9.3, was used 
because of its greater temperature stability and smaller size. 

The channel filters in the form of a bank of 12 ranging in frequency from 
60 kc to 108 kc, require about 75 per cent of all the crystals used for filters. 



Fig. 9.4. Finished filter assembly. 


The type of circuit utilized, as shown by Fig. 9.3A, is similar to the quartz 
crystal section described in Chapter VI, except that a shunt coil is used 
between the two balanced lattice sections rather than series coils. For 
the first six channel filters, ranging in frequency from 60 kc to 84 kc, the 
Y-cut crystal described in section 9.3 is used. This crystal is used on 
account df its high electromechanical coupling, which allows the impedances 
of the associated coils and condensers to be maintained at a reasonable 
value. The frequency stability of this cut over a temperature range from 
55°F to 110°F, is abqut four times as good as that of the —18° X-cut quartz 
crystal, which has heretofore been used in this type of filter. For the 
upper six channels, the electromechanical coupling of the Y-cut is too high 
and the (yxlt db 20°/ -5°) cut of Fig. 9.19 (which has been given the 
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designation of 5-cut), will probably be used. Fixed resistances are used 
with these filters in order to equalize the losses over the frequency range. 
The three coils are made with powdered-iron-dust cores having a good 
temperature stability and a high Q. A typical filter loss frequency curve 
is shown by Fig. 9.3B. The completed assembly is shown by Fig. 9.4, 
which shows the four crystals mounted in glass sealed tubes, the three 
coils, and the variable condensers. The fixed condensers and the resist¬ 
ances are in the chassis under the base plate. 

9.2 Properties of Ethylene Diamine Tartrate ( EDT) Crystals 

Monoclinic crystals are characterized by having two crystallographic 
axes a and c not at right angles to each other, and a third axis b that is 
perpendicular to the other two. The r-axis is along the shortest distance 

z=c 



Fio. 9.5. Method for relating rectangular axes to the crystallographic axes of a 

monoclinic crystal. 

of the unit cell while the £-axis is the axis of twofold symmetry. In 
measuring the properties of a crystal, the calculations come out much more 
simply for a right-angled system of coordinates. As shown by Fig. 9.5, 
the method chosen for relating the right-angled #-, y -, z-systems of axes 
to the a , by c crystallographic axes of the crystallographer, is to make z 
coincide with c, y with by and to have the #-axis lie in the plane perpendic¬ 
ular to the b -axis and at an angle of 51' above the a -axis for DKT. For 
EDT the angle between x and a is much larger, i.e* lS 0 ^'. 

The y-, z-axes form a right-handed system of axes. Since b * y is a 
binary axis, it is necessary to have a convention for specifying which end 
of the axis is positive. This can be done by locating the two optic axes of 
the crystal. A monoclinic crystal is a biaxial crystal and the plane that 
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contains these two axes must be either perpendicular or parallel to the b 
or y crystallographic axis. As shown by Fig. 9.6, for these two crystals 
the optic axes lie in a plane parallel to the £-axis and at an angle of 21° in 
a clockwise direction from the c or z crystallographic axis for DKT and at 
an angle of 25° for EDT. Since +x lies at a counterclockwise angle of 
90° from c> and +b = +y makes a right-handed system of coordinates 
with the and 2-axes, the measurement determines the positive direction 
of all three axes. 


*z=c 



Fio. 9.6. Plane of optic axes with respect to the a and c crystallographic axes. 

DKT has two cleavage planes lying along planes determined by the 
three crystallographic axes. EDT has one cleavage plane which is the 
001 plane, /.<?., the plane containing the a and b crystallographic axes. 
None of these cleavages are sufficiently bad to prevent lapping and grinding 
these crystals by ordinary procedures. The density of EDT is 1.538 while 
that of DKT is 1.988. 

Since not all directions in the crystal are equivalent, useful cuts occur 
in certain materials and modes at motion at definite orientations with 
respect to the crystallographic axes. The quickest method for finding the 
locations of these cuts in a suitable crystal substance is by determining the 
values and temperature coefficients of the fundamental elastic, piezo¬ 
electric, and dielectric constants of the crystal. From these fundamental 
constant^ the properties of any other orientation can be calculated by 
applying mathematical formulae for transferring from the set of crystallo¬ 
graphic y-, 2 -axes to a rotated x f > y\ z' system of axes. Hence, if the 
fundamental constants are known, the location can be calculated, in a 
properly selected material and mode of vibration, of all crystal cuts having 
such desirable properties as low temperature coefficients and high electro¬ 
mechanical couplings. 
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For a plated, non-ferroelectric type crystal such as these, the most 
useful method of expressing the piezoelectric constants is that originally 
due to Voigt, who expressed the six strains S\ to S$ in terms of the six 
stresses T\ to T 6 and the three electric fields E xy E yy E t . The strains S ly 
S 2 y *$3 are the elongation per unit length along the x- y y- y z-axes respectively, 
while the strains S 4y S$ and 4 S * 6 represent the shearing strains around the 
axes x, y , and z, respectively, as discussed in Chapter III. The stresses 
7i, T 2 , T s similarly represent the stresses tending to produce elongations 
along the #-,jy-, z-axes, respectively, while T 4 , T 5 , T$ represent the shearing 
stresses tending to produce shearing strains around the x- y y- y z-axes re¬ 
spectively. The fields E zy E yy E z are the potential gradients (or the 
potentials divided by the distance over which they are applied) existing 
along the x- y y- y z-axes respectively. This relation shown by Equation 
(9.1) is Voigt’s method of expressing the inverse piezoelectric effect. For 
a monoclinic sphenoidal crystal, these equations take the form 

S\ — sfiTi + S 12 T 2 + S\$Tz + + dziEy 

S2 = sf 2 Ti + S22T2 + J23T3 + J25T5 + dz 2 E y 

^3 - S13T1 + S23T2 + J33T3 + + d2sE y 

S 4 «= S44T4 + + duE x + dz\E z 

= S 15 T 1 + S 25 T 2 + S 35 T 3 + S 55 T 5 + d 2 bE y 
= S4QT4 + SqqTq + dizE x + dz^Ez 

The sfi to Sq& are the 13 elastic compliances of the crystal which are the 
ratios of the strains to the appropriate stress when all other stresses and 
the field are held constant, and d \ 4 to dse the eight piezoelectric constants, 
which are the ratios of the strains to the appropriate applied field when all 
the stresses are held constant. The superscript E over the s E y s indicates 
that the fields are held constant for the compliance measurements. 

The direct piezoelectric equations express the electric displacement 
generated in the medium along the three axes in terms of the applied 
stresses and the applied fields. These become 

a_«te + fc + *.r 1 + *.r. 

71 * "Zl '~ + falTl + <^22^2 + ^23^3 + d2sTs (9.2) 

4t 4t 

D, &£« &E t 
4* " 4x + 4* 


+ da*T4 + 4m 7* 
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where en etc., are the dielectric constants measured at constant stress T> 
and D xy D yy D z , the electric displacement along the three axes. 

As discussed in Chapter X all of these constants can be measured by 
measuring the resonant frequency, anti-resonant frequency, and the capaci- 



Fig. 9.7. Longitudinal elastic compliances of EDT plotted as a function of temperature. 

tance at low frequencies of 18 oriented cuts. This process is described and 
illustrated for several crystals in Chapter X and has been employed for 
the EDT crystal, the resulting constants expressed in cgs units are shown 



Fio. &8. Shear elastic compliances of EDT plotted as a function of temperature. 

by Figs. 9.7,9.8,9.9,9.10 and 9.11. Fig. 9.7 shows the longitudinal elastic 
compliances, Fig. 9.8 the shear elastic compliances. Fig. 9.9 the cross 
coupling elastic compliances, Fig. 9.10 the eight piezoelectric constants 
and Fig. 9.11 the four dielectric constants — all plotted as a function of 
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temperature. In deriving the elastic constants as a function of tempera¬ 
ture, use has to be made of the temperature expansion coefficient in the 
various directions, in order to eliminate the change in length and the change 
in density. Measurements made by Mrs. E. A. Wood of the expansion co- 



-81_I_I_I_I_I_I_I_I_1 i —1 L « 1 1_I 

-80 -60 -40 -20 0 20 4 0 60 80 


TEMPERATURE IN OEGREES CENTIGRADE 

Fio. 9.9. Cross coupling elastic compliances plotted as a function of temperature. 



Fio. 9.10 Piezoelectric constants of EDT plotted as a function of temperature. 

efficient in the x, z plane are shown by Fig. 9.12 and the coefficient along 
the .y-axis is +20.3 parts per million per degree centigrade. From these 
values the four temperature coefficients become 

«n - 0; a 28 - +20.3 X 10~®; « 88 - 80 X 10“® 

- -32 X IQ" 6 (9.3) 
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This crystal has a rather remarkable temperature expansion characteristic, 
since it has a very high positive expansion in one direction (4-90 parts in 
10 6 per °C) and a small negative coefficient ( — 12 parts in 10 6 per °C) in 
a direction perpendicular to the large coefficient. This temperature ex¬ 
pansion property is the source of some trouble in handling, since the 
crystal is likely to fracture if subject to sudden uneven heating or cooling. 
This property also limits the rapidity with which a change in temperature 
can be made in measuring temperature coefficients and is the source of 
some trouble in cementing wires to the surface. 



o * i I i i * 1 1 1 1 1 1 1 1 I i » 
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Fio. 9.11. Free dielectric constants plotted as a function of temperature. 


9.3 Useful Filter Cuts in EDT Crystals 

For use in filters one of the requirements is that a single mode be ob¬ 
tained which is separated in frequency from other interfering modes by a 
considerable amount. This requirement can usually be met by utilizing a 
longitudinal-mode crystal with its length two to three times the width. 
By observing the data of Fig. 9.7, it *s noted that both the elastic com¬ 
pliances Six and J 33 of EDT have minimum points at 20°C and hence 
crystals cut with their lengths along either the *-axis or the z-axis will have 
zero temperature frequency values at about 20 °C. Furthermore, these 
two modes can be driven by applying a field along the y-axis, since 
as shown by Fig. 9.10, there are values for </ 2 1 and ^23 equal respectively 
at 20°C to 


d n - +34 X 10 ~ 8 


cgs units of charge 
dyne per sq cm 


<*23 - -31 X 1(r 8 (9.4) 
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170 ° 1160 ' 

0 EXPERIMENTAL 
- CALCULATED FROM 

r= - ---- -P b . - . - —. . 1 

y^siN 2 (e- 7d) + b 2 cos 2 (e -70) 

WHERE 0=1-12.2 * 10 6 , b= 1+91.9 x 10‘ 6 

Fio. 9.12. Temperature expansion coefficients of EDT in xz plane. 


The elastic compliances for these two cuts are 

S& - 3.88 X 10 12 ; j£ = 9.8 X 10~ 12 

and the free dielectric constant for both cuts is 


It has been shown that the electromechanical coupling factor k y and the 
ratio of capacitances r for a longitudinal crystal are given by the formulae 

k ' d r 'T(V-) 


(9.7) 
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Hence, for these two crystals, y- cut, length along at , and y-cut, length 
along z, the constants are respectively 

k = .215; r = 25.5 length along x> 

k = .126; r = 76.5 length along z (9.8) 

The first cut, the 0°Y-cut with its length along x, has a high coupling 
and low ratio of capacitance, a relatively small change of frequency about 
the point of zero temperature coefficient, and a small change of coupling 
with temperature. It is one of the most important filter cuts. On the 
other hand, the 90°Y-cut, with its length along z, has a low coupling, a 
large change in frequency about its zero temperature coefficient, and a 
large change of coupling with temperature and hence has not found any 
practical applications. 

By combining the elastic constants according to the equation for a 
rotated system of axes, 6 which takes the form 

•ffi — foil + l\m i( 2 j ^2 + sqq) + /i^i(2jf 3 + sf 5 ) + 2 /fnisf 5 + 

+ ^l«l(2^23 + ^44) + 2«?/ijf 5 + + W?/iWi(2j25 + 2 j4<>), (9.9) 

where the directions cosines l\ to tf 3 for the rotated system are related to 
the crystallographic axes #, jy, z by the relation 

* y z 

/ 

* 

t 

y 

z 

it can be shown that there is another region for which zero-temperature- 
coefficient crystals can be obtained. This region, as shown by Fig. 9.13, is 
obtained by starting with a crystal whose thickness is along y and whose 
length is along z, rotating the direction of the length by a counterclockwise 
angle of 45° about the thickness, then rotating the crystal about its width 
by a counterclockwise angle of 63°. According to a system of notation 
proposed by W. L. Bond and adopted by the Committee on Piezoelectric 
Crystals of the I.R.E., this crystal is designated as the ( yztw , 45°, 63°) 
crystal. The first letter indicates the direction of the thickness before 
rotation; the second letter represents the direction of the length before 
rotation; the third letter and the first number represent respectively the 
axis of the first rotation, and the value of the angle measured in a counter¬ 
clockwise direction, and the fourth letter and second number represent 
respectively the second axis of rotation and the angle of rotation measured 
in a counterclockwise direction. 

* See transformation equation of Chapter V, equation 5.69. 
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For this crystal the direction cosines between the new rotated axes and 
the crystallographic axes, assuming that z f lies along the thickness of the 
crystal, x along the length, and y* along the width (in a right-handed 
coordinate system), are given by the equations 

4 = sin tp cos 0; mi = — sin 6; rt\ — cos 0 cos tp 

l 2 = cos#?; m2 = 0; n 2 “ “ sin^> (9.11) 

4 = sin 0 sin tp; m 3 = cos 0; n 3 = sin 0 cos tp 


♦z 



♦ X 

Fig. 9.13. Orientation of vdf-cut crystal. 


With these values, the piezoelectric constants of the rotated crystals 
become 

d[ 2 - cos 3 0 [d 2 1 sin 2 tp + d 23 cos 2 tp + d 23 sin tp cos <p] 

+ sin 2 0 cos 0 [d 2 2 - \{du + <4o) sin tp cos <p (9.12) 

+ dit sin 2 <p + d 3 4 cos 2 <p]} 

while the elastic and dielectric constants are given by 

jfi = sin 4 ^ cos 4 0 + (2s f 2 + Jee) sin 2 0 cos 2 0 sin 2 tp 
+ (2j?3 + sf 5 ) cos 4 0 sin 2 tp cos 2 <p 
+ 2 sf 5 cos 4 0 sin 3 tp cos <p + jJs sin 4 0 
+ (2^23 + J44) sin 2 0 cos 2 0 cos 2 tp 
+ 2jf 5 (cos 4 0 cos 3 tp sin tp) + J33 cos 4 0 cos 4 tp 
+ 2 (jfs + jfe) sin 2 • cos 2 0 sin tp cos tp 
4s - «u sin 2 0 sin 2 tp + &13 sin 2 0 sin <p cos tp 
+ €22 cos 2 0 + ela sin 2 0 cos 2 tp 


(9.13) 
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With these equations the constants for the ( yztw , 45°, 63°) crystal, which 
has been given the designation A-cut, become 

d[ 2 « +31.0 X 10 -8 ; - 5.55 X Iff" 12 ; eft = 6.50 (9.14) 

Furthermore, by determining the elastic constant jfj as a function of 
temperature, we find that the variation is very small. 

The characteristics of a crystal in which the filter designer is interested 
are the change in resonant frequency with temperature, the ratio of 
capacitances in the equivalent circuit of the crystal, and the dielectric 
constant. All the elements of the equivalent circuit (Fig. 9.14) can be 
calculated from these values. Figure 9.15 shows these values as a function 

LI ct 


-K" 

CO 

Fig. 9.14. Equivalent circuit and reactance frequency characteristic of piezoelectric crystal. 

of temperature for temperatures from — 80°C to +80°C. Similar quanti¬ 
ties for the Y-cut crystal are shown by Fig. 9.16. 

The yf-cut crystal has a higher ratio of capacitances (lower electro¬ 
mechanical coupling) than the Y, but has a considerably flatter tempera¬ 
ture-frequency characteristic and hence is used in such applications as 
pilot channels, where a higher stability and a lower coupling are required. 
The Y-cut crystal has been used in applications where a high coupling 
and a moderate temperature stability are required. 

A monoclinic crystal has the advantage that with the large number of 
elastic constants existing, a greater probability exists in balancing the 
temperature coefficients of one constant against those of the other constants 
and obtaining a zero temperature coefficient, but, it has the disadvantage 
that with the large number of cross coupling elastic constants, the chances 
of obtaining disturbing interfering modes is also larger. This is illustrated 
by Fig. 9.17, which shows the frequency spectrum of a Y-cut EDT crystal 
plotted as a ratio of width to length. The lower solid line represents the 
resonant frequency of the main mode and the numbers on the figure are 
the ratios of capacitance at 25°C. The top solid line is the coupled width 
mode, which has relatively strong resonances. The first dotted line above 
the main mode is the second flexure, which is coupled to the main longi¬ 
tudinal mode through the shear coupling as in quartz. This becomes so 
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Fig. 9.15. Frequency constant, ratio of capacities, and dielectric constant of A-cut plotted 

as a function of temperature. 



Fio. 9.16. Frequency constant, ratio of capacities, and dielectric constant of K-cut plotted 

as a function of temperature. 
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strong at low ratios of width to length that it makes the crystal unusable 
for ratios of width to length less than 0.31 and greater than 0.5. The 
second dotted line represents another mode that causes a small interfering 
effect. In addition to these modes, there exists a coupling to a thickness 
flexure which makes certain ratios of thickness to length unusable. 



0 0.1 0.2 03 0.4 0.6 0.6 

RATIO OF WIDTH TO LENGTH 

Fio. 9.17. Frequency spectrum of y-cut crystal. 

With all these limitations, the constants of the elements in the equiva¬ 
lent circuit for a crystal shown by Fig. 9.14 cannot be obtained by varying 
the width and thickness over wide ranges as can be done with quartz 
crystals. To get all of these variations it has been found necessary to 
employ more complicated orientations, which vary the fundamental 
constants of the crystal without changing the temperature stability. 
Since most of the crystals require a coupling greater than can be obtained 
in the d-cut but less than in the Y-cut, we look for modifications in orienta¬ 
tions surrounding the Y-cut. 
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Fio. 9.18. Effect of a rotation about y on the frequency constant, ratio of capacities, and 
temperature of the zero coefficient for a T-cut EDT crystal. 



Fio. 9.19. Useful cuts found for EDT crystals. 


RATIO or CAPACITIES 




ETHYLENE DIAMINE TARTRATE CRYSTALS 


185 


The simplest orientation to employ is a rotation about the thickness, 
causing the length to vary from the x direction by ±6°. The effect of this 
rotation is to change the constants of the crystal, as shown by Fig. 9.18. 
The top curve shows the frequency constant, at 25°C, of a crystal whose 
ratio of width to length is 0.4. This increases for negative angles and 
decreases for positive. The second curve shows the ratio of capacitances 
as a function of angle, and the bottom curve shows the temperature for 
which the temperature coefficient becomes zero. This increases for nega¬ 
tive angles and decreases for positive angles. 

Two other rotations are also possible: rotations about the width and 
rotations about the length. As shown by Fig. 9.19, which shows the 
principal filter orientations, so far found useful, an orientation of ±10° 
about the width was found and this has very similar characteristics to the 
Y-cut crystal. A rotation around the length has also been tried and by 
rotating ±20° about the length and — 5° about the resulting thickness, an 
orientation, having a zero temperature coefficient, relative freedom from 
unwanted modes of motion, and a relative inductance in the equivalent 
circuit of Fig. 9.14, about 50 per cent larger than that for the Y-cut has 
been found. This is shown on Fig. 9.19 as the (yxlt ±20°, —5°) crystal 
and it appears likely that this cut may be used for the higher channel 
band-pass filters. It has been given the designation B-cut. 

9.4 Properties of Dipotassium Tartrate ( DKT) Crystals 

The constants of DKT crystals are given in Table XIV. 


TABLE XIV 

Constants of DKT Crystals 


Piezoelectric 

Constants 

Elastic Compliances 

Dielectric 

Constants 

Temperature 

Expansion 

Constants 

d u - -25.0 X 10 - 8 

sn = +2.24 X 10~ 12 cm 2 /dyne 


an = +12.0 X 10-*/°C 

d lt = +6.5 

J 12 ** —0.08 

€22 — 5.80 


dt i = - 2.2 

J13 « —1.64 

€33 - 6.49 


d% 2 =* +8-5 
dm - -10.4 

1/25 ** —22.5 
du • +29.4 
dzt ■ — 66.0 

*15 =» —0.64 
*22 = +3.37 

*28- 1.05 

*25 = -0.57 
*•8 “ +3.86 
*85 - +0.90 
*44 *“ +H.90 
*4* — +0.57 
*55- +8.15 
*». - +10.41 

€13 — .005 
p - 1.988 

ais * - 12.0 
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Using these constants, some interesting cuts for DKT crystals have also 
been found. Figure 9.20 shows two longitudinal cuts, the (zxt 45°) cut and 
the (pet 2>1,S°) cut, and one face-shear cut, all of which have zero temper¬ 
ature coefficients of frequency around room temperature. Figure 9.21 
shows how the resonant frequency and ratio of capacitances of the 45° z-cut 
crystal vary over a wide temperature range. Comparing this with the 



Fio. 9.20. Form of DKT crystal and useful zero temperature coefficient cuts. 


data of Fig. 9.16 for a Y-cut EDT crystal, we see that the DKT crystal 
has a higher coupling (lower ratio of capacitances) than does the Y-cut 
EDT crystal and a frequency variation that is only about one third that for 
the EDT crystal. It appears likely that when growing and processing 
methods are further investigated, this crystal may have uses in apparatus 
for which a large electromechanical coupling and a low temperature 
coefficient are required. 

The higher coupling existing in EDT and DKT crystals over what can 
be obtained in quartz, also open up interesting possibilities. With this 
coupling, band-pass filters having the channel band widths of 3300 cycles, 
are possible at frequencies as low as 20 kilocycles. Also with the high 
coupling, it may be possible to dispense with coils entirely in the high- 
frequency range for voice channels and reduce the size and cost of such 
filters. These possibilities have not yet been explored. 
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9.5 Application of EDT Crystals in the Control of High-Frequency Oscillators 

A high-frequency shear mode has also been found in EDT crystals which 
has a zero temperature coefficient at room temperature. This crystal, 
as shown by Fig. 9.19, has its major plane, the 001 crystallographic axis, 
/.<?., the plane determined by the a and b crystallographic axes. Figure 9.22 
shows a measurement of a crystal having the dimension / along y = 1.737 



Fig. 9.21. Frequency constant, ratio of capacities, and dielectric constant of 45° Z-cut 
DKT crystal as a function of temperature. 

cm; w along a = 0.922 cm; t = 0.874 mm. The resonance frequency 
Jr shown by the curve has a frequency that is given by the equation for a 
crystal 1 mm thick 

f R =/ 0 [l - « 2 (T - To) 2 ] = 904,000[1 - 1.21 X 1O" 0 (T - 10°) 2 ] (9.15) 

where T is the temperature in degrees centigrade. 

This is a rather large curvature constant « 2 compared to what can be 
obtained with a quartz crystal. For example, the curvature constant a 2 
for BT quartz, which is one of the cuts most widely used for high-frequency 
oscillators, is 

a 2 = .042 X 10" 6 (9.16) 

Hence, for a given temperature range on either side of the zero coefficient 
temperature, the EDT crystal would have around 29 times as much 
frequency change as the quartz crystal. Another way of expressing the 
relation is that for a given frequency tolerance, the EDT crystal could 
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cover only 1/V29 * .185 times the temperature range that the quartz 
crystal could. This larger curvature appears to be possessed by all syn¬ 
thetic crystals so far examined. 

However, for the very wide temperature range required for military 
application ( — 50°C to +90°C), a quartz crystal may not give all the 
accuracy required and hence a moderate temperature control is often re¬ 
quired. If a temperature control is used, it requires one only five times 
as good to hold the frequency of an EDT crystal to the same variation as 
a quartz crystal. For example, an accuracy of .01 per cent in frequency 



Fio. 9.22. Resonant and anti-resonant frequencies of thickness vibrating EDT crystal. 

could be met by holding the temperature constant to =h9°C and this is 
easily held by even a snap-switch thermostat. Hence an EDT thickness 
vibrating crystal has uses in controlling oscillators. 

For a temperature-controlled crystal, it is desirable to have the temper¬ 
ature of zero coefficient up around 70°C to 90°C in order that the thermostat 
will operate under all ambient conditions. This can be obtained with an 
EDT crystal by increasing the rotation angle about y. Figure 9.23 shows 
measured values of this temperature in degrees centigrade as a function of 
the angle of rotation of the normal from z. The ratio of capacitances curve 
and the frequency constant plotted in kilocycle millimeters are also shown. 
For high angles of rotation, the coupling gets quite large and hence there 
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is a large separation between resonant and anti-resonant frequencies. This 
property of the crystal is of considerable use in a frequency-modulated 
oscillator, for it allows a wide percentage swing of the resonant frequency. 
By temperature controlling the crystal, the average frequency can be held 
quite constant and the frequency swing made quite large, so that these 
crystals have applications in frequency-modulated oscillators. 



ANGLE OF ROTATION OF NORMAL FROM THE Z AXIS 


Fio. 9.23. Frequency constant, ratio of capacities, and temperature of zero coefficient of 
thickness vibrating EDT crystal plotted as a function of orientation. 

The thickness of the crystal can be easily lapped down to one-third of 
a millimeter, which will give a frequency of about 2.7 megacycles. On 
account of the large electromechanical coupling, the third and fifth har¬ 
monics are strongly driven and hence it should be possible to reach fre¬ 
quencies as high as 13.5 megacycles. Hence for certain purposes the use 
of EDT crystals to control oscillators is a distinct possibility. 




CHAPTER X 


Measurements of the Properties of a Number of 
Piezoelectric Crystals 

In the program for measuring the properties of promising piezoelectric 
crystals, the complete or partial properties of a number of crystals, particu¬ 
larly if they appeared to have specific applications, have been published. 
However, a number of crystals for which partial determinations have been 
made, or for which there did not appear to be any specific uses, have not 
been published. It appears worth-while to record all the measured 
properties, since from them indications may be obtained of the effects of 
chemical substitutions and of the types of molecular structure that result 
in high piezoelectric couplings, low temperature coefficients, or related 
quantities. 

The crystals are grouped according to crystal classes, since similar 
measuring methods are applicable to all members of a particular class. 

10.1 Measurements of the Properties of the Cubic Crystals, Sodium Chlorate 
and Sodium Bromate 

Two crystals of the cubic tetrahedral class (symmetry T or 23) have been 
measured 1 rather extensively since their crystal structure is well known 
and measurements of their properties throw some light on the molecular 
mechanism of piezoelectricity. These two crystals are sodium chlorate 
and sodium bromate. 

Measurements of the piezoelectric constant of sodium chlorate were 
made as early as 1893 by Pockels, who obtained a value of 4.84 X 10“ 8 cgs 
units for the piezoelectric constant du 2 Voigt 3 measured the elastic 
constants and came to the conclusion that the crystal had a negative 
Poisson's ratio; i.e., the crystal would expand sidewise as it elongates 
lengthwise. The measurements made here do not confirm this conclusion 
and they have recently been checked by Bhagavantam and Surganarayon 4 
who used a piezoelectric wedge to measure the elastic constants. 

1 Mason, W. P., “Elastic, Piezoelectric and Dielectric Properties of Sodium 
Chlorate and Sodium Bromate," Phys. Rev., Vol. 70, pp. 529-537, Oct., 1946. 

2 Voigt, W., Lekrbuch der Kristallphysik, B. Teubner, p. 873. 

8 Ibid., p. 741. 

4 Bhagavantam, S. and D. Surganarayon, “ Elastic Constants of Sodium 
Chlorate" Phys. Rev., Vol.71, No. 8, p. 553, April 15, 1947. 

190 



PIEZOELECTRIC CRYSTALS 


191 


X-ray crystal structure studies 5 show that sodium chlorate has four 
molecules per unit cell. Each molecule consists of three oxygen atoms 
arranged in the form of an equilateral triangle with a separation of 2.38A 
between oxygen centers, as shown by Fig. 10.1. The chlorine is located at 
a distance of 0.48A above the plane of the oxygen atoms in a line through 
the center of gravity of the oxygens. The sodium lies above the chlorine 



Fig. 10.1. Positions of sodium, chlorine, Fig. 10.2. Location of molecules in 
and three oxygens in sodium chlorate. unit cell for sodium chlorate. 

at a distance of 6.12A. On account of the large separation of the sodium 
from the chlorate ion, it is probably the latter which acts as the dipole in 
the temperature variable part of the dielectric constant. The dipole is 
formed by the positive charge on the chlorine reacting with the center of 
gravity of the negative oxygens. The evidence from the temperature 
measurements is that this is a rotating dipole formed by an actual turning 
through a very small angle of the plane of the three oxygen atoms and the 
chlorine. The dipole moves very little at low temperatures, but becomes 
more free to move at higher temperatures and at the melting point is 
approaching the state of a ferroelectric crystal. 

All of the properties of this crystal can be measured by employing three 


oriented cuts. This follows from the 
crystal, 

piezoelectric equations for a cubic 

S\ = SnT\ + S12T2 + S12T2 

+ d\±E z 

S 2 = J 12 T 1 + S11T2 4 - S12T3 

D x E X J X 

«?3 = •fl'fcT'l + ^12^2 + SnTs 

&V “ ^ ~ ^ (10.1) 

— J44T4 + duEx 

Dg E z €\\ 

s --s- 4. 


S& « J44T5 + duE u 

* Wyckoff, R. W. G., The Structure oj Crystals , p. 276, Chemical Catalogue Co., 
New York. 



192 PIEZOELECTRIC CRYSTALS AND ULTRASONICS Chap. 10 


There are three elastic constants, one piezoelectric constant, and one 
dielectric constant. 

All cuts are taken normal to one of the three equivalent crystallographic 
axes, which for convenience will be designated the z-axis. One cut has its 
length 45° from the other two axes, one cut has its length 22.5° from one of 
the axes, and the third with its length along one of the crystallographic 
axes. The first two cuts are driven in their lowest longitudinal mode 
and their length is made long compared to their width or thickness so that 
the uncorrected compliance sfi is determined. Since the direction cosines 
for these two cuts are 


_£_ 1 _£_ 

l\ = cos 0; in\ = sin 0; n\ = 0 

4 = — sin 0; m 2 = cos 0; n 2 = 0 

4 =0; m 3 = 0; n s = 1 


( 10 . 2 ) 


we have from equation (5.67) that the elastic compliance jfi and the 
piezoelectric constant d 3 \ are given by the equations 

sfi = sn (cos 4 0 + sin 4 0) + ( 2^12 + s 44 ) sin 2 0 cos 2 0 

dsi = dsQ sin 0 cos 0 = d \ 4 sin 0 cos 0, since ^ 36 = d \ 4 


The third cut with its length along x , thickness along z and width along y, 
determines the shear-elastic constant j 44 . This crystal was about 6 times 
as long as its width, and by measuring the fundamental and high harmonics 
of the shear mode, the elastic constant s 44 is determined according to the 
equation 


A 


1 


44 


( 2 I w /r) 2 p 


(10.3) 


where l w is the width ,/r the resonant frequency (which is most accurately 
obtained by taking a high harmonic and dividing the resonant frequency 
by the harmonic order), and p the density. 

The measured values of the resonant frequency /#, the separation of 
resonant Jr and anti-resonant frequency /a ( i.e ., A / = /a — }r) divided 
by the resonant frequency, and the dielectric constant measured at 1000 
cycles, are shown in Table XV. 

From these data and the density p * 2.49 at 25°C, one can calculate the 
elastic and piezoelectric constants at a temperature of 28°C. Since the 
resonant frequency of a longitudinal mode is given by 



( 10 , 4 ) 
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TABLE XV 

Measured Properties or Sodium Chlorate 


Temperature 
in Degrees C 

Z-cut £ - 22.5° 
from X 

L = 20.13 mm 

W — 2.69 mm 

T — 1.00 mm 

Z-cut, L - 45° 
from X 

L — 20.38 mm 
W = 2.71 mm 
T — 1.01 mm 

0° Z-cut, 

L along X 

L = 29.90 mm 
fV = 6.02 mm 
T = 1.04 mm 

A f /Jr for 
45° Z-cut 

Free 

Dielectric 

Constant 

T 

€11 

28 

193.2 kc cm 

181.8 kc cm 

108.6 

0.000281 

5.76 

40 

192.2 

180.9 

108.3 

0.000317 

5.8 

75 

190.2 

179.3 

108.2 

0.000393 

5.94 

100 

■HI 

177.2 

106.2 

0 000465 

6.05 

130 


173.5 

104.2 

0.000584 

6.21 

140 

■SB 

172.5 

103.8 

0.00065 

6.27 

150 

181.3 

171.3 

103.1 

0.000725 

6.34 

160 


170.3 

102.5 

0.000807 

6.41 

170 

178.6 

169.2 

102.0 

0.000894 

6.49 

180 

177.5 

168.3 

101.2 


6.57 

190 

176.1 

167.1 

100.4 


6.70 

200 

175.1 

166.2 

99.9 


6.81 

mm 

173.1 

164.5 

99.1 




172.2 

163.3 

98.3 



■H 

170.3 

161.3 

97.2 



240 

168.5 

160.2 

96.2 




where / is the length of the crystal, which has been assumed long and thin, 
the values are 

jfi at 22.5° - 2.69 X 10" 12 cm 2 /dyne; 

jfi at 45° = 3.045 X 1(T 12 (10.5) 

Now since 

jf[ at 22.5° = Ju(cos 4 6 + sin 4 6] + (2 s i2 + sin 2 9 cos 2 6 
where 9 = 22.5° we have 


■ffiw.s 0 ~ *75jh + .125(2jj2 + J 44 ) 


jfuso = + .25(2 j 12 + 4) 

Solving for su and (2fj 2 + rf*), we find 

Jn = 2*n m o — J n 4 »» “ 2.335 X 10 ~ 12 cm 2 /dyne 
(2r ia + J 44 ) * 6sii u ° - 4jfi' w ,o =7.51 X IQ " 12 cm 2 /dyne 


( 10 . 6 ) 


( 10 . 7 ) 
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The value of jf* can be obtained from the data on the 0°Z-cut and equation 
(8.3). These give 


Jfi 


1 

(2 X 108,600) 2 X 2.49 


- 8.54 X 1 (T 12 cm 2 /dyne 


( 10 . 8 ) 


Hence, we have 

* (7.51 - 8.54) X 10~ 12 

s 12 = --- 


—0.515 X 10 12 cm 2 /dyne 


(10.9) 


Since the value of Poisson's ratio is equal to 


<r 


£12 

•fn 


.515 

2.335 


.22 


( 10 . 10 ) 


the value is positive and has an ordinary value contrary to Voigt's measure¬ 
ment indicating a negative value of —0.51. 

The value of the piezoelectric constant can be obtained from the meas¬ 
urement of the dielectric constant, the elastic constant of the 45°-cut 
crystal and the separation of resonant and anti-resonant frequencies. 
From equation (5.33), the coefficient of electromechanical coupling defined 
by the equation 

* \ 
ft SBS J .. 1 1 


can be calculated from the separation of (/a —j r)/Jr = &f/fn given in 
the fourth column of Table XI. From the equation 

k 2 - .000694; k - .0264; & - 5.76; sfl« 0 - 3.045 X 1(T 12 (10.11) 
hence 

dzx - — 35 3.05 X 10~ 8 in cgs units; du * 6.1 X 10~ 8 (10.12) 

This is slightly larger than Pockers measured value of 4.84 X HF" 8 . 

As the temperature increases, both the length and density change so if an 
accurate measurement of the elastic constants is to be obtained over a 
wide temperature range, account has to be taken of the temperature- 
expansion coefficient of the crystal. These have been measured over a 
range of temperatures by using an optometer mounted on a frame of fused 
quartz. The expansion coefficient is measured 6 by determining the change 
in length of the specimen compared to the length of a similar section of 

6 This measurement was made by Mrs. Elizabeth A. Wood. 
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fused quartz as the temperature changes. The results for sodium chlorate 
and sodium bromate are shown by Fig. 10.3. Since the frequency of a 
crystal is given by the equation 






Fiq. 10.3. Temperature expansion curves for sodium chlorate and sodium bromate. 


and the ^equency constant / c = /r/ 0> where /o is measured at 25°C, the 
elastic constant sfl is given by the formula 


1 _1_ /_Po_ 

P {2/o11 + “ (e " 1S)]] * 11 + a(e " 25)]8 


1 + a(0 - 25) 
(2/o) 2 Po 


(10.13) 
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where a is the temperature expansion coefficient of length which is the 
same for all directions of a cubic crystal and 9 is the temperature in 
degrees C. Taking account of this correction, the elastic compliances of 
sodium chlorate are shown plotted by Fig. 10.4. As the melting point of 
264°C is approached, the elastic compliances, in particular the shear 
compliance, increases more rapidly with temperature. Similar curves for 



Fig. 10.4. Elastic compliances of sodium chlorate. 

sodium bromate are shown plotted on Fig. 10.5. Since the melting point 
of this crystal is around 420°C, the elastic compliances of this crystal are 
very linear with temperature up to 200°C and it has been suggested that 
this crystal could be used as a thermometer by comparing the frequency 
of an oscillator controlled by a sodium bromate crystal with the frequency 
of an oscillator controlled by a quartz crystal. 

As the temperature increased, it was found that the dielectric and 
piezoelectric constants also increased. At 200°C the leakage resistance of 
the crystal became noticeable and became low enough at 210°C and higher 
to make the measurement of the dielectric constant and the anti-resonant 
frequency unreliable. The resistivity curve as a function of temperature 
is shown plotted by Fig. 10.6. At 245°C the resistivity was low enough so 
that no appreciable piezoelectric response was obtained, and at the melting 
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point of 263°C, the resistivity was less than 1000 ohms per cubic centimeter. 
This indicates that as the crystal approaches its melting point, it becomes 
highly ionized with the chlorate ion separating from the sodium ion for a 
large number of molecules. This behavior is usual for an “ ionic crystal." 
The logarithmic plot of resistance versus inverse temperature, which is 
usual for crystals, is explained as a defect phenomenon in the crystal lattice. 
Holes exist in the lattice and ions in the crystal can migrate through the 
crystal by jumping into empty holes, leaving holes in the structure behind 
them. In jumping from one position to a free hole, the ion has to surmount 
a potential barrier of energy fV. The applied field is not sufficiently 



20 40 60 80 too 120 140 160 180 200 220 240 260 
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Fio. 10.5. Elastic compliances of sodium bromate. 

strong to accomplish this and it requires an accumulation of thermal 
energy to cause the ion to move from one position to another. The 
probability of changing positions under no external field is 

a - Ce wlkT (10.14) 

where /f'is the value of the potential barrier, called the activation energy, 
k Boltzmann’s constant, and T the absolute temperature. When a field 
is applied more movement occurs in the direction of the field than against 
it, and this average flbw times the amount of charge carried by the ions, 
results in the leakage current as discussed in Chapter VIII. The fact that 
there are usually two slopes is accounted for by two different mechanisms 
having different activation energies and different multiplying constants C. 
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Table XV shows the ratio of A J/Jr for the 45° cut and the free dielectric 
constant measured at 1000 cycles as a function of temperature. The 

TEMPERATURE IN DEGREES CENTIGRADE 


260 240 220 200 180 160 



dielectric constants of sodium chlorate and sodium bromate as a function of 
temperature are shown plotted on Fig. 10.7. The dielectric constant of 
sodium chlorate can be expressed as a function of temperature by the 
empirical equation 


310 6750 

* " 4J + 320 - 0 - (320 - e) a 


(10.15) 


where 6 is the temperature in degrees centigrade. This indicates that 
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there is a part equal to 4.7 that is independent of temperature and another 
part that varies with temperature and becomes large for temperatures 
approaching 320°C. The first part is caused by the electronic and ionic 
polarizabilities, while the temperature variable part is caused by changes 
of the dipoles. For sodium bromate, since the measured values are taken 



Fig. 10.7. Dielectric constants of sodium chlorate and sodium bromate plotted as a function 

of temperature. 


considerably below the transition point, a single term is sufficient to fit 
the curve and we have 


€ 


4.87 + 


323 

(414 - 0) 


(10.16) 


From the data of Table XV on A f/fn, the elastic compliance for a 45° 
cut and the free dielectric constant, the piezoelectric constant of sodium 
chlorate can be determined as a function of temperature. This is shown 
plotted by Fig. 10.8 as is also the du values for sodium bromate. If we 
plot l/^i 4 for these two crystals, the values lie on a straight line, as shown 
in the dashed lines of Fig. 10.8. The sodium chlorate curve, if we extend 
it, has a zero value of l/du (infinity value for du) at about 320°C, while 
for sodium bromate this temperature occurs at about 415°C. As discussed 
in Chapters VII and VIII, the high value of the du piezoelectric constant 
indicates that the crystal is approaching a Curie temperature for which the 
dipoles are sufficiently free so that they can aid each other in orienting 
themselves and would produce a spontaneous polarization. These tem¬ 
peratures are somewhat above the melting points where the ions are free 
ti’anslationally and indicate that the dipoles are due to an actual turning 
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of the chlorate ion, since otherwise there is no reason why the Curie 
temperature should be so closely related to the melting temperature. 

The large variation of piezoelectric and dielectric constant with tempera¬ 
ture allows one to make some calculations about the cause of the piezo¬ 
electric effect. By employing the transformation equations between the 
various systems for writing piezoelectric equations, one can relate the 



Fig. 10.8. Piezoelectric constant du for sodium chlorate and sodium bromate. 


piezoelectric stresses to the electric field or the electric displacement Z), 
or can relate the piezoelectric strain to the electric field or the electric 
displacement. These equations are for a cubic crystal 

+ dzeE t ; S% = + gzQ&zl Tq = c$$Sq — *36 E t \ 

Tb * CqqS 6 - A 36 $* where h z « ^ and £ 3 e = ~; (10.17) 

e 33 


*88 


<^ 36 * 88 ; *36 


4^36 J) JE 1 

T * 86 * *68 *“ E 5 

*33 **66 



*66 



If we calculate the constants du> * 14 , gu or Au which relate respectively 
the piezoelectric strain to the electric field, the piezoelectric stress to the 
electric field, the piezoelectric strain to the electric displacement, and the 
piezoelectric stress to the electric displacement, we find that none of these 
quantities are a constant over the temperature range. The one that is 
most constant is the ratio hu of piezoelectric stress to electric displacement. 
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If, however, we segregate out a part of the electric displacement, namely 
the dipole polarization, and calculate the ratio of piezoelectric stress to 
dipole polarization, we obtain a ratio denoted by /14 which is a constant 
within experimental error for both sodium chlorate and sodium bromate. 
The electric displacement is equal to 

S = + p «+ p « ( 10 - 18 > 

where P is the polarization due to electrons and ions, and P zd the polariza¬ 
tion due to dipoles. Since the polarization P ** is independent of tempera¬ 
ture and stress and is proportional to the field, we can write 

£ - *. - ^ [1 + 4t*o] + P Id - ^-° + P zi (10.19) 

where € 0 is the temperature and strain independent part of the dielectric 
constant. Introducing this expression into equation (10.17), we have for 
the form relating piezoelectric stress to electric displacement 

T 6 = CmS 6 — fnP zd where + TZTTT^ \ 

M«33 - «o) 

and /i 4 = - j—- ■ (10.20) 

*33 — *0 

Calculating /14 for sodium chlorate and sodium bromate, we find that it is a 
constant within experimental error equal to 9 X 10 4 for sodium chlorate 
and 18 X 10 4 for sodium bromate. The constancy of this quantity indi¬ 
cates that when the dipole turns through a small angle (which is propor¬ 
tional to the dipole polarization), this produces a stress on the crystal 
lattice which distorts it and produces a piezoelectric strain. Since the 
compliance is a function of temperature, the resultant strain dipole polariza¬ 
tion ratio is not as constant as the stress dipole polarization ratio. 

By using the dipole piezoelectric constant, an equivalent circuit can be 
obtained which takes account of the dielectric constant co, the dielectric 
constant for dipoles the coupling between the dipole polarization and the 
piezoelectric stress, and the elastic compliance. At low frequencies, this 
network is shown by Fig. 10.9. (€q/4t ) represents the capacitance of a 
crystal one cubic centimeter due to electrons and atoms, while (ed/4r) 
represents the capacitance of the crystal of one cubic centimeter due to 
dipoles. The combination of three mutual compliances Cm , of which two 
are positive and one negative, represents the coupling between the electrical 
and mechanical properties of the crystal. Since the charge on the con¬ 
denser (€<*/4 t) represents the dipole polarization when the crystal is 
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clamped so that no displacement can occur in the mechanical arm, the 
dielectric constant is the clamped dielectric constant ef. The mechanical 
elastic constant represented by the condenser Cb is the ratio between the 
applied stress T\ and the strain when the dipole polarization P'< is sup¬ 
pressed. By writing equation (10.20) in the form for a longitudinal 
crystal, we have 


where 


T\ — c*iSi —fziPtd* E* 

^ 31 * 0*3 


4t 


(4 - * 0 ) 


£*i = C\i + 


^(*3 “ *o) 


/ai 


Ptd —/ 31^1 
^31*3 


( 10 . 21 ) 


*3 ~ *0 


td £d JL Cr * 

4rr C M C M C z Air C M 8 


_If_ \t ___If_If_ _._If_1 if_1/_ /‘ttktc'n_ 


= 

4rr 

— ~ C M~“ 

= 


(A) (B) 


Fig. 10.9. Equivalent circuit of crystal showing effect of dipole coupling. 


For the 45° cut, h$i = hu and / 3 1 = / 14 . When the crystal is clamped so 
that no displacement occurs in the mechanical compliance Cb = I/cJi, 
the force applied by the mutual compliance capacitance Cm is 


( juPtd ) 




Pzdfai ^ 


= /ai 


( 10 . 22 ) 


The final arm containing Cb is the mechanical arm and the charge on 
Cb, if T\ is set equal to zero, represents the strain in the crystal due to the 
applied field. If T\ is zero, the total capacitance as measured from the 
electrical side is 


C 


where 


*0 4 

4t + 4t 


1 _ 

_ 4f%\ 

4xru. 


*0 _ 4 

4* + 4ir(l - k 2 d ) 


kd 



T 

<0 *d 

4r ^ 4ir 


(10.23) 


is the dipole coupling constant, and represents the percentage of the 
electrical energy in the dipole arm stored in a mechanical form. The 
dipole dielectric constant for zero stress is the dipole dielectric constant 
for constant strain divided by (1 — ^). 
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If we define the square of the electromechanical coupling constant as 
the ratio of the total input energy that is stored in mechanical form for a 
static applied voltage, the electromechanical coupling is given by the 
equation 

& = where e* = c 0 + 4 (10.24) 

If the dipole dielectric constant is small compared to the dielectric constant 
for electrons and atoms, the electromechanical coupling is small compared 
to the dipole coupling constant. These quantities have been evaluated 
for four crystals and the results are shown in Table XVI. 

TABLE XVI 


Material 

/si 

• 

*11 

4 

kd 

<S 

k 

KH 2 P0 4 (KDP) 

3. 

2 X 

10 4 

1.70 

X 

10 11 

17.4 


21.9 

.105 

NH 4 H2P0 4 (ADP) 

16 

X 

10 4 

1.85 

X 

10 11 

9.7 


15.7 

.285 

NaClO* 

9 

X 

10 4 

4.3 

X 

10“ 

1.0 

.039 

5.70 

.017 

NaBrOj 

18 

X 

10 4 

4.2 

X 

10 u 

0.83 

.072 

5.70 

.028 


This table shows that the dipole constant / 3 1 varies for different crystals 
by a factor of 6 to 1 , being highest for sodium bromate and lowest for 
potassium dihydrogen phosphate. The last column shows the value of 
the electromechanical coupling which is a measure of the amount of the 
total applied electrical energy that appears in mechanical form under 
static conditions. An examination of the data shows that this is low for 
sodium chlorate and sodium bromate, because the electronic and ionic 
polarization is large compared to the dipole polarization and hence only a 
small fraction of the total input electrical energy goes into orienting the 
dipoles. KDP, which has a smaller dipole piezoelectric constant, has a 
larger electromechanical coupling because of the fact that the dipole 
polarization represents about three fourths of the total polarization, 
whereas for sodium chlorate it is only 0.2 of the total. Ammonium dihy¬ 
drogen phosphate obtains its large coupling because of the fact that over 
fifty per cent of the total polarization is dipole polarization and in addition 
the dipole piezoelectric constant is large. 

To complete the equivalent circuit of Fig. 10.9 for high frequencies, one 
adds a mass equal to J the mass of the crystal, for a crystal vibrating 
freely on both ends, and multiplies the compliance Ce by a factor 8 /ir 2 to 
take account of the variation of compliance with frequency. The factor 
8/ir 2 holds for frequencies near the first resonance. This equivalent 
circuit is shown by Fig. 10.9B. 
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10.2 Measurements of the Properties of Trigonal and Hexagonal Crystals 

10.21 Properties of Dextrose Sodium Chloride , Bromide and Iodide 

The crystals of dextrose sodium chloride, dextrose sodium bromide and 
dextrose sodium iodide all crystallize in the quartz class and hence are of 
some interest in answering the question of whether crystals of similar 
classes will have the same types of properties, such as, for example, tem¬ 
perature coefficient of frequency. For quartz, the low and zero tempera¬ 
ture coefficients of frequency are made possible by the fact that the c ©a 
shear-elastic constant has a positive temperature coefficient and by vari¬ 
ous orientation processes, the positive coefficient can be made to annul 
the usual negative temperature coefficients of frequency. 

Measurements made for these crystals show that the shear temperature 
coefficient of frequency is highly negative and hence crystals belonging to 
the same crystal class do not always have the same types of temperature 
coefficients. The piezoelectric constants are of the same order as quartz, 
the elastic constants all have high negative coefficients of frequency and the 
values of Q are relatively low. Hence it does not appear that these crystals 
will be of practical use. 

The method of measuring these crystals is to take four oriented cuts 
with their thickness direction along the tf-axis, and with their lengths at 
orientation from —30° to +60° with respect to the y crystallographic 
axes of the crystal, and to measure a Y-cut crystal in its face-shear mode 
and its thickness-shear mode. These data are sufficient to determine the 
six elastic constants, the two piezoelectric constants and one dielectric 
constant. To determine the other dielectric constant, a crystal is cut 
normal to the z-axis. Since no piezoelectric motion is excited by a field 
along z, only the dielectric constant can be measured for this orientation. 

Since these crystals belong to the quartz class, the elastic, dielectric 
and piezoelectric equations are the same as those given by equation ( 6 . 1 ). 
For the series of four oriented cuts all with their thicknesses along the 
x-axes, the equations of motion for a long, thin crystal take the form 

S r 2 * s 22 T 2 + d\ 2 E x \ &z = ^ m ^ Ex + d[ 2 T 2 (10.25) 

since all the stresses except T 2 are equal to zero for a long, thin crystal. 
For crystals rotated by positive or negative angles of 6 with respect to the 
y crystallographic axes 

s& - sfi cos 4 0 + J 33 sin 4 6 - 2 jf 4 cos 8 0 sin 0 + ( 2 ji 8 + &) sin 2 0 cos 2 0 

/m “[ 


-</n(l + cos 20) 
2 


d u sin 20 ' 


( 10 . 26 ) 
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These equations follow from equations (5.67) by taking the direction 
cosines 



X 

y 

Z 


4 = 0 ; 

mi - cos 0 ; 

rii = sin 0 

/ 

4 = 0 ; 

m 2 — — sin 0 ; 

n 2 - cos 0 

z' 

4 = 1; 

s 

CO 

II 

0 

CO 

II 

0 


(10.27) 


and noting that for crystals of this class s 2 2 = ^ 1 ; J 23 = J 24 = —J 14 ; 

di 2 = —dn. In this equation 6 is the angle between the length and they 
crystallographic axis measured in a counterclockwise direction. 

The data for dextrose sodium bromide are shown by Table XVII. 


TABLE XVII 


Cut 

Dimension 
in mm 
l w t 

Resonant 

Fre¬ 

quency 

/ft 

Anti- 

Resonant 

Fre¬ 

quency 

/a 

Ratio 

of 

Capaci¬ 
tances r 

Coef¬ 
ficient 
of Coup¬ 
ling k 

Capaci¬ 
tance of 
Crystal 

mm/ 

Dielec¬ 

tric 

Constant 

T 

<11 

—30° A-cut 

4.38 

1.28 

0.96 

371,280 

— 

— 

— 

— 

— 

0° A-cut 

9.13 

2.95 

0.975 

177,500 

178,990 

182.5 

.082 

1.0 

4.1 

4-30° A-cut 

9.89 

2.70 

0.99 

158,600 

158,972 

213.0 



4.0 

4-60° A-cut 

9.98 

2.95 

1.01 

163,240 

163,338 

832.0 

.0385 

1.1 

4.0 


Cut 

Resist¬ 
ance at 

Resonance 

R 

Value 

of 

Q 

Fre¬ 

quency 

Con¬ 

stant 

fk 


Piezoelectric 

Constant 

d'n 

Temperature 
Coefficient 
of Frequency 

-30° A-cut 

— 

— 

162.5 

5.62 X 10“** 

— 

-186 in 10 6 /°C 

0° A-cut 

38,000 


161.5 


11.0 x ur 8 

-328 

4-30° A-cut 

100,000 

5,280 

156.5 


10.62 

-285 

4-60° A-cut 

115,000 

5,500 

163.1 

5.56 X 10~ 1S 

5.13 

-210 


From these data, equations (10.26), and the density p * 1.69, part of the 
elastic constants and the piezoelectric constants can be determined. 
The value of sfi is determined directly from the 0° A-cut and is 
jfi « 5.69 X 1(T” 12 . Since the term in J 14 reverses sign on going from 
positive to negative angles, we have 


^14 


£22—10° ~ £22+jj|P 

1.3 


0.34 x 10r 1 * 


(10.28) 
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The remaining two constants of equation (10.26) can be solved from the 
remaining data and are given by the equations 

*83 - *11 + .43*14 + *2210° ~ ^ - y 22 -* 00 ) - 5.23 X 1<T 13 

(10.29) 

(2^13 + -* 44 ) “ 3(^22300 + ^ 22 - 30 °) •662^2230° 3.31jn — .142fj4 

- 12.6 X 1(T 12 

From the values of d[ 2 given in Table XVII and in the equations (10.26) 
we find 

d n = -11.0 X 10 8 ; d u « -5.4 X KT® (10.30) 

These values are slightly larger than in quartz, but due to the much larger 
compliance, the coupling factor k is even lower than in quartz. 

To obtain the remaining elastic constants we have to evaluate the shear 
elastic compliances. These can both be obtained from a F-cut crystal 
by measuring the thickness shear and the face shear, both of which are 
driven for this type of crystal. To obtain the high-frequency shear mode, 
a square crystal was cut and the contour dimensions were decreased until a 
good resonance free from interfering modes was obtained. The data then 
were taken and are shown by Table XVIII. The same crystal was then 
ground down till its length was six times its width and the face-shear 
frequency was measured. The results are given in Table XXXII. 

TABLE XVIII 


Mode 

Dimension in mm 

/ XV t 

Resonant 

Frequency 

Temperature 

Coefficient 

Dielectric 

Constant 

Shearing 

Constant 

High Freq. 
Shear 

7.04 7.04 1.05 

1,017,820 

—320 parts 
in 10*/°C 

4.0 

<«« — 

7.66 X 10“ 

Low Freq. 
Shear 

7.04 1.6 1.05 

601,000 

—240 part* 
in 10»/°C 

4.0 

<44 “ 

6.34 X 10 1 ® 


To obtain the s constants from the c constants, we have to make use of the 
relation derived in the Appendix Table XXXII, which can be written 

Su - (- 1 y+iA c *t/A* 


(10.31) 
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where 


*11 

*12 

*13 

*14 

0 

0 

*12 

*11 

*18 

“*14 

0 

0 

*13 

*13 

*33 

0 

0 

0 

*14 

— *14 

0 

*44 

0 

0 

0 

0 

0 

0 

*44 

*14 

0 

0 

0 

0 

*14 

*11 


and is the determinant obtained from this by suppressing the <th row 
and ^th column. Solving these, we have 


r,. *33 . *44 

In --,+^i 


*33 £44 # 

/ Q f > 

a P 


-c 13 . 

t y 


~* 14 
of ' 


*11 + *12 
j 33 = - - f - 

a 


* 11 — *12 
S 44 = T 7 


rsf V 2f 44 

•fee * 2 (jh — S12 ) ** —r 
p 


(10.32) 


where a' = *33 (*n + * 12 ) - 2c 2 l3 ; p' = r 44 (c n - r 12 ) - 2c? 4 . Con- 
versely, we can also write 


^ ^33 , ^44 r, J 33 *^44 *^13 

2*n = — + — ; 2* 12 --— ; *13=- 

a p a p a 


•fil s 12 

a 


•fn ~ ^12 


=-; *14 - 

a 

*11 ~ *12 ^44 


«fl4 

fi 5 


a 0 2 20 (10.33) 

where a * JaaC*n + J 12 ) — 24 ; 0 = £ 44(^11 — * 12 ) — 24 - 

The above measurements give some elastic compliances, and some 
elastic stiffness constants. Since f 44 and fee are measured, we find on 
solving the expression for f 44 and fee that 


C*n — J 12 ) 


4f 66 X (4fee) 


*44 + 1 


1 14*44 

\ 2 « 


(10.34) 


4*66 > (4*66) 2 *66 

Hence with the measured values 

4 - 15.8 X 1(T 12 ; 4 - +4 - 6.55 X HT 12 
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and hence 4-0.86 X 10 “ 12 (10.35) 


Hence all the constants are determined and are when collected together 


4 = 5.69 X 10 “ 12 
4 = -0.86 X 10 “ 12 
j 13 = -1.60 X 10 ~ 12 


s 33 = 5.23 X 10 “ 12 
4 = -0.34 X 1(T 12 
4 = 15.8 X 10 “ 12 
633 not measured 


dn m -11.0 X 1(T 8 

du - —5.4 X KT 8 
& = 4.0 

(10.36) 


The temperature coefficients of frequency of all of the crystal cuts were 
measured and are shown by Tables XVII and XVIII. They are all found 
to have high negative temperature coefficients. Hence there exists no 
possibility of obtaining zero or positive temperature coefficients with this 
crystal. This shows that crystals of the same class do not all have the 
same type of temperature-coefficient response. 

The other two crystals of this class, dextrose sodium chloride and 
dextrose sodium iodide, have also been measured and the results are shown 
by equations (10.37) and (10.38). Here also all the temperature coeffi¬ 
cients are highly negative and no zero temperature coefficients are possible. 
In dextrose sodium chloride 


4 = 6.38 X 1CT 12 

j 33 = 7.02 X 10~ 12 

du = -20.9 X KT 8 

sf 2 = -2.61 X 10" 12 

4 = +0.36 X 10" 12 

d u = +1.0 X lO' 8 

Jia - -1.6 X 10~ 12 

4 = 13.0 X 10- 12 

*xi = 4.25 


P = 1.564 

(10.37) 

For dextrose sodium iodide 


4 = 6.02 X 10- 12 

j 33 = 5.16 X 10~ 12 

d n = -11.4 X UT 8 

4 = -3.43 x io~ 12 

4 = +0.38 X 10~ 12 

d u = +2.2 X 10" 8 

J 13 - -0.62 X 10“ 12 

4 = 13.0 X 10“ 12 

4 = 4.6 


p - 1.864 

(10.38) 


Another crystal in the quartz class, aluminum phosphate A1PO*, has been 
measured. This crystal has a melting point of 1500°C, is nearly insoluble 
in water, and has a density of 2.566. The measured constants are 


4- 

1.61 X 10 “ 12 cm 2 /dyne 

4 

- 5.3 X 10 ~ 12 

4 - 

-.01 X 1(T 12 

**66 

=> 3.22 x 1CT 12 

4 = 

-0.83 X 10 " 12 

du 

= ±10.0 X Mr 8 

4- 

+0.89 X 10 -12 

du 

- =F4.65 X KT 8 

4 * 

+1.61 X KT 12 

T 

ni 

= 6.05 
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This crystal has all negative temperature coefficients in the room-tempera¬ 
ture range. The crystal having the lowest frequency temperature coeffi¬ 
cient is the Y-cut thickness-shear mode and at —40°C the temperature 
coefficient is zero. 

10.22 Properties of Crystals in the Tourmaline Class 

Tourmaline belongs to the ditrigonal-pyramidal class (20) having the 
symmetry r 3v or 3 m, which means that the z-axis is a threefold axis and that 
there are three planes of symmetry for the crystal parallel to z. Its piezo¬ 
electric and elastic constants have been measured by Voigt 7 but previously 
no measurements have been made of the temperature coefficients of the 
crystal for various orientations. Measurements have been made and are 
discussed in this section. It appears that the temperature coefficients for 
all the modes of motions are negative and hence no possibilities exist for 
zero temperature coefficient cuts. 

Tourmaline has the same set of elastic constants as quartz but a different 
set of piezoelectric constants. This necessitates a different set of crystal 
orientations to obtain all the elastic and piezoelectric constants, since, for 
example, a crystal cut normal to the .v-axis cannot be driven in a longi¬ 
tudinal mode. To obtain the set of crystals with lengths in the yz plane 
as was done for quartz, we take a set whose thickness directions also lie 
in the yz plane, as shown by Fig. 10 . 10 . This series of four crystals 
having lengths along thejy-axis and at angles of 22.5°, 45° and 67.5° withy, 
have the direction cosines given by equation (10.39) when the length of 
the crystal is taken along the ;/-axis, the width y f lies along the negative 
x-axis and the thickness lies along z. 

x y z 


*' 

4=0 

m\ = cos 8 


= sin 8 


/ 

4 = -1 

0 

!l 

<N 

n 2 

- 0 

(10.39) 

z' 

4=0 

m 3 = —sin 8 

*3 

= cos 8 



Inserting these direction cosines in equations (5.67), the inverse of Young’s 
modulus for the crystal length and the piezoelectric constant driving the 
crystal become 

sfi * Six cos 4 8 + (2 sfz + J 44 ) sin 2 8 cos 2 8 — 2 jf 4 sin 8 cos 3 8 + s^z sin 4 8 

(10.40) 

d$i « dz\ cos 3 8 + (d^ — ^ 15 ) sin 2 8 cos 8 — ^22 sin 8 cos 2 8 
Crystals were obtained with the orientations shown by Fig. 10.10, and the 
7 Voigt, W., Lehrbuch der Kristallphysik, p. 753, B. Teubner, 1910* 
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measured and calculated results are shown by Table XIX. The orienta¬ 
tion in the first column is specified by a method adopted by the Piezo¬ 
electric Standardization Committee of the I.R.E. The first letter denotes 
the direction of the thickness in the unrotated position, the second letter 
denotes the direction of the length, the third letter denotes the axis of 
rotation of the rotated cut and the angle given denotes the angle of rotation 


z 



Fig. 10.10. Set of crystals for measuring piezoelectric constants of tourmaline. 

measured in a counterclockwise direction. The orientations used were 
rotated in a counterclockwise direction from the y- axis. The second, third 
and fourth columns denote the dimensions in millimeters; the fifth column 
is the resonant frequency in cycles; the sixth column is the separation in 
frequency Af between the resonant and anti-resonant frequencies; the 
seventh column is the frequency constant, i.e. the product of the frequency 
by the length of the crystal; the eighth column is the temperature coeffi¬ 
cient of the resonant frequency measured from —SOX to 4*SOX given in 
parts per million per degree centigrade. The ninth column is the free 
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dielectric constant measured at 1000 cycles. The other four columns are 
data calculated from the measured values in the other columns, /fi is the 
inverse of Young's modulus along the length of the crystal calculated from 
the frequency constant and the density p = 3.1 from the formula 


/m = 


1 

2v / Jup 


(10.41) 


The next column is the ratio of the capacitances of the crystal given by 


r 


h_ 

2Af 


(10.42) 


The electromechanical coupling can be calculated from equation (5.36) 
and is plotted in the next to the last column, while the piezoelectric constant 
dsi can be calculated from the data of the table by using equation (5.33). 
One extra crystal, the Y-cut crystal with its length along *, is also used 
since the piezoelectric constant d 2 i, which from equation (3.64), class 20, 
of Chapter III, is equal to d 2 2 , can be directly evaluated from the d constant 
and from Table XV has the numerical value of 1 X 10"” 8 . From equation 
(10.40) we also see that the first crystal of the table gives the numerical 
value of d%\ = 1.03 X 10~ 8 . There remain then the values of d\ 3 and <^33 
to determine as well as the signs of the other two constants. Squeeze tests 
by W. L. Bond show that the signs of these constants are negative. 

By using the piezoelectric constants for a rotated crystal given by 
equation (10.40), we find that to fit the measured values of the last column 
of Table XIX, we have to have 

d 3 1 * —1.03 X 10 8 ; d 22 - -1.0 X 10 8 ; 

(10.43) 

04s - ^ 15 ) = +5.4 xir 8 

The data for jfj given in the tenth column of Table XIX, will determine 
three of the elastic compliances and one relation between the remaining 
constants. sf\ is given directly by the first or last crystals and is 

sfi - 0.385 X 10 ~ 12 cm 2 /dyne (10.44) 

To obtain the other three values in (10.40), we have three equations with 
three unknowns for the three different angles. For these negative angle 
orientations we find on solving these equations that 

«fS3 888 L79 jxiu7 <# o + .74x11^10 — 1.265/11410 .265/n 

/14 ® *“3.05jhj2|o — 0.53/xx^o 4” 1 . 79 /xi 45 » 4“ 1.79/n (10.45) 

(2/is 4“ ^ 44 ) ** 8.85/ii44o — 6.85/n tt># o — 2.85 /ii w< 40 4“ 2.85/n 
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where Jn m ° is the value of Jn at the positive angle of 22.5° from y, etc. 
and s 11 is the value along y given in (10.44). Substituting in the values 
from Table XIX, we find 


sfi = 0.385 X 10 12 ; jg = 0.636 X lO" 12 ; 

(2j& + J&) = 1.402 X 10 12 ; rf 4 = +.045 X 10~ 12 (1 °' 46) 

All of these values agree quite well with those measured by Voigt, shown 
by equation (10.47). 

Jn = s 22 = 0.398 X 10“ 12 cu = c 22 ~ 270 X 10 10 dynes/cm 2 

j 33 = 0.625 r 33 « 161 d 16 = 11.0 X 10~ 8 

J44 — S55 = 1.51 C44 — £55 * 67 d 2 2 * —0.94 

J 12 = —0.103 c\ 2 = 69 d% 1 = 0.96 

J 13 = ^23 1=8 —0.016 C\s = c 2 s = 8.8 dz3 = 5.4 


s n « s 22 = 0.398 X 10 “ 12 
j 33 = 0.625 
^44 — s 55 ~ 1-51 
J 12 = —0.103 

Jl3 = -*23 1=8 —0.016 


^14 — ””^24 — ^56/2 = 4-0.058 ^14 = ~^*24 = ^56 — —7.8 


(10.47) 


The last column shows the piezoelectric constants measured by Voigt and 
Rontgen, with the preferred values selected . 8 

To complete the measurements of the elastic and piezoelectric constants, 
we need to measure two shear vibrating crystals. Since it is not possible 
to obtain face-shear modes in this class for crystals cut along the crystal¬ 
lographic axes, two thickness-shear modes, both driven by the piezoelectric 
constants di 5 = d 2 4 , are used and the measured results are shown by 
Table XX. 

From these measurements we have directly that 

c 4 4 - 65 X 10 10 dynes/cm 2 ; r 66 = 95 X 10 10 ; 

' (10.48) 

d 15 m ± 10.9 X 10 ~ 8 V ' 

Using equations (10.34) of the last section, which applies to this crystal 
class also, all the constants can be evaluated and are 


s n - 0.385 X 10 ~ 12 

cn = 272 X 10 10 dynes/cm 2 

d 16 m -10.9 X KT 8 

s 12 - -0.048 X 10* 12 

c 12 » 40 x 10 10 

d 22 = -1.0 X 1(T 8 

s ia - -0.071 X 10 -12 

c a - 35 X 10 10 

d 3 i - -1.03 X 10 ~ 8 

J 33 - 0.636 Xl0 ~ 12 

c 83 - 165 X 10 10 

d 33 - -5.5 X KT 2 

S 44 - 1.54 X 1<T 12 

c u - 65 X 10 10 

tji — *22 = 8.2 

s 14 - +0.045 X lO " 12 

c u - - 6.8 X 10 10 

(33 - 7.5 


(10.49) 

•Cady, W. G., Piezoelectricity, p. 227, McGraw-Hill Book Co., Inc., 1946. 
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These signs of the piezoelectric constant are opposite from those given 
by Voigt on account of a different choice of the +z-axis. All the tem¬ 
perature coefficients are uniformly negative, of values from —40 to —60 
parts in a million per degree C and hence no possibility exists of obtaining 
zero temperature coefficient of frequency cuts. 

Two other crystals of the tourmaline class, lithium trisodium chromate 
and lithium trisodium molybdate have been partially measured. Since 
they dehydrate rapidly, it was not thought worth-while to make complete 
measurements. The results obtained for these two crystals are given by 
equations (10.50) and (10.51). 

LITHIUM TRISODIUM CHROMATE HEXAHYDRATE 

s n - 7.87 X 10- 12 Ts n - +7.5 X 10~7°C 

*33 - 3.5 X 10~ 12 7* 33 = +7.0 X 10- 4 

(2*13 + s u ) = 0.9 X KT 12 (27* 13 + 7* 44 ) - +19 X 10~ 4 (10 . 5 o) 

d 22 = +8.6 X 10" 8 

€& - 8.0 

p = 2.11 

LITHIUM TRISODIUM MOLYBDATE HEXAHYDRATE 

*11 - 2.95 X 10- 12 Ts n - +7.3 X 10 r*/°C 

*33 - 2.71 X 10“ 12 7*33 - +5.9 X KT 4 

( 2*13 + * 44 ) - 7.05 X 10- 12 (27*13 + T* 44 ) - +4.0 X 10““ 4 

(10.51) 

d 22 *= +7.45 X 10 8 €11 = 6.7 

d n - ±4.0 X 10 " 8 €33 = 5.3 

d& * +5.8 X 10~ 8 p = 2.43 

10.3 Measurements of Properties of Crystals in the Tetragonal Class 

Three crystals of the tetragonal class have been measured, ammonium 
dihydrogen phosphate (ADP) and potassium dihydrogen phosphate 
(KDP), whose constants were given in Chapter VIII, and nickel sulphate 
hexahydrate. The first two belong to the tetragonal scalenohedral class 
(11), (symmetry Vd y &2m) while nickel sulphate hexahydrate belongs to 
the tetragonal trapezohedral class (12) (symmetry D 4 or 42 2). Th e proc¬ 
ess of measuring crystals of class 11 is t q take a s et of foqg.Q#^faTft perp^rjir 
dicular to the a - x crystallographic axis anct another set perpendicular 
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to the c « % crystallographic axis. One of each set has its length along one 
of the crystallographic axes, and the other three angles of 22.5°, 45° and 
67.5° with this axis. The crystal with its axis along the crystallographic 
axis, is driven in a face-shear mode, while the other three are driven in 
longitudinal modes. For crystals cut perpendicular to x> the longitudinal 
modes are controlled by the elastic and piezoelectric constants 

4=^ sin 20 (10.52) 

*fi = Sn cos 4 9 + (2*13 + *f 4 ) sin 2 9 cos 2 9 + * 33 sin 4 9 


where 9 is the angle between the length and the y crystallographic axes. 
Hence determining the elastic constants from the resonant frequency by 
the equation 


sfi 


1 

( 2 I/r) 2 p 


(10.53) 


the three moduli are determined by the equations 

*H = 1.707*22.5° ~~ 4° ~b .293*^7 50 
J33 * L707 *q 7.5° — *fa° + .293*22.5° (10.54) 

(2*13 + S44) * 6*ffi0 — 2*22.50 — 2*57.5® 


For crystals cut perpendicular to the z-axis 

^3i=~Y s * n2 0 (10.55) 

sfi = Jn (sin 4 6 + cos 4 B) + (2j 12 + *««) sin 2 6 cos 2 0 


and the equations for determining the constants become 

■*11 ~ (* 22 . 5 ° + -* 67 . 6 ') ~ * 45 *; ( 2*12 + *6s) ~ 6*45“ ~ 2 (^ 2 . 5 ° + *^ 7 . 5 °) (10.56) 

The face-shear mode perpendicular to the *-axis is controlled by the 
shear-elastic constant *f 4 , while the shear mode perpendicular to the 
z-axis determines the shear constants c&. This process was followed for 
ADP and KDP and the results are given in Chapter VIII. 

For crystals of class (12), however, there is no piezoelectric constant dw 
and hence crystals cut perpendicularly to the z-axis will not be driven 
piezoelectrically. To get around this difficulty, one crystal is cut as shown 
by Fig. 10.11 with its length 45° from the z-axis in a plane 45° from the 
x- and y-axes and with its thickness in the xy plane. This crystal has a 
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piezoelectric driving constant, and an elastic constant 

4,-fi ft - \ [f + + (2j t , + J 44 ) + fa»] (10.57) 

and allows one to evaluate the sum (2 ji 2 + j£). The other crystal, as 
shown by Fig. 10.11, is cut with its width along x and its length and 




W (e) 

Fig. 10.11. Crystal orientations for measuring constants of nickel sulphate. 


thickness 45° between the y - and z-axes. This crystal has piezoelectric 
and elastic constants equal to 


du 

2 



(10.58) 


and hence can be used to determine c^. 

Table XXI on p. 217 shows measurements for these 6 orientations for 
nickel sulphate hexahydrate. From these measurements the constants 
can be evaluated and are given by equations (10.59). The temperature 
coefficients of all modes of motions are negative and no zero temper¬ 
ature coefficients are possible. 


- 6.5 x 10- 12 

d u - ±18.0 x i<r 8 (#) 

s 12 = -4.68 X 10“ 12 

= 6.2 

Jia = -0.13 X lOr- 12 

*33 = 6.8 

J 33 = 3.43 X lOr- 12 

p - 2.07 

jf* - 8.65 X 10~ 12 


4 - 5.62 X 1(T 18 



(10.59) 


9 It has recently been found that the piezoelectric constants of a number of crystals 
were measured by Frederick Spitzer for his thesis at Goettingen in 1938. He 
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10.4 Measurements of Crystals in the Orthorhombic Class 

Six crystals of the orthorhombic class have been measured, all of them 
belonging to the orthorhombic bisphenoidal class 6 (symmetry V = D 2 , 
or 222) which is the class of rochelle salt. The method of measurement is 
very similar to that of tetragonal crystals except that the process is 
repeated for all three axes since the properties of all three axes are different. 
The equations for the inverse of Young's modulus and the longitudinal 
piezoelectric constants for the x- y y- and z~axes are given by equations 
(10.60), (10.61) and (10.62). 


*fi * *22 cos 4 6 + ( 2*23 + sin 2 6 cos 2 6 + *33 sin 4 0 

y * 4 .* (10.60) 

«31 = “ 2 * sin 2Jd 

*fi = *11 cos 4 0 + ( 2*13 + *65 ) sin 2 0 cos 2 0 + * 33 sin 4 0 

y d 26 . „ (10.61) 

dzi - — sin 20 

*fi = *n cos 4 6 + ( 2*12 + ^ 60 ) s^ 2 ^ c °s 2 0 + *22 sin 4 6 

y (10.62) 

« 3 i = — sin 2^ 


Hence from measurements of three crystals, whose lengths are 22.5°, 
45° and 67.5° from one of the crystallographic axes and whose thickness 
lies along another axis, the elastic constants of these equations can be 
derived. The equations for evaluating the constants from the measure¬ 
ments are similar to (10.54). The face-shear modes for crystals cut 
perpendicular to the x- y y- and z-axes are controlled by the elastic constants 

*44 = *65 = T ; *66 = "# (10.63) 

4k s 55 


Hence twelve cuts in sets of four perpendicular to the three crystallographic 
axes will determine the nine elastic constants and give checks on the *n, 
*22 and *33 plastic constants. The three 45° cuts will determine the three 


measured the constants of sodium chlorate, sodium bromate, nickel sulphate hexa- 
hydrate, ADP, KDP; magnesium sulphate, lithium sulphate monohydrate, DKT 
and ammonium tartrate. The values agree closely with the data presented in this 
book and for nickel sulphate hexahydrate the value of d\\ found by Spitzer was 
—15.9 X 10~ 8 . 
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piezoelectric constants, and low-frequency measurements of the capaci¬ 
tances of any of the crystals perpendicular to the #-, j- and z-axes, will 
determine the dielectric constants cfi, €22 and € 33 . 

The six crystals measured were lithium ammonium tartrate monohy¬ 
drate, lithium potassium tartrate monohydrate, strontium formate 
dihydrate, barium formate, iodic acid, and sodium ammonium tartrate. 
The first two are isomorphic crystals and lithium ammonium tartrate has 
one orientation having a zero temperature coefficient of frequency. Since, 
however, the coupling is smaller than in ethylene diamine tartrate and the 
curvature of the frequency with temperature is larger, this crystal has not 
come into practical use. Perpendicular to the ^-axis, the dielectric con¬ 
stant and the piezoelectric constant get larger as the temperature is reduced 
and some possibility exists that ferroelectric effects may occur at low 
temperatures. This question is discussed further in section 10.6. Stron¬ 
tium formate with two moles of water is fairly strongly coupled but 
dehydrates badly and does not appear useful. Barium formate has no 
water of crystallization but has a small coupling and all of its frequency 
temperature coefficients are negative. The fact that iodic acid (HIO3) 
has large piezoelectric coupling coefficients was pointed out by the Naval 
Research Laboratories 10 and independent measurements have been made 
by them of the fundamental constants. Sodium ammonium tartrate 
tetrahydrate is isomorphous with rochelle salt. In spite of the rather 
large piezoelectric constants, it is not likely to be used practically on 
account of the very bad dehydration properties which are considerably 
worse than those of rochelle salt. 

By employing these methods of measurements it is found that the 
elastic, piezoelectric and dielectric constants of lithium ammonium tartrate 
at 25°C are 

s n - 3.0 X 1(T 12 cm 2 /dyne *12 - -0.82 x 1 (T 12 & - 7.2 

s 2 2 - 2.56 *3 - -0.27 X 10 " 12 €22 - 8.0 

*33 ** 3.5 *23 * —1.22 X 10 ~ 12 €33 * 6.9 (10.64) 

4 - 8.4 du - ±13.2 X 10 " 8 p = 1,71 

4 - 15.0 d 2 5 * ±19.6 X 10 ~ 8 

4 - 4.3 d a e - ±14.8 X KT 8 

10 Burstein, Elias, “Approximate Determination of the Piezoelectric Properties of 
Small Crystals/' Rev. Sc. Inst. } Vol. 18, No. 5, May, 1947. 



PIEZOELECTRIC 

CRYSTALS 

221 

The temperature coefficients of these quantities have also been measured 
and between —30° and +80°C have the following values. 

Tj u - +8.8 X 10 -4 per °C 

Ts 23 = +6.o x ict 4 


Ts 2 2 = +6.2 X 1CT 4 

Td u = +3.9 X 1(T 3 


Ts 33 = +6.1 X KT 4 

Td 23 = -5.0 X 10" 3 


T& = +6.7 X 1CT 4 

Td 36 = +3.1 X ICT 3 

(10.65) 


Tsi 5 « -8.3 X MT 4 7*ii = +1.9 X KT 4 

7V& = +10.9 X 10 " 4 7*22 - -2.7 X KT 4 

7Vi 2 = +4.5 X 10 " 4 7*33 = -0.4 X lO " 4 

7Vi 3 - +74.0 X IQT 4 

As with quartz, the zero temperature coefficient crystals are made 
possible by the negative temperature coefficients of one of the shear 
elastic compliances, in this case However, the curvature of this 
constant is so high that the temperature characteristic is very curved. 
The properties of the crystals cut normal to the y-axis are discussed 
further in section 10.6. 

Only the three 45° cuts have been measured for lithium potassium 
tartrate, since the results did not appear promising. From these the 
following data are obtained. 

Normal to x 

sfu t . = 2.8 X 10" 12 Tsf w = +5.4 x 10" 4 
d u - ±9.6 X 10 -8 = 5.84 


Normal toy 


Jn«» = 5.72 X 10“ 12 

T &= +1.3 X lOr 4 

(10.66) 

d 23 = ±33.6 X 10 -8 

€22 = 7.32 

Normal to x 

sf w - 2.56 X 1(T 13 

T#ut = +7.3 X lO" 4 


d 3 6 = ±22.8 X 10“ 8 

4 “7.4 


P 31 

1.61 
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The data for strontium formate dihydrate are given by equation (10.67) 
and ( 10 . 68 ) 

•*n = 2.84 x 10 12 cm 2 /dyne 

•*23 = —0.2 X 10 12 


^22 =3.1 

<ht = ±25.6 X 10~ 8 


J 33 =3.1 

d 23 — ±34.6 


si - 6.5 

•*65 = 9.3 

d 33 = ±7.0 

«fi = 6.1 

(10.67) 

00 

VO 

II 

«•? 

4 = 6.4 


s 12 = -0.8 X 10~ 12 

O 

SO 

II 


•*13 = +1.1 

P = 2.25 


The temperature coefficients for these quantities have been measured and 
are shown by equation (10.68) 

Ts u = +10 X 10-7°C 

Ts 23 = +42 X lO " 4 


Tj 22 = +5.5 X 10 -4 

Td u = -8 X lO " 4 


Ts 33 = +5.95 X KT 4 

Td 25 = -3.8 X KT 4 


T& = +4.6 X 10" 4 

Td 36 = -14.7 X lO " 4 

(10.68) 

Tsl = +3.2 X 10r 4 

Ten = -0.8 X 10~ 4 


Trg, - +4.7 X 10- 4 

Te 22 = -1.3 X 10~ 4 


Ts 12 = +10.4 X KT 4 

TJ13 = 0 

Te 33 = +5.7 X lO " 4 


On account of the low coupling only the face-shear modes have been 
measured for barium formate. These yield the following data: 

si = 7.85 X 10 -12 cm 2 /dyne 

d u = ±12 X 10 -8 


si = 6.0 X 10 - 12 

d 26 = ±8 X KT 8 


si = 8.25 X icr 12 

d 36 - ±14 x 10 “ 8 

(10.69) 

Tsl - +3.2 X 10ry°C 

4 = 7.9 


Tsl - +3.2 x 10 * 

4 = 5.9 


Ts 6 6 - +3.9 X 1CT 4 

4 = 7.5 



p = 3.261 
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The data for iodic acid yield the following constants and temperature 
coefficients: 


*n = 3.98 x 10“ 12 

*12 = -0.775 X 10" 12 

11 

* 22 = 2.01 x 10~ 12 

*13 = -0.97 X 10- 12 

« 22 = 12.4 

*33 - 2.56 x 10- 12 

J 23 = -0.045 X 10~ 12 

*33 =8.1 

4 = 5.45 x 10~ 12 

d u = ±56.8 X 10- 8 

p = 4.63 

4 = 4.56 x 10" 12 

d 2b = ±46 X 10r 8 


4 = 5.76 X 10~ 12 

da 6 = ±70.5 X 10 -8 



For the temperature coefficients all of them are positive and no possibility 
exists for obtaining a zero temperature coefficient crystal. 

Tin - +7.0 X 10- 4 /°C Ts l2 - + 9.3 X KT 4 

Ts 2 2 - +6.0 X 10- 4 7J13 - +11.0 X 10~ 4 


Tj 33 = +12.0 X KT 4 

7V& = +7.5 X KT 4 

Tsf 5 = +7.0 X VT 4 

Ts& = +6.5 X 10~ 4 


7V 23 « +1.7 X 10 ~ 2 
Td\\ = +3.5 X KT 4 
T^25 = —3.5 X MT 4 
7%« - —0.9 X 10T 4 


(10.71) 


Measurements have been made of sodium ammonium tartrate tetrahy- 
drate that is isomorphous with rochelle salt. It is found that one of the 
shear elastic constants sf 5 has a negative temperature coefficient and hence 
a series of zero temperature coefficient of frequency cuts are possible. 
However, since, the crystal dehydrates so badly it does not appear likely 
that this crystal will be of any practical use, although the piezoelectric 
constant along the y direction is rather large and increases with a lowering 
of the temperature. The temperature coefficient of d 2 5 is too low to 
indicate any ferroelectric properties above absolute zero in temperature. 
The measured constants are given in equation (10.72) while the tempera¬ 
ture coefficients of these properties are shown by equation (10.73). 


•*11 

= 5.70 

X 

10 -12 

•*12 

— 1.55 

X 

10“ 12 

T 

«11 * 

9.0 

S 2 2 

- 3.85 

X 

10- 12 

•*13 

= - 2.2 : 

< 10~ 12 

T 

*22 = 

8.9 

•*33 

= 4.0 > 

* 10“ 12 

-*23 

- -1.55 

X 

1(T 12 

T 

€33 = 

10.0 

4 

- 9.45 

X 

10-w 

du 

= ±57.0 

X 

10" 8 

P * 

1.587 

4 

- 33.0 

X 

1(T 12 

dih 

= ±95.0 

X 

10~ 8 



4 

= 11.5 

X 

1(T 12 

ds$ 

= ±31.0 

X 

ict 8 




(10.72) 
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For the temperature coefficients, we find 


Ts n - 

+9.0 X 10-V°C 

Ts 2 3 

TJ22 = 

+ 10.5 X 10 -4 

Td u 

It 

CO 

5 

+ 11.4 X KT 4 

Td 2 & 

II 

+4.4 X 10 -4 

Tdzz 

II 

£ 

-18.5 X KT 4 

T& 

TSqq = 

+4.6 X 10 -4 

T*22 

Ts 12 — 

+4.8 X KT 4 

T& 


Ts ls = +5 X KT 4 


-4.8 X 1Cr 4 
+2.1 X KT 4 
-1.9 X 1 (T 8 
+ 12.1 X KT 4 
+ 1.0 X 10r 4 
+3.0 X KT 4 
+3.8 X lOr 4 


(10.73) 


The elastic and piezoelectric constants agree quite well with those 
measured by Mandell. 11 


10.5 Crystals of Monoclinic Class 

A total of five crystals, all of the monoclinic sphenoidal class (symmetry 
C 2 or 2), have been measured. Two of these, the ethylene diamine 
tartrate (EDT) and dipotassium tartrate (DKT), have already been dis¬ 
cussed in Chapter IX. The other three crystals are lithium sulphate 
monohydrate (LiS 04 ~H 2 0 ), tartaric acid (C^eOe) and ammonium 
tartrate (^CJ^Oe). Of these crystals lithium sulphate is shown by the 
International Critical Tables to have the largest pyroelectric constant. 
It has been pointed out by Dr. Hans Jaffe of the Brush Development Co., 
that lithium sulphate has one of the highest electromechanical couplings 
(about 35 per cent) for a thickness longitudinal mode of any non-ferro- 
electric crystal. This property may be of use in creating high power 
ultrasonic waves in liquids. Another use of crystals of this class is in 
obtaining hydrophones or other indicators of static or low-frequency 
hydrostatic pressure. Up to the present time tourmaline has been the 
crystal most widely used, but lithium sulphate and tartaric acid are more 
sensitive than tourmaline. The open-circuit voltage for a hydrostatic 
pressure is proportional to the ratio 

Fo - K + d l - — ^ 2a) (10.74) 

*22 

for these crystals, while for tourmaline the open-circuit voltage normal to 

11 Mandell, W., Proc. Roy. Soe., Vol. 121, pp. 130-140,1928; Proc. Roy. Soc., Vol. 
165, pp. 414-431,1938. 
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the z-axis is 



- K(1.23 X l<r 8 ) (10.75) 

For lithium sulphate and tartaric acid the ratios are respectively 

(LiS0 4 -H 2 0) = K ("- ~q - 3~ 1L6 ) = K(3.7 X KT 8 ); 

(10.76) 

(C 4 H 6 0 6 ) = k ( 23 + 43 + 6S ) = K(3.5 X 1(T 8 ) 

Hence these crystals are about three times as sensitive as tourmaline and 
provide an acceptable substitute for this relatively expensive material. 

Crystals of this class have 13 elastic constants, 8 piezoelectric constants 
and 4 dielectric constants. The process of measuring these constants is 
described completely in a recent paper 12 and was illustrated for the crystal 
dipotassium tartrate (DKT). The process consists of measuring the 
properties of four long, thin, oriented crystals cut normal to the #-axis, 
four cut normal to the z-axis, five cut normal to the y-axis (which is the 
axis of diagonal symmetry) and four doubly oriented cuts as described 
below. The equations for the crystals cut normal to the x- and z-axes 
are the same as for the orthorhombic crystals given by equation (10.60) 
and (10.62) and from these one can determine 

S\u **22) **33) **44) **06) **12) **23) ±^14) ±^36) «U> c 33 (10.77) 

by the process described in section 10.4. Crystals cut normal to the 
y-axis have Young's moduli l/s' n and piezoelectric constants dzi defined 
by the equations 

sfi == J 33 cos 4 6 + 2sz5 cos 3 B sin B + (2sf 3 + jf 5 ) sin 2 B cos 2 B 

+ 2jf 5 sin 3 B cos 0 + **fi sin 4 B (10.78) 

dz\ *= dzi sin 2 B + 3 cos 2 B + </ 2 6 sin B cos B 

where B is the angle between the crystal length and the +z-axis measured 
in a counterclockwise direction. Since there are five constants in the 
compliance equation, five crystals are cut with their lengths respectively 
along z, 22.5° from z, 45° from z, 67.5° from z, and along x . The first and 
last crystals respectively determine and jfx and give a check on the 
values determined from the x- and z-cut crystals. The other three crystals 

12 Mason, W. P., “ Properties of Monoclinic Crystals," Phys, Rev. y Vol, 70, pp. 
705-728, Nov., 1946. 
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determine 4> 4s and (2jf 3 + 4) according to the equation 

4s = 3.4074.*” + 1.4144.6' - 2.4074” - .54 “ 1-9144 
4 - 3.4074.5- + 1-4144.5. - 2.4074” - .54 - 1-9144 
(24 + 4) = 13.6284 — 9.642(42.5° + 4.5”) + 3.828(4 i 4- 4) 

(10.79) 

where 4.6°> 4”> 4 . 5 " denote respectively the elastic compliances along the 
direction 22.5°, 45° and 67.5° from z measured in a counterclockwise direc- 


7 



Fig. 10.12. Crystal orientations for measuring constants of monoclinic crystals. 

tion. The value of the piezoelectric coupling for the crystals, with its 
length along x and with its length along z, determines respectively the 
magnitude of d 2 1 and ^ 23 * The crystal cut at 45° between x and z, together 
with the other two, will determine d 2 h according to the equation 

^25 * ^ 45 ° — (^21 + ^ 23 ) (10.80) 

The values throughout the entire orientation allow one to determine the 
signs of 4/23 and d 2 & with respect to d 2 i* To determine an absolute sign, 
one can resort to squeeze tests which will tell the polarity of the charge on 
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the surface for a given distortion. The convention is adopted that a 
positive d constant is one which gives a positive charge along the positive 
axis when a positive strain (an extension in the case of a longitudinal 
motion) is exerted on the crystal. Crystals cut normal to the three 
crystallographic axes and vibrated in longitudinal and face-shear modes will 
determine 11 of the elastic constants, 5 of the piezoelectric constants and 
3 of the 4 dielectric constants. To determine the remaining constants 
requires four more crystals which are rotated with respect to the crystal¬ 
lographic axes. The ones chosen are (1), a crystal with its length along the 
y crystallographic axis and its width 45° between the positive x - and^-axes, 
vibrating in a face-shear mode; (2) a crystal with its width parallel to z 
and its length 45° between the +#- and +jy-axes vibrating in a longitudinal 
mode; (3) a crystal with its width parallel to x and its length 45° from 
+y and +z vibrating in a longitudinal mode, and (4) a double orientation 
crystal, as shown by Figure 10.12D, a (y, z, /, w , 45° 45° crystal) vibrating 
in a longitudinal mode. By introducing the appropriate direction cosines 
in equations (5.67), (5.68), (5.69) and (5.72), it can be shown that the 
elastic, piezoelectric and dielectric constants for these four oblique cuts are 


7 , Jf ^ 14 +^ 16 -^ 34-^36 f T *11 + ^13 + «33 

v(x 9 y,/, +45 ) d u =--- 9 e n =---■ 


E r\ E , E 
E' *>66 — Z ^46 + S 44 
J 66 ~ ^ 


(10.81) 


O. (y, x, w, +45°), d'n = -0.35351*1 + d 22 - d l0 ], = *±±±1™, 


I 4 + 4 + 24 + 4 
J 11 ” -^- 


(10.82) 


T T 

03 ( 2 , y y w, +45°), d'zi = +0.353S[^23 + *2 — ^ 34 ]. *33 = ~ ^ 33 


/ 4 + 4 + 24+4 

J 11 ” ~A 


(10.83) 


Oi{y, z, t, w, +45°, + 45°), 

d$i — 0.1768[^2i + *3 + du + 2*2 — (*, 4 + d \§ + *4 + *b)] (10.84) 

*14+4+ (2*+43 

+ il4 + 4 + (24 + 4) + (24 + 4)1 + it4 + 4 + 4] (10.85) 
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The first crystal allows one to determine €^j, jf 6 and gives one relation 
between four of the piezoelectric constants. The second crystal does not 
give any new dielectric or elastic data, but gives a second relation between 
three of the piezoelectric constants d 2 u d 22 and di$. The third gives a 
third piezoelectric relation between d 2 3 , ^22 and ^ 34 , while the fourth 
determines the elastic constant s 2 t> and gives a fourth relation between the 
piezoelectric constants. To complete the piezoelectric constant determina¬ 
tion, one thickness mode has to be measured, and usually the longitudinal 
thickness mode along y is chosen on account of its interest for producing 
high-frequency vibrations. This determines the magnitude of ^ 22 * 
Squeeze tests are then used to determine the sign, the test consisting of 
compressing a crystal in the y direction, one side of which is connected to 
the grid of an electrometer tube. By the direction in which the plate 
current changed, the sign of the charge on the surface touching the grid is 
determined. By pressing this same crystal along the x - and z-axes, the 
signs of the constants d 2 \ and ^23 can be determined. 

The measurements on these 14 crystals cut normal to the crystallographic 
axes and the four oblique cuts, together with the squeeze tests, determine 
uniquely all of the constants of the crystal. However, one of these 
crystals, the crystal cut normal to^ and vibrated in a face-shear mode, is a 
coupled-mode type of vibration. As shown in Chapter V, equation 
(5.62), with the axes rotated to correspond to a Y-cut crystal with its 
length along x , the elastic constant controlling the resonant frequency 
of the face-shear mode is 



( 10 . 86 ) 


where c and Cif are the contour clamped elastic constants. These 
are related to sfj constants by the equation 

c c,B = i_J- -(*, / - 1 , 2,3) (10.87) 


where A is the determinant 

*11 Sis S 15 

A = sf 3 si 3 4 

4 4 4 

and A* 1 is the determinant obtained from A by suppressing the £th row 
and /th column. Since all the s§ values have been determined but s 55> 
the two relations can be solved simultaneously for sfs and all of the elastic 
constants can be determined. 
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The constants measured at 2S°C for lithium sulphate monohydrate 
(LiS 0 4 -H 20 ) are, for a left-handed crystal, p = 2.06, dielectric constants 
and temperature coefficients 

Tel i - +7.8 X KrV°C 
Tela - +1.6 X 1CT 4 
Tela = +4.7 X 10 * 

Tela = -4.0 X 10" 3 


jr 

€ aa 


5.6 
6.5 
4 = 10.3 
4 = .07 


( 10 . 88 ) 


PIEZOELECTRIC CONSTANTS AND TEMPERATURE COEFFICIENTS 


^14 

= +14.0 X Iff -8 

TJ U - 

+3.6 x 10~ 3 /°C 

^16 

- 12.5 X 1(T 8 

Tdie * 

+4.5 x 10 -4 

^21 

- +11.6 X 10~ 8 

Td<i\ — 

+3.2 X 10 -3 

d 2 2 

- 45.0 X 10r 8 

Td 22 = 

-1.5 X Iff- 4 

^23 

= -5.5 X 10 -8 

7^23 = 

-6.1 X KT 4 

^25 

= +16.5 X Iff -8 

Td 26 = 

-2.2 X KT 3 

^34 

= -26.4 X 10 -8 

Tda\ = 

-0.4 X KT 4 

^36 

= +10.0 X 10 -8 

Td 3& = 

+3.6 X 10“ 3 

ELASTIC CONSTANTS AND 

TEMPERATURE COEFFICIENTS 

f 2J _ 
J n — 

2.39 X 10~ 12 cm 2 /dyne Tsft 

= +7.2 x icrv°c 

ii 

2.13 X 10“ 12 

Ts$ 2 

= +5.2 X iff -4 

= 

2.31 X 10" 12 

TS 33 

- 0.24 X lO -4 

= 

3.69 X 1 Or 12 

T& 

- +2.5 X Iff -4 

S 55 — 

4.1 X 10~ 12 

Tsf s 

= +5.0 X KT 4 

•*66 m 

7.40 x Iff -12 

T& 

= +4.2 X KT 4 

= 

-0.95 X Iff -12 

Ts? 2 

= +1.6 X 10 -3 


-0.5 X 10 -12 

T& 

= +5.0 X KT 4 

•*23 

-0.36 X 1(T 12 

T4z 

- 0 


+0.71 X Iff" 12 

Tsf 5 

- -1.5 X 10r 4 

•*25 " 

-1.20 X 10^ 12 

T& 

- -6.0 X Iff - * 

sf 5 m 

+0.05 X 1CT 12 

T& 

- - 1.0 x ur 2 

•*46 “ 

-0.41 X Iff" 12 

Tsft 

- -8.0 X Iff -4 


(10.89) 


(10.90) 
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For tartaric acid (C^HeOe) the measured constants and temperature 
coefficients become 

P 

= 1.760 


DIELECTRIC CONSTANTS AND TEMPERATURE COEFFICIENTS 


«Ti = 4.3 

Teli = +2.6 x lO- 4 /^ 


*22 = 4.3 

4 = 4.5 

Tela = +2.6 X 10 -4 

Tela = +1-9 X 10” 4 

(10.91) 

4 = 0.55 

Te^ = +12.0 X KT 4 


PIEZOELECTRIC CONSTANTS 

AND TEMPERATURE COEFFICIENTS 

du = +24 X 10~ 8 

Td u = -6.o x vr*/°c 


d u = +15.8 x 10~ 8 

Tdia = -5.0 X 10" 4 


d n = -2.3 x 10~ 8 

Td 2 i = +9.6 X 10 -4 


d 22 - -6.5 X 10“ 8 
d 2 3 = -6.3 X 10~ 8 

Td 2 a = +2 X 10" 4 

Td 2 a = +5.3 X 10" 4 

(10.92) 

<^25 = +1.1 X 10 8 

Td 26 = +2.5 X lO" 4 


</ 34 = -32.4 X 10- 8 

Td%\ = +1.0 x KT 4 


d 36 = +35.0 X 10“ 8 

7W 3 6 = -0.65 X lO” 4 


ELASTIC CONSTANTS AND 

TEMPERATURE COEFFICIENTS 


4 = 2.16 X 10" 12 

4 = +2.76 X lO" 12 


4 = 7.7 X 10" 12 

4 = -2.9 X 10" 12 


4 = 3.85 X 10" 12 

4-1.64 X 1(T 12 


4 - 12.6 X lO" 12 

r4 - +3.9 x i<rV°c 


4 - 17.5 X lO” 12 

r4 = +10.8 X KT 4 


4 - 9.62 X 10" 12 

T4 - +6.7 X KT 4 


4 « -0.61 X 1(T 12 

74 - +5.3 X KT 4 


4 = -1.5 X 10 r12 

74 - +L5 X KT 4 

(10.93) 

4 * -1.8 X 10 -12 

74 - +4.1 X 10 -4 


4 - +2.8 X 1(T 12 

74 - +0.9 X lO" 1 
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Tsf a = -4 X icr 3 

T4 = +3.0 X 1(T 3 

74 = +3.8 X 1(T 3 

74 = -5.2 X 10r 4 (10.93) 

74 - +2.6 X 10~ 3 

T4 = +3.2 X 1(T 3 

For ammonium tartrate (N 2 C 4 H 12 O 6 ) only partial determinations have 
been made since the measured couplings were small. Only the crystals 
cut normal to the three crystallographic axes were made and these de- 

termine the values 

P = 1.601 

DIELECTRIC CONSTANTS 

AND TEMPERATURE COEFFICIENTS 

4 = 6.45 

Tefi = +3.5 X 10- 4 /°C 

4 = 6.8 

74 = +7.4 X 10" 4 (10.94) 

4 = 6.0 

T4 = +2.8 X 10- 4 

PIEZOELECTRIC CONSTANTS 

AND TEMPERATURE COEFFICIENTS 13 

dn = ±14.6 X KT 8 

Td u = -5 x 10~*/°C 

d 2 3 = +17.5 X 10“ 8 

Td 23 = +5.6 X 10 -4 

d 2 i = +2.0 X 10~ 8 

Td 2 i = -3.2 X 10“ 3 (10.95) 

d 2h = -3.0 X 10~ 8 

Td 25 = -2.3 X 10“ 3 

d aa = ± 8.8 X 10 8 

Td S6 = - 6 .IO - 4 

ELASTIC CONSTANTS AND TEMPERATURE COEFFICIENTS 

4 = 3.60 X 10" 12 

Tsfi = +7.4 X 10— 4 /°C 

4 - 3.71 X 10 “ 12 

T4 = +3.5 X 10- 4 

4 = 3.50 X 10 -12 

T4 = +4.6 X 10 -4 

4 = 18.5 X KT 12 

T4 = +9.0 X 10 -4 (10.96) 

4 = 8.50 X 1(T 12 

T4 = +6.5 X 10- 4 

4 - -1.2 X 10“ 12 

Tsf 2 = +6.8 X 10 -4 

4 - + 0.35 x icr 12 

T4 = -4.2 X lO" 3 

18 Piezoelectric constants of these three monoclinic crystals are given in reference 
9, and the piezoelectric constants and part of the elastic constants have been measured 
by Dr. Hans Jaffe, Bruch Co. report No. W-28-003 to U. S. Signal Corps. All three 
sets of piezoelectric constants agree closely and for ammonium tartrate Spitzer and 
Jaffe have shown that the largest piezoelectric constant is ^22 having a value of 
+26.0 X 10 ~ 8 . This results in an electromechanical coupling factor of 20 percent 

for a thickness Y-cut crystal. 
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10.6 Possible Ferroelectric Properties in Crystals Measured 

Of the crystals measured over a wide temperature range, the only ones 
(besides rochelle salt and KDP) that have high enough temperature 
coefficients of piezoelectric constants to indicate possible ferroelectric 
effects above absolute zero, or below the transition temperatures of the 
crystals, are sodium chlorate and bromate (investigated in section 10.1), 



Fio. 10.13. Value of l/du plotted against temperature for lithium ammonium tartrate. 

ethylene diamine tartrate (EDT) and lithium ammonium tartrate. For 
the latter two the piezoelectric constants d 2 i and d 2 s respectively increase 
markedly as the temperature is lowered. 

In searching for ferroelectric properties in crystals, the two most promi¬ 
nent characteristics are large variations with temperature of the dielectric 
constants and the piezoelectric constants dij, As shown in the next 
chapter, the clamped dielectric constant and hence also the “ free ” 
dielectric constant for a ferroelectric crystal, outside of its ferroelectric 
region, satisfies approximately a Curie-Weiss law of the type 

* “ *° + yzrf' 0 {10.97) 
w her e To is a Curie temperature, i.e. a temperature for which the dielectric 
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constant becomes very large and for which a spontaneous polarization 
occurs. 

Since the d piezoelectric constants satisfy the tensor equation 

dnkl = gmkl ~ (10.98) 

and since the g piezoelectric constants have been found to change only very 
slightly with temperature, it is obvious that the d piezoelectric constants 
will become large in the neighborhood of a Curie temperature. 

If we plot 1/^25 for lithium ammonium tartrate as a function of tempera¬ 
ture, the curves of Fig. 10.13 result. The curve for EDT has been taken 
down to the temperature of 120°K, and if we extrapolate the curve down to 
absolute zero, it does not appear that EDT would become ferroelectric. 
However, the curve for lithium ammonium tartrate is quite straight over 
the range —150° to 80° (123°K to 353°K) and if extended down would 
indicate a Curie temperature or some transition effect at about 94°K. 
No further measurements have been made for this crystal at lower tempera¬ 
tures since the systems available did not give a lower temperature. 



CHAPTER XI 


Theory of Ferroelectric Crystals 

A ferroelectric type of a crystal is one which exhibits a spontaneous 
polarization in one or more directions of the crystal over a definite tempera¬ 
ture range. The phenomena associated with a ferroelectric crystal are a 
polarization field curve that occurs in the form of a hysteresis loop, a 
strain field curve that also occurs in a loop, and a wide variation of the 
principal properties of the crystal as a function of temperature. 

Considerable progress has been made in the last few years in analyzing 
the properties of ferroelectric types of crystals and in locating the causes 
of the ferroelectric anomalies. As shown by the data of Chapters VII, 
VIII, and X, if we plot the piezoelectric stress or strain of the crystal as a 
function of the electric displacement or the polarization of the crystal, a 
single-valued function results, or in other words, the strain was a double¬ 
valued function of the field because the electric displacement and polariza¬ 
tion were double-valued functions of the field. In particular, it has been 
found that if one plots the piezoelectric stress as a function of the dipole 
polarization, a constant ratio/;y is obtained. Not much progress has been 
made in calculating the ratio / t y from the atomic arraignments of the 
crystal lattice. The only attempt is that of Born 1 and the results do not 
agree with experiment closer than a factor of about 10. 

If, however, we determine the piezoelectric constant hij (or/ t y) experi¬ 
mentally, considerable progress can be made in determining the remaining 
properties and relating them to the atomic structure. For example, the 
“ free ” dielectric constant measured at low frequencies is the sum of the 
“ clamped ” dielectric constant, i.e., the dielectric constant when no strain 
exists in the crystal, plus a dielectric constant which represents the 
energy stored in the mechanical strain of the crystal. By measuring the 
piezoelectric constants and the elastic constants of the crystal, the dielectric 
constant due to mechanical strain can be evaluated and the clamped dielec¬ 
tric constant can be determined uniquely. Another method for determining 
the clamped dielectric constant is to measure the dielectric constant at 
frequencies much higher than the fundamental resonances and their 

1 Born, Max, “ Atomtheorie des festen Zustandes,” B. G. Teubner, Leipzig and 
Berlin, 1923. 
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principal harmonics. At these frequencies no energy can be stored in 
mechanical vibrations, since such vibrations cannot be excited and, as 
shown by Fig. 7.8, the “ clamped ” dielectric constants determined by 
these two methods agree quite well. 

All the anomalies of a ferroelectric crystal reside in the clamped dielectric 
constant. This is shown by the fact that the piezoelectric constant /h, 
which measures the ratio of the piezoelectric stress to the dipole polariza¬ 
tion, does not show any change at the ferroelectric temperatures nor do the 
elastic constants measured at constant electric displacement (except for a 
minute change discussed in the appendix, which can be related to a second 
order effect). Furthermore, as shown by Fig. 7.8, the “ clamped ” dielec¬ 
tric constant as measured at high frequencies, has a maximum at the Curie 
temperature of the “ free ” dielectric constant. One can still change the 
“ clamped ” dielectric constant by putting on a steady stress such as a 
hydrostatic pressure, but this corresponds to a new grouping of the mole¬ 
cules. For the new state, the “ free ” dielectric constant Curie tempera¬ 
tures measured at low frequencies and the temperature of the maximum 
value of the “ clamped ” dielectric constant measured at very high fre¬ 
quencies should still coincide. Hence, in order to understand the properties 
of a ferroelectric type of crystal, one has to understand the clamped dielec¬ 
tric constant of the crystal. It is possible to incorporate all of the proper¬ 
ties in a single theory, as discussed in Section 11.5, but it is more instructive 
to consider first the clamped dielectric constant. 

There are three separate types of ferroelectric crystals that have so far 
been found— the rochelle salt type, the potassium dihydrogen phosphate, 
and the barium titanate type. The rochelle salt type has a range of 
temperatures for which it is ferroelectric and upper and lower Curie points 
that mark the separation temperatures between the ferroelectric regions 
and the non-ferroelectric regions. Potassium dihydrogen phosphate on 
the other hand has a single Curie temperature. The crystal is ferroelectric 
from absolute zero up to a temperature of 121°K, above which it becomes 
non-ferroelectric. Barium titanate is another ferroelectric crystal which 
is capable of becoming ferroelectric in any one of three directions. It has 
an upper Curie temperature at 120°C and has two transitions between this 
temperature and absolute zero, as shown 2 by the X-ray measurements 
of Miss Megaw, and the dielectric constant measurements. These transi¬ 
tions are due to the crystal becoming ferroelectric in two and three direc¬ 
tions, simultaneously. 

Using a crystal structure determination of rochelle salt made by Beevers 
and Hughes, a theory of the ferroelectric effect and the clamped dielectric 

*Megaw, H. D., Proc. Roy . Soc. y Vol. 189, pp. 261-283, April, 1947. 
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Fig. 11.1. Projection on (001) plane, of the structure of rochelle salt. The bonds involved 
in the 1-2-9-10 chains are drawn thick, so that the chains can be picked out. 
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constant of rochelle salt has been developed by the writer 3 which appears 
to account quantitatively for the principal properties of rochelle salt. 
This is discussed in section 11.1. For potassium dihydrogen phosphate, 
the connection with the crystal structure appears to be as given in a theory 
of Slater as modified by Bardeen. For both cases the ferroelectric dipole 
is one associated with the motion of the hydrogen nucleus along a hydrogen 
bond. For barium titanate, a three dimensional structure involving 6 
equilibrium positions for the titanium nucleus, appears to be responsible 
for the ferroelectric effect. 

The structure of rochelle salt according to Beevers and Hughes 4 ’ 6 is 
shown by Fig. 11.1. There are three possible hydrogen bonds in the 
structure, between the oxygen molecule 1 and the water molecule 10, 
between the water molecule 10 and the water molecule 9, and between the 
water molecule 9 and the oxygen 2. The distance between the successive 
molecules are 1 to 10, 2.59A; 9 to 10 is 2.86A; and 9 to 2 = 3.02A. The 
bond with the shortest distance is 1 to 10 (2.59A) and it is the motion of 
the hydrogen nucleus along this bond that causes the ferroelectric effect 
in rochelle salt. This bond lies nearly along the #-axis (x-co- 
ordinate = 2.35A, jy-coordinate = 0; z-coordinate = 1.09A) which is the 
ferroelectric axis of the crystal. The theory discussed in the next section 
is based on the action of this hydrogen bond and leads to a ferroelectric 
effect having the right value of spontaneous polarization, two Curie 
temperatures, a good quantitative agreement with the measured values of 
the clamped dielectric constant, and agrees well with recent measurements 
which show that the dipole dielectric constant is relaxed at a frequency 
of about 5 X 10 8 cycles. 

11.1 Ferroelectric Effect in Rochelle Salt 

According to the present theory, the ferroelectric effect is due to the 
motions of the hydrogen neuclei in the 1-10 hydrogen bonds. Since this 
is a bond between a water molecule and an oxygen ion, there is no reason 
to expect that the bond is symmetric and hence we assume a potential 
field of the type shown by Fig. 11.2B. Two of the 1-10 bonds are directed 

•“Theory of the Ferroelectric Effect and Clamped Dielectric Constant of 
Rochelle S$lt,” Phys. Rev ., Vol. 72, No. 9, Nov. 1, 1947, and letter to editor, Phys. 
Rev ., Vol. 72, No. 10, Nov. 15, 1947. 

4 Beevers, C. A., and W. Hughes, “ The Crystal Structure of Rochelle Salt, 
Sodium Potassium Tartrate Tetrahydrate (NaKCJLOe—lHjzO),” Proc. Royal Soc ., 
Vol. 177, pp. 251-259, 1941. 

6 Ubbelohde, A. R., and I. Woodward, “Structure and Thermal Properties of 
Crystals, VI, The Role of Hydrogen Bonds in Rochelle Salt,” Proc . Roy. Soc.> Vol. 
185, pp. 448-465, 1946. 



238 PIEZOELECTRIC CRYSTALS AND ULTRASONICS Chap. 11 


in one direction from 10 to 1 along the plus *-axis, and will be referred to 
as bonds of type 1, while the other two are directed from 1 to 10 along the 
minus #-axis and will be referred to as bonds of type 2. This results in 
having two sets of potential wells, as shown in Fig. 11.2B. The dissym¬ 
metry between the two potential minima is called 2A; the height of the 
potential barrier from the mid-position is called AU, and the separation 
between the two potential minima is called 5. Now according to ele- 




if 1 and 10 are equivalent. B. Potential well distributions if 1 and 10 are not equivalent. 

mentary kinetic theory, the probability of a nucleus in one potential well 
jumping to the other potential well per unit of time is 

a * Ye-* u/kT (11.1) 

where F is a constant. (In Eyring’s reaction rate theory T is an infrared 
frequency substantially equal to kT/h.) Let <*12 be the probability of a 
particle jumping in the plus x direction per unit of time and a 2 i the 
probability of its jumping in the negative direction. For the first bond, 
N\ is the population in the first minimum per cc, and jV 2 that in the 
second. For the first bond we have the relation: 

N\ + N* - “ ; Pdi * [-AT! + AT 2 ]/i (11.2) 

where m is the dipole moment per molecule. If the hydrogen nucleus is 
in the center between the two oxygens, the bond is neutral and no dipole 
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moment exists. If the nucleus is moved a distance h/2 from the center, 
the dipole moment is eb/2 where e is the electronic charge 4.80 X 10~ 10 esu 
and this has been taken as the dipole moment of each molecule. (Actually 
the dipole moment is probably less than this due to opposing polarization 
induced in the oxygens, but this effect is neglected.) Since the bond is at 

an angle of 25° from the #-axis, n = ~ cos 25°. 

The rate at which the dipole polarization changes with time in the first 
bond is 

^ = [M«12 - iV 2 a 21 ] M = - “Ml - X 1«U + «2i] (11.3) 

upon introducing the results of equation (11.2). Hence the rate of change 
of polarization is the number of molecules in the wells along the negative 
direction times their probability of jumping to the positive wells minus 
the reverse reaction, all multiplied by the dipole moment /x- Now suppose 
that we put on a field £. This is going to change the potential wells, as 
shown by the dotted line of Fig. 11.2. There is a change A5, in the position 
of the minima and a change in the potential barriers that the molecules 
have to surmount to reach the other potential minima. The changes in 
the positions of the potential minima do not depend on temperature and 
the polarization caused by them can be combined with that caused by 
displacements of atoms and electrons. The dipole polarization which 
results from the passage of the hydrogen nuclei over the potential barriers 
is controlled by the height of the barriers 

A U — A — \Fe b and A U + A + \Feb (11.4) 

where F is the internal field, e the electronic charge, and b the separation 
of the two wells. When we establish a field E and change the polarization, 
there will be an internal field of the Lorentz type given by the equation 

F - E + 0P 

where 0 is 4ir/3 for an isotropic medium, but may differ from 4r/3 for a 
crystal. It has long been recognized that this equation is only a very 
rough approximation since the contributions to a field from various portions 
in the unit cell are not going to be the same. Slater 6 in his discussion of 
potassium dihydrogen phosphate allows F to be proportional to E with a 
factor of proportionality that varies with position in the unit cell. Busch 7 

6 Slater, J. C., “Theory of the Transition in KH*P0 4 ,” /. Chem. Phys ., Vol. 9, 
1633 (1941). 

7 Busch, George, “Neue Seignette Elektrika,” Helv. Phys . Acta> Vol. II, No. 3 
(1938). 
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on the other hand regards the total polarization as the most constant 
quantity, and says that the local field may be different when it is acting 
on the electronic and atomic polarization P#, than it is when acting on 
dipole polarization Pd . Busch’s two equations are then 

Fe = E + p e P\ Fd = E + PdP 

A more plausible case can be made out for considering that the local 
field is the sum of a contribution due to the electronic and atomic polariza¬ 
tion and a contribution due to the dipole polarization, as in the equation 
used in discussing solutions. 8 Hence 

F = E + PePs + PdPd 

The electronic and atomic polarization can be considered as randomly 
distributed so that p e should equal 4 tt/ 3. However, the dipole polariza¬ 
tion is not randomly distributed and its effect on the local field may be 
less than 4ir/3 due to shielding by neighboring oxygens. 

Letting P e — 4w/3 and Pd = P a constant that may vary from crystal 
to crystal and in all cases will be less than 4ir/3, and setting Pe propor¬ 
tional to the local field 

F = E + ^P e +/3P d ~E +^yF + (iP d orF = — (11.5) 


where y is the polarizability per unit volume due to all polarization except 
that of the hydrogen dipoles. The value of y can be determined by measur¬ 
ing the dielectric constant at absolute zero for then the dipole polarization 
is equal to zero. Then 


Pb 


yF 


yE 



The dielectric constant € 0 for this case is the ratio of electric displacement 
to field or 


Hence 


D 4 tPe + F 
<0 “ E ~ E 




( 11 . 6 ) 


g VanVleck, J. H., ‘The Theory of Electric and Magnetic Susceptibilities,” Oxford 
Univ. Press, 1932, page 57. 
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The total polarization is 

P - Pb + Pd = — + f - Pd] + P d = 

, 4tt 4ir 

l-jy 


i + 


70 


1 4T 
1 ~T T j 


This shows that any measured dipole polarization, such for example that 
determined by a hysteresis loop, is the internal dipole polarization en¬ 
hanced by the electronic polarization caused by the dipole polarization. 
The measured dipole polarization is equal to 




(11.7) 


The dielectric constant then is given by 


D 47 rPd 

E = *° + ~E~ 


" i+ K ! l ^ 1 )] (iu > 


To determine the internal dipole polarization, one can substitute the 
value of F in the expression for the potential barriers (11.4) and have 


«12 

«21 


r,-0-A- 

IY-[ae/+a+ 




2(1 

eh cos 25° 
2(1-(4 t/3) 7 ] 




(11.9) 


Introducing these values in equations (11.3) and employing the 
abbreviation 


cos 2 25° n 2 j3N 

(11.10) 

4 * r [*“y 7 ] 

the equations for the dipole polarization of the first set of bonds becomes: 

1 dPdy AV/kT = : l 

V dt 2 Smh 




-ft,co S h[ i7 .+ ^( ) 

] 

In a similar manner the equation for the second set is: 


'dP^^v/kT = ^ sjnh 

r dt 2 

Vrr^-m 




(11.11) 
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These two equations determine all the ferroelectric and dielectric properties 
of the crystal. 

For static conditions, we can set dP\/dt — dP 2 /dt = 0 and solve directly 
for Pdi and P d2 • Adding these 


* - p * +- f H 


+ t»nh + ^(^p)]J 


( 11 - 12 ) 


Combining these by the formulae for the addition of hyperbolic functions, 
this can be reduced to 


P d - Nix 






(11.13) 


Setting the field E equal to zero, this equation becomes 


Pd 

Nn 


. AP d AP d 

sinh —— cosh 


Nn 


Nn 




(11.14) 


The easiest case to discuss, and one which applies for KDP described in 
the next section, is the one where A the dissymmetry is equal to zero. For 
this case equation (11.14) reduces to the simple form 


Pd , APd 
— = tanh —- 
Nijl Nix 


(11.15) 


If the factor A is greater than 1, this equation will have real positive and 
negative solutions other than zero, representing spontaneous polarization 
along the +x or — x directions. For values of A slightly greater than 
unity, we can replace tanh (APd/Nn) by the first two terms of the expres¬ 
sions, or 

__ , A{P d /Ntf 

Pd/Nn = A {P d / Nfi) - - - 


Solving for Pa/Nfi, we have 

Pd/Np = yj- 


(11.16) 


3 {A - 1) 

A 
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A plot of this equation is given by Fig. 11.3, solid line. The effect of the 
dissymmetry is principally to change the value of A for which the ferro¬ 
electric effect can occur. Very close to the ferroelectric temperature, 



Fio. 11.3. Ratio of spontaneous polarization P, to maximum dipole polarization Njx as a 

function of A and A\ 


. . , „ , , AP d . . L , AP d /AP d \ 2 . 

Pd/Nti is going to be small and cosh — -> 1, sinh —> \ NyL.) and 

equation (11.14) reduces to 

% - 0 - - •“<£)]) <iu7) 
Hence for this case the product 

A \ <?h 2 m cos 2 25 c 


i' = A (\ - tanh 2 


H'-b) 




(11.18) 


has to he equal to or greater than unity before a ferroelectric effect can 

A A i 

occur. The dotted lines of Fig. 11.3 show the values of — = — = f; 


kT 



and Pd/Nn is plotted against A\ These result in an increase 


in polarization for the same value of A 1 . 

In order to calculate A we have to know how the separation 8 depends on 
the separation of the oxygens 1 to 10. The greatest value of separation 
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would result if we assume that the hydrogen nucleus maintains its distance 
of 0.99 A (observed for water) for all values of oxygen separations. This 
would result in the straight-line relationship shown by the top full line of 
Fig. 11.4. Another calculation of 5 has been made by Huggins 9 by adding 
two Morse potential curves as the separation of the oxygens are varied. 
The results of this calculation adjusted to give the same separation as for 
water, are shown by the bottom solid line. This calculation also yields a 
value for the height of the potential well At/. Some confirmation of this 



-1 

o 

2 


*n 

u 


3 

< 


2 


Fig. 11.4. Potential well separation 5 and height of energy barrier AU as a function of the 

oxygen separation. 


curve has recently been obtained by Landsberg and Baryshaskaya , 10 who 
observed the Raman spectrum of KDP and ADP. For KDP having a 
separation of 2.54A between oxygens they observed a value of d - 0.38A 
in close agreement with the value of 0.4A shown by Fig. 11.4. Hence this 
curve will be taken as representing the relation between oxygen separations, 
the value of 6 and the height of the energy barrier A17. For rochelle salt, 
the separation of oxygens is about 2.59A which results in a value of 6 * 
0.5lA. The size of the unit cell is 14.3A X 11.93A X 6.17A, and there are 
four 1-10 bonds per unit cell. Hence N * 3.81 X 10 21 dipoles per cubic 
centimeter. The polarizability 7 is related to the dielectric constant for 

9 Huggins, M. L., /. Phys . Ckem. y Vol. 40, p. 723, 1946. 

10 Landsberg, G. S., and F. S. Baryshaskaya, Doklandy Akad. Nauk. y SSSR, Vol. 61, 
1027-30 (1948) and Chem. Abst. y Vol. 43, p. 495, Jan. 25,1949. This reference shows 
also that for ADP at 150°K the NH band appears to split into a series of narrow 
maxima whereas the OH band preserves its aspect as in KHjPO^ This confirms 
that the transition in ADP is due to the ammonia hydrogen bond system. 
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atoms and electrons, to, by the relation 


4 W €o 1 
3 7 " <o + 2 


(11.19) 


The dielectric constant at low temperatures, as shown by Fig. 7.7, flattens 
off at — 160°C and remains constant at lower temperatures. According 
to the present theory, this is the temperature that the hydrogen nuclei 
freeze out into the low-potential well for each bond and hence we take 
«o as 7.0. Substituting in equations (11.19) 

0.159 - 7 (11.20) 


The value of A or the value of A /kT at some fixed temperature (say the 
upper Curie temperature) principally determines how fast the dielectric 
constant disappears at low temperatures and to make this vanish suffi¬ 



ciently fast, (A /kT) is taken at f at the upper Curie temperature. Figure 
11.5 shows a plot of [1 - tanh 2 A/kT]/T as a function of absolute tem¬ 
perature for various values of ( A/kT) at 24°C, the upper Curie point. 
Over the ferroelectric region the factor rises by 4.5 per cent and since A' 
has to be 1 at -18°C the other Curie temperature, this has to be offset by 
the decrease in J 2 . If the hydrogen bonds expand in proportion to the 
rest of the structure (which amounts to 65 parts in 10® per °C), the oxygen 
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separation decreases from 2.59A to 2.583A and the value of 8 2 decreases by 
7.0 per cent. Since N increases about § of a per cent — due to the decrease 


in size of the unit cell — and 1 /^1 — ~ about 2 per cent due to increase 


in the number of molecules at the lower temperatures, this is sufficient to 
bring A f back to unity at -18°C. Above and below the Curie points, 
the factor A f is less than unity and the crystal is not ferroelectric. 

The measurements of Bancroft 11 on the effect of pressure on the Curie 
temperatures, also agree well with this amount of variation of 8 with change 
in the oxygen positions. Bancroft’s measurements — as can be seen from 
Fig. 7.4 — show that the upper Curie temperature + 24°C can be made 
the lower Curie temperature if 11,000 kilograms per square centimeter 
hydrostatic pressure is applied to the crystal. Taking the volume com¬ 
pressibility as 3.6 X 10” 12 square centimeters per dyne and the compres¬ 
sibility along the #-axis as 2.0 X 10“ 12 square centimeters per dyne, this 
amount of pressure will change the volume by about 3.9 per cent and the 
#-axis by 2.1 per cent. Taking the separation of the 0’s proportional to 
the total change in the ^-dimension of the unit cell, the oxygen separation 
will decrease from 2.59 to 2.536A and 8 2 will decrease by a factor of .62. 


Under this condition N increases 4 per cent and 1/ by 12 


per cent. The dissymmetry may decrease some under high pressure so 
that the factor £l — tanh 2 (£)] also increases. Hence all factors are 


not far from balancing and the indicated change of 5 with oxygen separation 
is not far from the curve shown.' 

All the factors are known reasonably well for A' except 0. If we insert 
the values 


e 2 S z 0N cos 2 25°/ 
4 kT V 

3 


tanh 2 

kT) 


( 11 . 21 ) 


with * - 4.80 X 10“ 10 esu, « = 0.51 X 1(T 8 cm; N - 3.81 X 10 21 ; 

„2 ■ 


cos* 25° = 0.821; (l - tanh 2 ^ = 0.66, * = 1.38 X 1(T 18 ergs/degree; 


T = 297°K, and solving for 0 we find 

0 * 4.4 

which is close to the theoretical value 4ir/3 = 4.19. 


( 11 . 22 ) 


11 Bancroft, D., “ The Effect of Hydrostatic Pressure on the Susceptibility of 
Rochelle Salt,” Pkys. Rev., Vol. 53, pp. 587-590, 1938. 
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11.11 Coercive Force and Dielectric Constant at High Field Strength 


Equation (11.13) and the constants evaluated from the above considera¬ 
tions give methods for determining the properties of the crystal at large 
field strengths. This equation holds primarily for a single domain. Since 
in the ferroelectric region the difference between the symmetrical bond 
and the two dissymmetrical bonds is small, and the latter is considerably 
harder to discuss, the results of this and the next section are based on the 
symmetrical bond with the understanding that A refers to A' of equation 

(Up¬ 
starting with the equation 


Pd 

Nn 


tanh A 



and noting that 

„ 3.81 X 10 21 X (4.8 X 1CT 10 ) X 0.51 X 1(T 8 

-2- 


= 4650 esu 


(11.23) 

(11.24) 


so that A'/fiNfi has a value of about 4.9 X 10 5 , we can 
equation into the form 


. J E P d 


)■ 


, AE . AP d 
tanh ——- + tanh —— 
0Njx _ Njt 

AE AP d 

1 + tanh - 777 - tanh 




Nfi 


expand the 


(11.25) 


= 4.9 


X 10~ 6 £ + tanh 


APd 

Nn 


The spontaneous polarization for rochelle salt and heavy water rochelle 
salt are shown by Fig. 11.6. The maximum polarization rises to 740 esu 
per square centimeter at 0°C. This however is the measured value P d 
which from equation (11.7) is larger than the internal dipole polarization 
P d by the factor 



Hence AP d /Ny. is of the order 0.05. We can then replace the hyperbolic 
tangent by the first two terms of the series and (11.25) can be written 

= ~ 4 - 9 x 10-5 £ + w (11 - 26 > 

Nn 3 \Nn/ N/x 

The theoretical value of the coercive field required to reverse a single 
domain can be calculated from this equation. If we plot the curve on a 
graph, the shape is shown in an exaggerated form by Fig. 11.7. To deter. 
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TEMPERATURE IN DEGREES CENTIGRADE 

Fig. 11.6. Spontaneous polarization of rochelle salt and heavy water rochelle salt plotted as 

a function of temperature. 



Fig. 11.7. Value of Equation (11.25) plotted as a function of Pi/Nn, 
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mine the coercive field to change the polarization to the opposite sign, we 
have to raise E (negative) until —4.9 X lCP 5 ^ equals the greatest devia¬ 
tion of the power series from the straight line going through zero and the 
value Pd/Nfx. By calculation this occurs when P d /Nn = 0.035 and E = 
0.33 electrostatic units of potential or about 100 volts per centimeter. 
This is in the order of the experimental value shown by Fig. 7.5. 


11.12 Clamped Dielectric Constant at Low Field Strength 

A solution of equation (11.11) for small applied voltages also accounts 
quantitatively for the measured values of the clamped dielectric constant 
at low field strength over a frequency and temperature range. For simple 
harmonic motion, we let 

E _ EoP"*; P d - P 8 + Poe*"* (11.27) 


where P 9 is the spontaneous dipole polarization. Also, since the time 
variable field and polarization are small compared to the spontaneous 
effect, we can write 


sinh A 


(E^_ 

\PNh 


(P, + iV w ‘)' 


Nfx 


)-**'<rs£ s y 


AP 

X cosh -rr- 5 + cosh A 
Ny. 


( Ep + &P o \ 

V m ) 


P ut sinh 


AP. 

Ny 


and since the time variable parts are very small 


AAA irmr)’“‘ 



1 


With these approximations, the two equations of (11.11) give the solutions 
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Adding these, we have the equations for spontaneous polarization and the 
equations 

'• - ».,+*, -fh h (£ + fr‘) + '"’ h (i? + fr)] <”•»> 

r ”bb|r) + ,anhS (iF + |r) 




1 - 
j»Poe* u/kT 


r, i A , AP$ 

r cosh-cosh — 


(1U0) 


Discussing first the case for which the dissymmetry is zero, or A = 0, we 
have 

Pg i ^P a 

— = tanh -r— 

Afyi Afyi 


Po - 


/» 


^-(Di 


(11.31) 
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Inserting the time variable polarization of (11.31) in equation (11.8), we 
have 

4tA\ 


e = «o + 




1 - A 
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Nv • 
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(11.32) 


T cosh 


Outside of the Curie region the dielectric constant is given exactly by 


« = <0 + ■ 


1 -A + 


JUi 


-SU7W 


(11.33) 


Inside the Curie region since when A is near unity, (P,/Nn ) 2 = — > 
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the expression becomes 


« = <o + 


¥M^)] 


2(A - 1) + 


jue* u/kT 

T cosh ^ 
NfA 


(11.34) 


For the dissymmetrical case outside the Curie region, the dielectric constant 
is given exactly by 


4rA‘ 


c 0 + 


. 


1 - A' + 


where A 9 - A — tanh 2 -—;^ (11.35) 


, A 
r cosh — 
kT 


By expanding the terms in (11.29) and (11.30) in a power series it can be 
shown that equation (11.34) holds approximately in the Curie region with 
A replaced by A f . 

The equations account in a general way for the observed value of the 
clamped dielectric constant. The exact values depend on the assumptions 
made for the dipole moment, the inhomogeneity, A, etc. The present 
theory does not account for the finite value of the clamped dielectric 
constant at the Curie points nor the hysteresis resistance at small ampli¬ 
tudes both inside and outside of the Curie temperatures, which is evidenced 
by the nearly constant values of Q versus frequency, shown by the curves 
of Fig. 7.8. These may be accounted for by the domain structure which 
broadens out the Curie temperature since different domains have different 
Curie temperatures due to the strains in them. 

The equations for the dielectric constant account for some recent 
measurements of W. A. Yager on the dielectric constant of rochelle salt at a 
frequency of 2.5 X 10 10 cycles. Yager finds that from — 40°C to +26°C 
the dielectric constant and the Q of rochelle salt are practically independent 
of temperature and have the values 

« « 8.0; Q - .25 (11.36) 

These measurements were made by a wave-guide technique. They 
indicate that the frequency is so high that the hydrogen bond dipoles 
cannot follow the field, and contribute little to the dielectric constant. 

The impedance to be expected theoretically can be calculated from 
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equation (11.32). This results in 
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This equation is the impedance of two parallel arms, one arm Zd represent¬ 
ing the impedance of the dipole term, and the other the impedance Zq 
is the impedance of a condenser with a dielectric constant € 0 due to other 
types of polarization. The impedance of the dipole arm is per cubic 
centimeter 


Z d - 9 X 10 11 


-[■-©I'-pi 1 )] 
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1 e AU/kT 


cosh cosh 
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(11.38) 


The impedance of the other arm with the dielectric constant c 0 is 

.9 X 10 11 X 4r 


J 

wCo 




0* o 


(11.39) 


In evaluating this equation we now assume the value T given by Eyring’s 
reaction rate theory, namely T ~ kT/h. The value to take for AU is 
somewhat uncertain. If we take the value given by Huggins calculation 
for a value of 8 «= 0.51 A and use classical statistics, the value of AU 
should be 1800 calories per mole. If, however, we use quantum sta¬ 
tistics, we have to subtract from this the zero point energy. It is found 
from the high-frequency measurements of potassium dihydrogen phosphate 
discussed in the nekt section, that the potential barrier cannot be above 
100 calories per mole. Since KDP has a value of 8 equal to 0.40A units 
and according to Fig. 11.4 should have a potential barrier of 700 calories 
per mole, we take the zero point energy as 600 calories per mole and 
At/ « 1200 calories per mole for rochelle salt. In making the calculations 
. we assume 0 ** 4.4; (P a /Np) « 0.051; A f « 1.00093; A * 6.62 X ltT -27 ; 
k » 1.38 X 10~ 16 ; T « 273; AU * 1200 calories per mole, c 0 - 7.0 
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and we find at 2.5 X 10 10 cycles that 

Z d = 1.64 - ;.014; Z 0 « ->10.3 (11.40) 

Hence the resistance component of the dipole arm is larger than the re¬ 
actance component. The indicated relaxation frequency is about 5 X 10 8 
cycles at 0°C. The measured results of Yager, given by equation (11.36), 
indicate that the impedance per cubic centimeter at 2.5 X 10 10 cycles, 
should be a reactance —>9.0 ohms in parallel with a resistance \ of this 
value or 2.25 ohms. This agrees within less than a factor of two with the 
calculated value. 

11.13 Application of Theory to Heavy Water Rochelle Salt 

When the hydrogens in the water molecules and the hydroxyl molecules 
are replaced by deuterium, a very considerable change occurs in the 
properties of the rochelle salt crystal. As shown 12 by Fig. 11.6, the lower 
Curie temperature is lowered to — 22°C, the upper one raised to 35°C and 
a considerably larger spontaneous polarization occurs. Since the crystal 
unit cell dimensions have not changed appreciably, the potential well- 
distance distribution should be the same and the difference has to be ac¬ 
counted for by the lower zero point energy for the deuterium than exists 
for the hydrogens. The effect of this lower zero point energy is to make 
the molecules less mobile. This effect is approximated by letting k have a 
smaller value k d = k(\ — e) for the deuterium bond. If this is substituted 
in the factor 



the effect on the value of A' is given by the equation 



The effect of the deuterium substitution on the Curie temperature then 
depends on the ratio of the potential energy difference A to kT at the Curie 
points. If A /kT is 0.775, the Curie temperature will not move. If 
A /kT is less than this, the Curie temperature will increase, while if it is 
greater than this, the Curie temperature will decrease. To agree with 
experiment, A /kT has to be 0.69 at the upper Curie temperature of 

w Hablfitzel, J., Helv. Phys . Acta, Vol. 12, pp. 489-570, 1934. 
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24°C = 297°K, and hence will be 0.807 at the lower Curie temperature 
of — 18°C = 255°K. Hence with these values the upper Curie tempera¬ 
ture increases and the lower Curie temperature decreases. These values 
of A/kT agree very closely with the value of J- at the upper Curie point, 
assumed to make the dielectric constant disappear with sufficient rapidity 
at the low temperatures. 

When the dissymmetry A disappears as it does for potassium dihydrogen 
phosphate (KDP), discussed in the next section, the effect of the lower 
zero point energy is to raise the Curie temperature by the factor (1 + e). 
As can be seen from Fig. 8.6, this is quite a large factor for potassium 
deuterium phosphate. To determine the factor e would require a quantum 
theory treatment of the hydrogen bond but so far this has not been 
possible. 


11.2 Ferroelectric Effect in Potassium Dihydrogen Phosphate (KDP) 

The distinguishing difference between the ferroelectric effect in rochelle 
salt and potassium dihydrogen phosphate is that the former has an upper 
and lower Curie point, whereas the latter has a single ferroelectric region 
extending from 0°K to 121°K and a non-ferroelectric region above this. 
On applying the theory developed in the last section, it appears that the 
reason for this difference is that the hydrogen bond in rochelle salt is a 
combination of two dissymmetrical bonds, while the hydrogen bond of 
potassium dihydrogen phosphate is a symmetrical bond and the positions 
of the hydrogen nuclei do not freeze out at low temperatures. 

To show that the dipole moment is practically independent of tempera¬ 
ture in potassium dihydrogen phosphate, we need the equations of the 
last section dealing with the dielectric constant. These are, for a sym¬ 
metrical bond 
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Substituting for 7 in A gives 
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Introducing this value of A in the first equation, the dielectric constant for 
temperatures above the Curie point (where P 8 *= 0), and at low 
frequencies (where the imaginary term can be neglected), can be written 
in the form 




where 


€ = 


[, + gw^l][ 1+ ^ 


To 


0Nfi‘ 


T T 


+ «0 


(11.42) 


Hence if the dipole moment /z is relatively independent of temperature, the 
clamped dielectric constant satisfies the Curie-Weiss law 


where 


* — rr, ^ 4" €0 

l—l 0 


r.-rKV’] 

(11.43) 


Therefore 


4ttT 0 


P « 


1 -|r(«o - 1) 


The clamped dielectric constant of potassium dihydrogen phosphate 
(KDP), given in equation (8.11), Chapter VIII, satisfies the equation 


4 = 4.5 


3100 

T - 121°K 


(11.44) 


quite well except at temperatures very close to the Curie temperature. 
Hence 

C = 3100; € 0 = 4.5; T 0 = 121°K (11.45) 

The size of the unit cell from X-ray measurements 13 is 7.43A X 7.43A 
X 6.97A and there are four molecules per unit cell. Since there are two 
hydrogen bonds per molecule which act as the dipoles, the number 
N - 2.08 X 10 22 dipoles per cubic centimeter. All the other quantities 


“ West, J., Zeits. F. Krist Vol. 74, p. 306,1930. 
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are known except /x and 0 , the Lorentz factor. Solving for these from 
the data of equation (11.45), we have 

M - 0.81 X 10 18 ; p - .567 (11.46) 


where m and (3 must be independent of the temperature to satisfy the 
Curie-Weiss law. 

The conclusion that the dipole moment is independent of temperature 
is borne out in the ferroelectric region also by a study of the spontaneous 
polarization. If all the dipoles were lined up, the polarization should be 

Nn - 2.08 X 10 22 X 0.81 X 10~ 18 X 1.159 - 

19,500 esu of charge/cm 2 . (11.47) 


The spontaneous polarization as a function of temperature is shown by 
Fig. 8 . 6 . According to equation (11.15), the ratio of spontaneous polari¬ 
zation Pd to the total dipole polarization N/x is given by the equation 


where 



(11.48) 


if n is independent of temperature. The theoretical value of Pa is shown 
plotted by the dashed line in Fig. 11.8 and compared with the experimental 
values shown by the solid line. Near the Curie temperature the agree¬ 
ment is good, but at lower temperatures the measured spontaneous polariza¬ 
tion is less than the theoretical. The spontaneous polarization was 
measured by measuring the top of the hysteresis loop, and since A —► oo 
as T—»0, the theory of section 11.11 would indicate that the coercive 
voltage becomes very large at low temperatures. Hence as the tempera¬ 
ture decreases, the highest voltages that can be used are not sufficient to 
reverse all the domains. This is confirmed by the fact that below 58°K, 
the polarization, field loops lose hysteresis components and the dielectric 
constant becomes much smaller. This has been ascribed to an increase 
in the coercive field as the temperature decreases. The field of 3000 
volts/cm was insufficient to reverse the domains. At higher temperatures, 
some domains probably could not be reversed and hence the measured 
spontaneous polarization was smaller than the theoretical value. This 
question has also been investigated by Barkla , 14 who used a static method 
in which a measured charge is supplied from a compensating condenser 

14 Barkla, H, M., Nature , Vol. 158, p. 340, Sept. 7, 1946. 
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of much larger capacitance in order to maintain a fixed potential difference 
across a crystal of potassium dihydrogen phosphate while its temperature 
is altered; it is possible by this means to show that in a constant field the 



Fig. 11.8. Theoretical and experimental values of the spontaneous polarization of KDP. 

electric moment of the salt is unchanged on passing through this “ lower ” 
transition point. Hence we conclude that all the evidence points to a 
dipole polarization independent (nearly) of the temperature with a value 
of about 0.81 Debye units. 

11.21 Slater's Theory 

The crystal structure of KDP has been worked out by West 13 and is 
shown in Fig. 11.9, The phosphate groups, P0 4 , consist of a phosphorous 
tetrahedrally surrounded by four other phosphate groups. The positions 
of the hydrogen ions are not determined by X-ray analysis, but West 
has assumed that they lie between adjacent oxygens in neighboring P0 4 
groups, a distance of 2.54A at room temperature. A theory of the ferro¬ 
electric effefct in KDP has been developed by Slater, 6 which is based on 
the change in direction of the dipole of each H2PO4 group due to the 
displacement of the hydrogen nucleus along the hydrogen bond. On this 
theory, when both nuclei are near the top oxygens, as shown in Fig. 11.9B, 
the dipole points in the 2-direction. Other combinations can cause the 
dipole to point in directions perpendicular to z. Since the motions of the 
hydrogen nuclei are perpendicular to the z-axis, and hence will not them- 
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selves produce a moment along z, it has been pointed out by J. Bardeen 
that this theory will work only if the two hydrogen nuclei induce in the 
PO 4 groups a dipole pointing along z about equal to that due to the dis¬ 
placements of the hydrogen nuclei in the hydrogen bonds. The induced 
dipole will be directed along —z for the two nuclei, as shown by Fig. 11.9B. 

Estimates of the polarizability of the PO 4 groups indicate that the 
induced dipole can be as large or larger than the hydrogen bond dipole 
determined by the separation 8 between potential minima. If we assume 



0 = b = 7.43A 
c = 6.97 A 

a B 

Fio. 11.9. Crystal structure of potassium dihydrogen phosphate (KDP). 

that the induced dipole is equal to the hydrogen bond dipole, then in 
order to obtain a dipole of 0.81 X 10"~ 18 , 8 will be 

1 £9 v in~ 18 

- = 0.81 X l(r 18 or 8 = 4 - - 1Q _ 10 = 0.34 X 10~ 8 cm. (11.49) 

This is a little smaller than the value of 0.4 shown by Fig. 11.4 for a separa¬ 
tion of 2.54A, which is the value measured by West. On this theory the 
change in dipole moment of KDP due to temperature changes, is quite 
small. To show this, the data of Fig. 8.14 show that the temperature ex¬ 
pansion in the x or y direction is a linear function of the temperature 
equal to 26.7 X lO"” 6 per °C. Hence down to the Curie temperature 

— 152°C, the unit cell will have contracted by .035A. Since there are two 
hydrogen bonds in the x or y directions, the expansion across one of them 
cannot be more than .0175A, and hence the separation 2.54A at 25°C will 
not be reduced to less than 2.522, which corresponds to a very small change 
in the dipole. 

At 25°C Yager finds that the dielectric constant along the z-axis is about 
20 in agreement with the low-frequency measurements, and the Q is about 
30 at 2.5 X 10 10 cycles, or 


€ - 20.0; Q m 30 


(11.50) 
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From equation (11.32), the impedance of the dipole arm, introducing the 
value of p and A from equation (11.48) and (11.45), should be 

z - - 9 x 10 ” - i <■ - - 41) ] <"- 5 » 

In order to agree with the measured results of (11.50), A U cannot be over 
100 calories per mole. With this value, equation (11.51) gives the numeri¬ 
cal values of 2.5 X 10 10 cycles 

Z d = .2 -j4.2; Z 0 = —./15.9 (11.52) 

If we calculate the equivalent parallel circuit for the combination, we have a 
dielectric constant and Q equal to 

c - 20; Q - 27 (11.53) 

which agree well with the experimental values. This value of AC/ agrees 
with the A U values of Fig. 11.4 for a 5 of 0.4A if we subtract a zero point 
energy of 600 calories per mole. 

11.3 Ferroelectric Effect in Barium Titanate 

The theoretical model for the ferroelectric effect in rochelle salt and 
potassium dihydrogen phosphate has recently been extended 15 to the 
ferroelectric barium titanate crystal. It is the purpose of this section to 
describe a three-dimensional structure involving six equilibrium positions 
which accounts for the principal features of the barium titanate single 
domain crystal. The presentation given here is somewhat more general 
than the original theory since it accounts for the low temperature transi¬ 
tions that occur at + 10 °C and — 80°C. It also incorporates recent 
measurements of the dielectric constants, which alter some of the con¬ 
stants presented in the original theory. 

11.31 Experimental Data 

Barium titanate above the transition temperature of 120°C has the 
cubic cell shown by Fig. 11.10. The top view A is a cross-section through 
one of the cell faces and the view B is a cross-section through the middle 
of the unit cell. The bariums which have a radius of about 1.33A occupy 
the corners of the unit cell, while the oxygen, having a radius of about 
1.351, occupies the face-centered position. In the 11.10B drawing, the 
titanium, which has a small radius, is usually pictured as being in the 

18 Mason, W. P., and B. T. Matthias, “ Theoretical Model for Explaining Ferro¬ 
electric Effect in Barium Titanate/* Phys. Rev., Vol. 74, No. 11 , pp. 1622-1637, Dec. 
1, 1948. 
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center of the unit cell, but it probably makes a covalent bond with one of 
the oxygens at all times. When this happens the titanium may be displaced 



Fio. 11.10. Unit cell for barium titanate. 


from the center,of the unit cell, toward one of the oxygens , 16 Above 
120°C, the thermal energy is sufficient to cause any one of the six positions 
to be equally probable and the cell appears to be cubic from X-ray meas¬ 
urements. Relow 120°C, thermal energy is no longer sufficient to cause 

16 Danielson, G. C., Phys. Rev., Vol. 74,986 (1948), originally gave a value of 0.16A 
but more recent measurements indicate the displacement is less than .09A. “ Recent 
studies by Devonshire {Phil. Mag., Oct., 1949) show that the titanium is tightly 
bound while the oxygens may have stable positions in the directions of the titanium. 
This position shift could also form a dipole and to agree with the present theory, 
the separation of oxygen positions should be about 0.16A.” 
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any position to be equally probable, and most of the titaniums in a given 
region or domain line up along one of the six directions, a dipole moment 
develops in that direction and the crystal becomes ferroelectric. The 
axis along which the titanium has been displaced becomes larger than the 
other two, as shown by the X-ray measurements of Miss Megaw 2 (as 



Fio. 11.11. Cell dimensions as a function of temperature. 

shown by Fig. 11.11) and the crystal changes from cubic to tetragonal 
form. 

The dielectric measurements of multi-crystalline ceramics, multi-domain 
crystals and single-domain crystals, all show the presence of a ferroelectric 
material below 120°C. Dielectric displacement — electric field curves 
occur in the form of hysteresis loops. The dielectric constant at low 
field strengths for multi-crystal ceramics, 17 as shown by Fig. 11.12 rises 
to a high value at the temperature of 120°C. Above 120 degrees, the 
dielectric constant follows a Curie-Weiss law approximately and the dielec¬ 
tric constant decreases inversely as the difference between the temper- 

17 Von Hippie, A., R. G. Breckinridge, F. G. Chesley, and L. Tisza, Ind* 
Eng . Chm. % Vol. 38, pp. 1097-1109, Nov., 1946. 
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ature and the Curie temperature, or 

e=6 0 +C/(T-To) (11.54) 

where €q is the constant dielectric constant for temperatures much higher 
than the Curie temperature, C is a constant, T the temperature, and T 0 
the Curie temperature. Below the Curie temperature, the dielectric 
constant decreases from its high value to a value of about 90 near absolute 
zero. 18 The steady decrease is interrupted at two temperatures 10°C and 
— 80°C. According to the theory presented here, the transition at 120°C 
is due to the crystal becoming ferroelectric along one axis, and occurs 
with a change of crystal structure from cubic to tetragonal. The transi¬ 
tion at 10°C is due to the crystal becoming ferroelectric in two directions 
simultaneously, i.e. the titanium of Fig. 11.10B spends an equal percentage 
of time in covalent bonds with the oxygen along the +z direction and the 
+# direction. This occurs with a change of crystal structure from tetrago¬ 
nal to orthorhombic. Finally at — 80°C, the crystal becomes ferroelectric 
along all three axes and the crystal structure becomes trigonal according 
to Forsbergh. 19 

The dielectric constant for multi-domain crystals is not too different 
from those for the multi-crystalline ceramics. Figure 11.13 shows the 
measurements of Matthias and Von Hippel 20 for the a- and r-axes. The 
dielectric constant along the 0 -axis is higher than that along the r-axis. 
The lowering of the Curie temperature is probably due to the impurities 
introduced and the failure to revert to a cubic structure above 120°C, as 
shown by the different dielectric constants along the two axes, is probably 
due to a distortion of the symmetry of the potential well distribution 
between the six oxygens due to the impurity strained structure. By 
introducing larger amounts of mineralizers, Matthias has recently grown 
single domain crystals of a relatively large size and these show a very 
marked difference between the dielectric constants along the two axes as 
shown by the measurements of Fig. 11.14. Here again the crystal fails 

18 Paper H-10, R. F. Blunt, W. F. Love and E. N. Skomal, Amer . Physical Society 
Meeting , Jan. 27, 1949. 

19 This interpretation of the transitions at 10°C and — 80°C agrees with the recent 
measurements of P. W. Forsbergh, Jr., paper H-l 1, Amer. Phys. Soc. Meeting, Jan. 27, 
1949. According to Forsbergh, the transition at 10°C is accompanied by a displacement 
of the titanium in the 101 direction. This agrees with the conception given here that 
the titanium nucleus spends most of its time in the +x and +2 direction. The 
transition at — 80°C corresponds to a displacement along the 111 direction which 
also can be described as a ferroelectric effect along three directions with the titanium 
spending most of its time along three perpendicular axes. 

^Matthias, B., and A. Von Hippel, Phys. Rev., Vol. 73, No. 11, pp. 1378-1384, 
June 1, 1948. 
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TEMPERATURE IN DEGREES CENTIGRADE 


Fig. 11.12. Dielectric constant of barium titanate ceramic as a function of temperature. 



Fig. 11.13, Dielectric constants for the two crystallographic axes for multi-domain crystals 

of barium titanate. 


TAN 6 
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to revert to a cubic structure above 120°C due to a permanent distortion 
of the lattice structure. More perfect crystals have recently been grown 
by Dr. W. J. Merz of the E.T.H. of Zurich and now of M.I.T. 21 by using 
an aluminum oxide crucible rather than a platinum crucible. These 
crystals revert to a cubic structure above 120°C showing that the per¬ 
manently distorting element is the platinum absorbed from the crucible. 
The dielectric constant drops to 200 at 10°C for the r-axis and gets very 
large along the 0 -axis. Below the transition temperature of 5°C, the dielec¬ 
tric constant along c increases to 600 and gradually falls off with decreasing 



Fio. 11.14. Dielectric constants for a single domain crystal. 


temperature until the transition at — 80°C. It is evident from the measure¬ 
ments that the transitions at 5°C and — 80°C are ferroelectric transitions. 

When the dielectric constant along the 0 -axis for Matthias* single 
domain crystal was measured over a frequency range, a relaxation occurs 
at about 15 megacycles, and the dielectric constant drops to about 1200 
or less, as shown by Fig. 11.15. A similar relaxation in the dielectric 
constant of the ceramic occurs at about 10 9 cycles, as shown by the meas¬ 
urements of Nash 22 and Yager (unpublished). At 23.7 centimeter wave¬ 
length, the former found a dielectric constant and tan 5 of 

€ - 1250 to 1420; tan 5 « 0.2 (11.55) 

* l Phys, Rev., Vol. 75, No. 4, p. 687, Feb. 15, 1949. 

22 Nash, D, E., Jr., Exp. Theor. Phys., USSR, Vol. 17, p. 537, 1947. Recent 
Measurements by Powles, (Nature, Vol. 162, p. 614, Oct. 16, 1948) confirm this 
relaxation frequency. Since the measurements have been made over a temperature 
range, one can determine from the relaxation frequency that the activation energy is 
3.65 kilocalories per mole in relatively good agreement with that of equation (11,107). 
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while at 1.25 centimeters. Yager found a dielectric constant of approxi¬ 
mately 

€ = 250 to 320, tan 5 * 0.70 (11.56) 

From these measurements, it can be calculated that the dielectric constant 
has a relaxation frequency of about 6.2 X 10 9 cycles. 

The relaxation of the dielectric constant at these frequencies shows 
definitely that the high dielectric constant is due to a temperature movable 



Fig. 11.15. Dielectric constant of a axis as a function of frequency. 


dipole rather than a high dielectric constant of the type due to the near 
vanishing of the factor 0-T’) in the dielectric equation 

* “ 1 y (11.57) 


4x 


1 ^ 

1 ~ T 7 


where y is the polarizability and -r* the Lorentz factor, since the polariz- 

ability y due to electrons, ions and atoms should not vary with frequency 
up to the infrared frequencies. Hence a temperature variable dipole of 
the type discussed in the next section is required to give a relaxation 
frequency as low as 15 megacycles. 

11.32 Spontaneous Polarization and Dielectric Constant Under Equi¬ 
librium Conditions 

The model considered here is the one shown by Fig. 11.16. Here there 
are six potential minima in the direction of the six oxygens which are 
displaced a distance 5 from the center of the unit cell. If the titanium 
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nucleus is taken from a position such as 1 to position 2 directly across the 
unit cell, the form of the potential barrier may be as shown by Fig. 11.17 
in which AU represents the height of the potential curve at the center 
with respect to that at the minima. If the nucleus went directly from 


z 

t 



Fig. 11.16. Theoretical model for barium titanate showing positions of oxygens and potential 
minima for the titanium nucleus. 


position 1 to position 3, it would in general have to cross a higher potential 
barrier than At/, but equilibrium between the two positions can be estab¬ 
lished by the nucleus jumping to a position slightly to one side of the 
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Fio. 11.17. Potential distribution as a function of distance from the center of the cell. 


center in the direction 3; hence it is thought that the potential barrier 
determining the relaxation frequency for a 1 to 3 jump will not be much 
higher than for a 1 to 2 jump, namely AU. 

For low frequencies, i.e. for frequencies well under the relaxation fre¬ 
quency, equilibrium values can be calculated by using Boltzmann’s 
principle that the equilibrium ratios of numbers of nuclei in two potential 
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wells are in the ratio 


_ K/kT 

N 2 


(11.58) 


where £ is the potential difference between well 2 and well 1, k is 
Boltzmann’s constant and T the absolute temperature. 

Suppose now that all the minima of Fig. 11.17 have initially the same 
potential, which is set equal to zero. Then if we apply a field E z in the 
z direction, a polarization P z in this direction results. This polarization 
causes an internal field F of the Lorentz type given by the equation 


F~E + jP E +f)P d 


(11.59) 


where /3 may differ considerably from the theoretical value of 4x/3 due to 
the shielding of the adjacent molecules. The inner dipole polarization is 
caused by the displacement of the titanium nucleus from the mid position 
of the unit cell. The dipole moment introduced by this change is 

H = 4 eb (11.60) 

since the valence of the titanium is 4 for the structure, e is the electronic 
charge, and 6 the distance the titanium nucleus moves in going from the 
center of the unit cell to the equilibrium position. An addition to the 
dipole moment may also occur if the oxygen moves in toward the titanium. 
As shown by equation (11.7) the measured dipole polarization is enhanced 
by the shift of electronic charge and the measured value P d is related to 
the inner polarization by the equations 

P' d = P d [l +^(^^)] (11-7) 

The electronic and atomic polarization exerted will be proportional to the 
local field F so that 

F = £ + jP.+pPc =E+jyF + pP d or F - (11.61) 


where y is the polarizability per unit volume due to all polarization except 
that of the titanium dipoles. From equation (11.6) 


€q — 1 

4x 



and 


4 x 


«o + 2 


(1L62) 
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Hence the local field F is equal to 

F - (£ + /3 P d ) (l + 

The dielectric constant €q near absolute zero is about 90, hence 


1 


i 4t 
1 


i + 


(<0 - 1) 


30.7 


(11.63) 


(11.64) 


This internal field caused by the applied field £*, causes a decrease in the 
potential at the minima 1 and an increase in the potential at 2 equal 
respectively to 


U x = -F(m) = - 



U* 



(11.65) 


The potentials for the other four wells are unchanged by this field and 
hence 

u 3 - U 4 = U 5 - U 6 - 0 (11.66) 

By Boltzmann’s principle, equation (11.58), the relative number of 
nuclei in the six potential wells all expressed relative to N 5 , are 

/ B'+fiP. \ M ( E. + 0P, \ M 

AT 3 =AT 4 = jV 5 «iV 6 (11.67) 

Then since the total number of nuclei is equal to N, where Nis the number 
per cubic centimeter, we have 

N = Ni + N 2 + N 3 + N 4 + N 5 + Ns (11.68) 

Substituting in the values from equations (11.67) we have 

/ Es+fiP. \ u f E,+0P. \ M 

-( 4 t /3 )y) kT Ne ' 1 -( 4 */ 3 )r/ kT 


Nl 


2 + cosh I 


~f gPA 


4r kT 

1 ~7 y 


') J 




2+coshl—— - 

"3 V J 


JV 8 - N t - TV# - 




(11.69) 


2 + cosh 


<E t + 0Pz\ ft 
\kT 
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The polarization of a dipole nature excited along the z-axis will then be 

XT • L / E * + P P *\ » 


Nn sinh 


P. - (Ni - N 2 h - 


2 + cosh 


4x *r 

‘-TV 

( E. + I3P,\ n 


4t \kT 

1 -tv 


(11.70) 


All the equilibrium values of spontaneous polarization, coercive fields, 
dielectric constants, etc. can be determined from this equation. 

Let us first consider the condition for spontaneous polarization and the 
ferroelectric effect. This can be obtained by setting E z equal to zero and 
determining the conditions for which the polarization P z is different from 
zero. Setting E z equal to zero and introducing the substitution 



(11.71) 


equation (11.70) becomes 


Pz_ 

Nii 



(11.72) 


Examining this equation, we see that P z /Nn will have a solution different 
from zero only if A is equal to 3 or greater. If A is greater than 3, P z /Nfi 
can have a positive or negative value lying between zero and 1. This 
represents a spontaneous polarization along the positive or negative z-axis 
due to the internal field generated by charge displacements of the titanium 
nuclei from the central position. In general, any one of the oxygen atoms 
can be considered as lying along the z-axis and only chance determines in 
which direction the spontaneous polarization occurs. 

If we solve for P z /Nn as a function of A y the relation shown by Fig 11.18, 
curve 1 results. This is a very much larger increase of P x /Nfi with increase 
in A than occurs for a single bond of the hydrogen bond type, which is 
determined by an equation of the type 

p jp 

— = tanh— (11.73) 


The relative increase for this type is shown by the dashed line of Fig. 11.18 
for the same percentage increase in A. Some confirmation for this sudden 
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increase in polarization is obtained from the cell dimensions shown by Fig. 
11 . 11 . The changes in cell dimension, which are independent of the 
direction of polarization along the 2 -axis, can be regarded as due to the 
electrostrictive effect in barium titanate. The electrostrictive effect for 
the barium titanate ceramic has been investigated in Chapter XII and it is 
there shown that the ceramic has an increase in thickness and a decrease 
in radial dimension given by the strain equations 

S33 = Qn(Pz) 2 ; S n = £22 = Qi2(P z ) 2 (1L74) 

/ cm 2 \ 2 

where Qu = 3.6 X 10" 12 ( - : -r) ; 

\stat coulomb/ 

Qn = - 1.35 x io- i2 (—^—r) 3 

\stat coulomb/ 



Fig. 11.18. Theoretical curve for ratio of spontaneous P, to the total polarization Nn as a 

function of the factor A . 


While the value of Q 11 /Q 12 is not exactly equal to —2 for the ceramic, a 
guide to the spontaneous polarization is obtained from these values. At 
20°C, £33 the longitudinal thickness strain is equal to 6.7 X 10~ 3 , while 
the radial thickness strain is equal to Sn = 622 = —3.3 X 1CP 3 from the 
measurements of Fig. 11.11. With these values and the electrostrictive 
constants of (11.74), the indicated spontaneous polarization for the two 
effects is 


44,000 


stat coulomb 


cm 46 


14.6 X KT 6 


coulomb 


cm* 


(long.) (11.75) 


Pz 


49,500 


stat coulomb 


cm* 


16.4 x nr* 


coulomb 

——2 

cm 


(radial) 
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The longitudinal mode gives the most likely value, so that 


P z = 44,000 


stat coulomb 
cm 2 


14.6 X 1(T 6 


coulomb 


(11.76) 


This value agrees quite well with that measured electrically by means of 
the hysteresis loops. For this value Matthias and Von Hippel 20 find a 
value 12 X 10~ 6 coulomb per square centimeter, while Hulm 23 finds a 



Fio. 11.19. Measured and theoretical spontaneous polarization as a function ol the 

temperature. 

value 16 X 10 -9 coulomb per square centimeter. This calibration allows 
one to obtain the spontaneous polarization as a function of temperature, 
and this is shown plotted by Fig. 11.19. The very sudden rise in spon¬ 
taneous polarization just below the Curie temperature, is evident and this 
agrees qualitatively with that shown by Fig. 11.18. 

To find if the spontaneously generated polarization agrees quantitatively 
with that calculated from equation (11.72) we have to evaluate A and m 
by other methods. One method for doing this is to measure the dielectric 
constants at low field strengths as a function of temperature. The cal- 

** Hulm, F., Nature , Vol. 160, p. 126, 1947. 
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culated value can be obtained from equation (11.70) by dividing the polari¬ 
zation P t into the spontaneous part Ps and a very small alternating part 
/V 7 "** The applied field EgP^ is assumed very small and hence we have 


(Eg + ^Po)P ut + fiPs 

, 4*r k'l 

■ -j y 


= sinh 


(E, + flP 0 )P Mt 
. 4ir 


, 4r *T 

"TV 


+ cosh 


, 4ir « 
1 - J-7 


, 4r *T 

’-TV 


(11.77) 


. (E, + (3P 0 )e iu ‘tJ. AP S , . L 
= 7 ---r- cosh —-(- smh —— 

(i-£.,)«• ^ 


Similarly 

, + /3Po)P' w< + pPi] fi 

cosh -- *r 


= cosh —-(- 

Nn 


(g. + ggo)£ 

i 4,r 

1 "7 7 


M . /fPs 

*r s,nh TT 


(11.78) 


Inserting (11.77) and (11.78) in (11.70) and solving for the constant and 
time variable parts, we obtain equation (11.72) for the constant part and 
for the time variable part we have 


PoP" 1 _ (Eg + 0 
Nv 2 f. 4 t \ , _ 


- i 'dPs 

2 cosh —-h 1 

Nn 


( , -T*H( 2 + ‘° sh fr)' 


(11.79) 


Solving for P 0 > and substituting in equation (11.8) 
, .f 2 cosh + ll p. 


(«o - 1)‘ 


2 + cosh 

2 + cosh 


APs 

- L 1+ ^ 4. 

Nil 


4 

, APs , V 
2 cosh + 1 

Nfx 

— /I 

2 + cosh ~rr— 


(11.80) 
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Above the Curie point, the spontaneous polarization Ps disappears and 
this equation reduces to 


4 rA 

e * “ 40 + T^a\} + ^47^] = 60 + T^Yo (1L81) 


upon introducing the value of A from equations (11.71) and (11.64), where 


C 

To 


4 irNu? [" 1 + — —1" 1 + I 
4ir J L 3 


3* 


(11.82) 


3k 




Solving for 0 and m from these equations we have 

4tt7o 




1 - |r («o - 1) 


M = 


[C - To(eo - 1)13* 


4iriV 




(11.83) 


From the measurements of a number of dense ceramics above the Curie 
temperature and from the measurements of the single domain crystals of 
Merz, 22 one obtains a value of 

C = 70,000; To = 393°K (11.84) 

and from low temperature measurements 19 

«o = 90 (11.85) 

Hence from equation (11.83) 

0 = .142; n = 1.56 X 10~ 18 (11.86) 

Since the number of dipoles per cubic centimeter is 1.56 X 10 22 , the total 
measured polarization if all the dipoles were lined up would be 

P d ’ = iV M [l + fi (“^-)] = 49,000 esu 

= 16.4 X 10 -8 coulombs/cm 2 (11.87) 

If all the quantities entering into equation (11.71) for A were independ¬ 
ent of temperature except T, the absolute temperature, the value of A for 
10°C *> 283°K would be 4.17 and the theoretical value of the polarization 
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Pt/N/x should be 0.92. This is close to the best estimated value but a 
slightly better value of A = 3.95 corresponding to P 9 /N\x = 0.88. With 
this value of A> the dielectric constant for the c axis is 202 at 10°C, a value 
agreeing well with the value measured by Merz. 22 In fact the dielectric 
constant above the transition temperature 10°C agrees well with that cal¬ 
culated from equation (11.80). A small variation in the components of 
the factor A is to be expected, for the residual dielectric constant e c0 may 
vary with the electrostrictive effect, becoming smaller on account of the 
increase in the c dimension. 


11.33 Dielectric Constant along a-Axis and Low Temperature Transitions 


Measurements for the dielectric constants along the tf-axis for single¬ 
domain crystals show that the dielectric constant along this axis is very 
much larger than that along the r-axis. To determine the dielectric along 
the <?-axis, according to the model shown by Fig. 11.16, with a field applied 
along the #-axis, and a spontaneous polarization occurring along z, the 
potentials for all six wells are 


Ui 

U 5 


foPsn 

i 4t 

1 ~j y ‘ 
(E x + fii P x )n 


u 2 


(hPji£ 

4j r 

i-jT 


u 6 = 


t E x + ftp , 
4ir 

1 -J 7 


( 11 . 88 ) 


I Mi U 3 = U 4 =0 


We assume that 0i along the x-axis may be different from 0 3> along the 
z-axis. Applying the Boltzmann principle and relating jVj, N 2 , N& and 
Ne to N 3 = N 4 we find 

r fop* 1 r ~\. r e z +bip, 1 „ 

Ni = N 3 e Li-twshJfcr. # 2 = N 3 e Li-(4./3)yJ*r ; -(4»/3 >y J*r 

r Bz+eiPx -1 m 

No = N 3 e~ Li-(*-/»rJ*r } n 3 = N 4 (11.89) 

Since N t + N 2 + N 3 + N 4 + N 3 + No = N (11.90) 


we find for N 3i the value 



(11.91) 
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Inserting the value of N 3 , and Ne in the expression for the polarization 
along the #-axis, we have 


Nn sinh 


P x = (N 5 - AT 6 )m = 


^ Ex + PiP x \ A» 

, 4 t Ur 
1 -j y 


1 + cosh 1 


PaPs 

, 4r \kT 

, __ 7 


+ cosh 


i Px ~h Pi PA M 
- 4tt \kT 

1 - j 1 ' 


(11.92) 

To determine the dielectric constant along x for small fields, we can replace 

-/“if,* /^i^U, * ■ 


t 4,r * T 

'"TV 


1 "T 7 


) 


, 4x |*r 

1 -t t 


Then 


P x = 


M * 2 ( E* ± fSyP x 

kT I 4?r 

1 ~y 7 


Nf/ Ex + /?,P* 

*t| 4ir 

1 ~y 7 


2 + cosh j 


, 4» UT 

1 -y 7 - 


2 + cosh 


djP s 

Nn 


(11.93) 


(11.94) 


where 


4ir 

1 -J73 


(.us) 


Solving for the ratio of P, to E x , and substituting in equation (11.8) the 
dielectric constant along x becomes 


«x *= *01 + 




2 + cosh 


dsPs 


w? 1 


(11.96) 


0 -y>) <r 

Now since the crystal becomes tetragonal due to the distortion caused by 
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the electrostrictive effect, y may increase along the a-axis and cause «<* 
to become larger. Hence we can write 


2_, , («oi -1) 

4r 3 

7T. 


(11.97) 


Inserting this value and the abbreviation 


Ax = 


r , (foi - 1) ~ 

kT L 3 


into equation (11.96) the dielectric constant along the a — #-axis becomes 


Cx 


0 , , A 3 P 8 

2 + cosh —- A x 


(11.98) 


At the Curie temperature where the crystal changes from tetragonal form 
to cubic form the value of the Lorentz factors for the x - and z-axes will be 
the same and hence the dielectric constant along the #-axis will have a Curie 
temperature at the same temperature as the one along the z-axis. For 
other temperatures the Lorentz factors along the two axes will not in 
general be equal on account of the shift in charge due to the electrostrictive 
effect. The same will also be true for the dielectric constants due to 
electrons and atoms. On account of the closer spacing along a: than along 
z, €oi will be larger than € 03 . Since no rational basis exists for calculating 
what the changes will be, all that can be said is that the value of A\ for the 
x-axis is going to be larger than the value of A 3 for the z-axis. 

To agree with experiment the values of A\ and A 3 have to be as shown 
by the solid lines of Fig. 11.20. Since the dielectric constant for atoms 
and electrons is so large it is near the critical condition that a slight decrease 
in spacing may cause a large increase in dielectric constants. As shown 
by the X-ray data of Fig. 11.11 the spacing along a is approaching this 
condition. This explanation of the transition at 10°C as being due to the 
large increase in the dielectric constant along the tf-axis due to electronic 
and atomic polarization receives some support from recent measurements 
on ceramic plates of lead zirconate. This material which has a cubic struc¬ 
ture above 242°C, shows a ferroelectric transition at this temperature but 
does not have the two lower transitions observed in barium titanate. The 
lead zirconate has a dielectric constant less than 50 at low temperatures and 
hence the electrostrictive effect will not produce a large difference between 
€qi and €os* A very slight change in A\ to the dashed line above it will 
cause the dielectric constant along the *-axis to approach infinity* The 
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slight change in impurity content for the crystal whose dielectric constant 
is shown by Fig. 11.14 probably accounts for the increased dielectric con- 



TEMPERATURE IN DEGREES CENTIGRADE 


Fig. 11.20. Value of functions A\ and As plotted against temperature. Top dotted line, 
label theoretical, gives value of A\ to cause the dielectric constant G x to approach an 
infinite value. 


stant along the a-a.x\s over the one measured by Merz. 22 The following 
table shows the dielectric constant data for the tf-axis as a function of 
temperature (as measured by Merz) and it is obvious that around 10°C 
the dielectric constant is becoming very large and approaching a transition 
temperature. 


T in °K 393 360 340 320 300 288 

€* 10,000 3400 3500 3800 4400 5400 


This transition temperature is one for which all of the #-axes become 
ferroelectric. According to the present theory, the relative distribution of 
spontaneous charge along the x - and z-axes depends on a simultaneous 
solution of the two equations. 


Nix 


sinh 


Nix 


, A%Pz , L A\P% 

cosh 1 + cosh . . 

Nix Nix 


sinh 


AiP* 

Nix 


Vm - , , A*P Z AJ. 

1 + cosh —— -h cosh 


Nix 


Nn 

(11.99) 
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A solution can be arrived at by approximate methods for constant values 
of A\ and As* The results indicate that P x /Nn will be an appreciable 
fraction of P z /N/jl above the transition temperature while P z /Nn below the 
transition temperature is less than P z /Nfi above this temperature. Since 
the difference between A\ and As was due to the shift in charge along z 
compared to x we should have to take new values of A\ and As closer 
together. The result of a series of such approximations is to show that 
finally As = A\ and the spontaneous polarization along * and z should be 
equal and given by the equation 


P L 

Nfx 


sinh 


A,P 8 

Nn 


1+2 cosh 


A x P 8 


( 11 . 100 ) 


A solution of this equation for spontaneous polarization is shown by the 
solid curve marked 2 of Fig. 11.18. 

In the region between — 80°C and +10°C the crystal is ferroelectric 
along two directions simultaneously which means that the titanium nucleus 
spends equal times for axes along * and z and very little time in the other 
four positions. This change is accompanied by a change in crystal struc¬ 
ture from tetragonal to orthorhombic. This follows from the fact that if 
we draw a new z-axis along the 101 direction midway between the two 
favored positions, this is a two fold axis having a plane of symmetry coincid¬ 
ing with z and the two titanium positions and one coinciding with z and 
perpendicular to the titanium positions. Hence the symmetry is 2 mm as 
shown by the optical measurements of Forsbergh 19 and the crystal 
becomes orthorhombic. It is not possible to calculate the dielectric con¬ 
stants along the three axes without making assumptions as to the values 
of A\ = As and A 2 * However, since the third axis y is going to be smaller 
than the other two, it is obvious that the value of A 2 will be larger than 
Ai = As and the dielectric constant in this direction will be larger. Even¬ 
tually as the temperature becomes lower, the dielectric constant will ap¬ 
proach a Curie transformation point and this axis will also become ferro¬ 
electric. By the same argument as given previously all three values of A 
will become equal and the titanium nucleus will spend equal times along 
three of the six positions and very little time in the other three. Taking 
the z-axis along the 111 direction, trigonal symmetry results since one can 
go from one preferred position to another by a 120° rotation. This results 
in the symmetry 3m class as observed by Forsbergh. 19 

For this condition the spontaneous polarization is determined by the 



THEORY OF FERROELECTRIC CRYSTALS 


279 


equation 


Ny 


sinh 


APs 

Ny 


3 cosh 


APs 

Ny 


( 11 . 101 ) 


and the spontaneous polarization is plotted as a function of A by curve 
labeled 3 of Fig. 11.18. 


11.34 Coercive Fields Along a- and c-Axes 


The coercive fields along the a- and c-axes can be calculated from the 
fundamental equations 


p x 

sinh 

A\ (E x /P i + P 

Ny 

x)' 


Ny 

M 1 + cosh 

Aa(E z /fia + P z ) 
Ny 

+ cosh 

A\(E X /P\ + P x ) 
Ny 


P. 

sinh 

A3 (E z /Ps + Pz) 

L Ny 


1 + cosh 

As(E z /Ps + Pz) 

L Ny J 

+ cosh 

A\(E X /P\ + P x ) 
Ny 


( 11 . 102 ) 


(11.103) 


By employing the method for calculating the coercive field discussed in 
section 11.11 one can calculate that the coercive field to reverse a domain 
along the z-axis is given by the equation 


sinh 


AA\ 

Ny 


2 + cosh 


AsP, 

Ny 


Pi_ 

Ny 


A 3 E, 


foNy 


2 cosh + 1 

_ Ny 


(11.104) 


If we put a negative field along the 2 -axis, the ratio of P z /Ny will decrease 
steadily until the value of the left-hand side is a maximum. For room 
temperature with A 3 = 3.95, Ny = 24,500 esu, ($3 = 0.142, this occurs 
when P 9 /Nijl = 0.5 giving a value of 0.120 for the left-hand side. Hence 
substituting in the values on the right-hand side, it requires a negative 
field of 

E g *= 470 esu/cm = 140,000 volts/cm (11.105) 

to reverse the domain. 

A true single domain crystal, however, will have a hysteresis loop for a 
considerably smaller field than this. To see that this is possible, one can 
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examine the conditions for spontaneous polarization along x given by equa¬ 
tion (11.102). Here we set E x equal to zero and solve for the conditions 
that will give a finite value of P x in the presence of a field E z , and a spon¬ 
taneous polarization P z . The onset of P x will be determined when P x 
approaches zero, and thus we can replace the hyperbolic sinh by the 
argument, and the hyperbolic cosh by unity. Then the equations to 
solve are 

AxP* 

P* __ Njx _ 

«• " 2 + cosh 

L Nn 

If E„ — 0, this reduces to the case 

P x [2 + cosh = AP X 

The difference between the left-hand side and the right-hand side is the 
denominator of equation (11.98) for the dielectric constant along the pr¬ 
axis. This denominator is small (about 1.9 for room temperature) but 
is always positive, and hence no spontaneous polarization can exist along 
x as long as there is no static field — E z . 

For the addition of a static field, equation (11.107) takes the form 

<luo8, 

A positive field E z in the same direction as P z makes the left-hand side still 
larger than the right, and no possibility exists for polarization along x. 
If, however, a negative field E z is applied, the left-hand side can be made 
equal or less than the right-hand side, and spontaneous polarization can 
exist along x . To solve for the value of field, we separate the polarization 
P z into the spontaneous polarization P» plus a small charge A P z . This is 
determined for small values of E z by the dielectric constant 63 or 

A p, -(rOr) Et (1U09) 


(11.106) 


(11.107) 


Hence since E z /p 3 and A P z are small compared to P„ the equation for the 
coercive field is 


A%E t 


[1 + ( ! v 1 )] 


_ 2+c ° sh ^‘ --*■] 


sinh 


Az P. 

Nfi 


( 11 . 110 ) 
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For values of A 3 = 3.95; 0 3 = 0.142; Nfi = 24,500; €3 « 200 and 
P*/Nn = 0.88; /fi = 16.3 we find 

—£* = 6.5 esu « 1950 volts/cm 2 (11.111) 

This value is of the right order to agree with the observed hysteresis loops 
for single crystals and the hysteresis loops for ceramics as discussed in 
Chapter XII. 


11.35 Relaxation Frequencies for the Dielectric Constants 

A calculation 16 of the relaxation frequencies for the barium titanate 
crystal has been made along the lines of the calculation given in section 
11.12. Since the method used is similar to that already discussed, only 
the final results will be given. For <-he dielectric constant in the first 
transition range between 10°C and 120°C, the dielectric constant along the 
z-axis becomes 


«oi + 


4 tA 3 


1 2 cosh^-H^ 
N/x 
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2 +cosh 


Nix / 
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12 cosh + 1 \ 


2 +cosh 



Nix j»he* v/kT 
AjP, 6 kT 


( 11 . 112 ) 


When the last term in the denominator equals the sum of the other two, 
the dipole dielectric constant has equal resistance and reactance values 
and the corresponding frequency is the relaxation frequency. This fre¬ 
quency /o is given by 


/o 


6 kTe 


-txU/kT 


2 wh 


cosh 


A 3 P. 


Nix 


- ^ 3 ( 


2 cosh + \ 

N/x / 




(11.113) 


For 10°C - 283°K, we found A s = 3.95; P./Nn = 0 . 88 . Introducing 
these values and the values 

k - 1.38 X 10 ie ; T - 300; h = 6.56 X 1<T 27 (11.114) 
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we find for/ 0 the value 

/o - 5.7 X 10 l *e~ AU/kT 


(11.115) 


So far no measurements have been made for the relaxation frequency of 
the c- axis. For a ceramic a value of the activation energy is obtained 
from the dielectric measurements of Powles 22 where from the variation of 
the relaxation frequency with temperature one obtains a value of A17 = 
3.65 kilocalories per mole. This value represents the amount of energy 
required to remove the titanium nucleus from its equilibrium position to 
the center of the unit cell. 

The dielectric data of Fig. 11.15 show that the dielectric constant for 
the tf-axis of this crystal is relaxed at a frequency of about 15 megacycles 
at room temperature. Applying the same process to the calculation of 
the dielectric constant along the a- axis, one finds for the relaxation fre¬ 
quency 


__ AU / k T 

~ 2 Th 


2 + cosh - Ai 

_ Nji _ 

2 + cosh ——— 


cosh 


A 3 P 8 

Nn 


(11.116) 


For a dielectric constant of 150,000 at 27°C = 300°K, the numerator of 
the expression in brackets is 0.044. Introducing the other numerical values 

e &u/kT _ 15^500; A U = 5.76 kilocalories per mole (11.117) 

Hence the indicated activation energy for going from the 1 and 2 wells to the 
3, 4, 5 or 6 wells is slightly higher than that between opposite wells such 
as 1 and 2. This calculation also checks the facts that it is the near vanish¬ 
ing of the denominator of equation (11.98) that causes the very high 
dielectric constant along the <z-axis for this crystal. For the crystal grown 
by Merz, 21 the indicated relaxation frequency is about 6.5 X 10 8 cycles. 


11.4 Specific Heat Anomaly in Ferroelectric Crystals 

When a crystal becomes ferroelectric, some of the elements such as 
the hydrogen or titanium nuclei are not as free to move as they were in 
the non-ferroelectric state. Hence there is a specific heat anomaly in the 
neighborhood of the Curie temperature. As in the case of ferromagnetism, 
the increase above the normal value of the specific heat C p is given by 

d(AC p ) pdP 2 , 


dT 


2dT 


erg cm 3 deg“ 


.—1 


(11.118) 


where 0 is the Lorentz factor and P 8 the spontaneous polarization per 
square centimeter. Hence the specific heat anomaly between the two 
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temperatures T 2 and T\ is equal to 

AC P =^[P? 2 -/*] (11.119) 

In this equation, since ft refers to the inner dipole polarization, P 8 must also. 
Since the specific heat anomaly has been measured for rochelle salt, 24 
potassium dihydrogen phosphate, 26 and barium titanate, 26 this gives an 
opportunity for comparing the Lorentz factor ft determined from dielectric 
measurements with that determined from specific heat measurements. 

The following table shows the best values of the specific heat measure¬ 
ments, the difference in the squares of the polarization at the temperature 
limits and the most probable value of ft. The last column shows the value 
of ft determined by dielectric measurements. As can be seen the two 
agree reasonably well. 


Material 

cal/gram 

AC P 

ergs/cc 

D 2 _ D 2 
* #2 

Value of ft 
Specific 
Heat 

Value of ft 
Dielectric 

Rochelle salt 
Upper Curie 
point 

<.0035 

<2.6 X 10 6 

1 

7.5 X 10 4 

<6.9 

4.4 

Rochelle salt 
Lower Curie 
point 

<.0035 

<2.6 X 10 6 

7.5 X 10 4 

<6.9 

4.4 

KDP 

0.75 

7.2 X 10 7 

2.0 X 10 8 

0.72 

0.567 

Barium Titanate 
120° Transition 

0.2 

5 X 10 7 

5.8 X 10 8 

0.172 

0.142 


11.5 Elastic , Piezoelectric and Dielectric Properties of a Ferroelectric Crystal 

In order to bring out the fundamental mechanisms existing for the 
ferroelectric effect, only the clamped dielectric constant has been considered 
in the first four sections. It is possible, however, to include the modifica¬ 
tion in the elastic and piezoelectric constants caused by the ferroelectric 
effect in one unified theory. It is the purpose of this section to describe 
such a theory as applied to the simplest ferroelectric crystal potassium 
dihydrogen phosphate (KDP). 

84 Wilson, A. J. C., Phys. Rev., Vol. 54, pp. 1103-1109, 1938. 

28 Stephenson, C. C, and J. G. Hooley, Jour. Am. Chem. Soc ., Vol. 66, pp. 1397- 
1401,1944. 

28 Blattner, H., and W. Merz, Helv. Phys . Acta , Vol. 21, Fasciculus Tertius et 
Quartus, p. 210, 1948. 
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Although all four of the hydrogen bonds connected to each PO4 group 
are at right angles to the 2 ferroelectric axis, on account of the polarization 
induced in the PO4 group each bond can be treated as though a field were 
introduced along the bond length. In the absence of a field, the potential 
wells for the two symmetrical positions have an equal value £7o. On the 
application of an electrical field £, an internal field 

F = E + jP E +/3P d (11.120) 

is generated which causes one potential well to be lowered while the other 
is raised by an amount 

U\ = Uq — Fde/2; U 2 - U 0 + Fde/2 (11.121) 

where 8 is the separation between potential wells. 

If a piezoelectric effect exists in the crystal, then when a strain occurs in 
the crystal, the hydrogen bonds are stretched or compressed and also a dis¬ 
symmetry must be introduced in the bond. The effect of the dissymmetry 
is similar to the introduction of an electric field £, so that the internal field 
can be written in the form 

F = E +/36*S*6 + “3- Pe + &Pd (11.122) 

where/ 3 e is a fundamental constant of the crystal and S$ the face-shear 
strain for a Z-cut crystal. 

Now, since the potential well values U\ and U 2 are known, the processes 
applied in sections 11.1,11.2 and 11.3 can be used. For the present purpose 
we shall consider only the equilibrium values since an extension to high 
frequency values is obvious. Using the Boltzmann relation, the relative 
number of hydrogen nuclei in each of the types of potential wells is 

§■ - e'W = rH+Wi+ih/Viwwir. Ni + N 2 ** N (11.123) 
N2 

Using the last relation that the sum of the number of nuclei in the two 
types of potential wells is equal to N, the number per cubic centimeter, the 
number in each type of well is 

N Ne~ FU/kT 

Nl “ } + e ~F6*/kT 5 ^2 * i _j_ e -Fie/kT (11.124) 

The expression for Fean be simplified by substituting for the polarization 
for electrons and atoms, the factor 

Pe *7 F 
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where y is the polarizability per unit volume due to electrons and atoms. 
Then F becomes 


F = 


F “b/36^6 + &Pd 



(11.125) 


The dipole polarization Pd can now be evaluated as 


Pd = (N\ — N 2 ) m — Nn tanh 


E 4-/36 4- @Pd 



8 e 

2 


(11.126) 


which contains the required solution. To separate the spontaneous polari¬ 
zation from that caused by the applied field or the strain we write 

Pd - Ps + E = E 0 e jo)t ; Sq « See jut + S 6a (11.127) 


since a spontaneous polarization P a and strain S &a occur. Inserting these 
in equations (11.126), noting that the time-variable parts are very small 
compared to the constant parts, we have on separating the two parts 


Nn 


4- tanh A 


L/sejWg + P 8 \ 

Nn ; 


PoA 


ju)t 


Nn 


= e iut 


Ep + $P_ p \ M 
4ir \kT 

' 'TV 



cosh 2 

Nn 


(11.128) 


where as before A is the constant 



The first of equations (11.128) is the condition (11.13) for determining the 
spontaneous polarization for the clamped dielectric constant. Solving for 
the time variable polarization Pq> we have 


A _ (Ep 4-/36*?6) 

g COsh 

Nn 


(11.129) 
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From the first equation of (11.128) we have 


cosh 2 

Nn 


1 


['-©] 


(11.130) 


Introducing the value of A> noting that the clamped constant Curie 
temperature T 0 is 

rp _ Wf 

*0 = 


we have 




To 


(E 0 + fan So) 


Po = 


(11.131) 


(11.132) 


H0] 


-To 


The total polarization P is the sum of the alternating dipole polarization 
P Oj times the factor jfl + P > plus the polarization Pe due to 

electrons and atoms. Hence we have for the dielectric displacement 

5 = £ = Po [ 1 + K ! ^r)] +P£+ S 


“ En 


L. [i+K^)]] 


4t 


- T 0 


M!)] 

/36(T O /0) [l + » ( f 17~ l )] S » 


(11.133) 


[>-( 0 ] 


- To 


From the form of the potential function 17, we can write the second equa¬ 
tion as 

To • CooSo —fzoPx = CqqSo —fz e £l + P P 0 (11.134) 

where P^ is the measured dipole polarization. 
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For a free crystal T 6 — 0 and hence for a spontaneous polarization P, 
there exists a spontaneous strain S 6 , equal to 


Su =/ 36 1 +( ! 77^) P > 


(11.135) 


Introducing this equation in the first of equations (11.128), we find that 
for the “ free ” dielectric constant, spontaneous polarization occurs at a 
higher temperature T o equal to 


/le (1 + 0 

T'o=T 0 - 

L Pc\ 


(€0 - 1) > 
4x > 


(11.136) 


From the values derived previously it is found that To is 3.5°K higher 
than T 0 for KDP. 

The time variable stress, strain, field equation can be obtained by intro¬ 
ducing the value of into equations (11.134), obtaining 


(To/P) 


Tq — Cqq 


P) [ l + ^ )] /l8 

1 r 

\l -(*)*] ° 

\nJ J I 


Jm(Jo/$) 1 + £ ^ 4^ ) 

FirT 


(11.137) 


Comparing these equations with the forms shown in equation (3.60) of 
Chapter III, we have 


(11.138) 


(4ttTo// 3) |"l + fi 

. s \ _ L \ ** / J 

(C33 — €330; — j1 * 

fwt 

^36 ( € 33 ~ € 33o) JB _P ( e 33 “ «33o) ,2 

*36 * ^ f 66 ^ y 36 

Above the Curie temperature, since the spontaneous polarization P 9 * 0 f 
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the formulae for the three constants are 


^33 * € 33o + 


(W»[l+»(S^)] 


*36 = 


T - To 

MiTo/0) [l + fi ( !2 ^)] 


(11.139) 


T - T 0 


*66 = *06 — 


(To/^Vfe 1 ) 


T - To 


Hence the clamped dielectric constant measured at frequencies high 
enough to eliminate the strain follows a Curie Weiss law with To as the 
Curie temperature. A detailed calculation shows however that its value 
reaches a maximum when T = To, the Curie temperature for the free 
dielectric constant. This follows from the fact that (1 — ( P a /Nn ) 2 ) de¬ 
creases faster with T than T does. Hence the damped dielectric constant 
reaches a finite maximum at To, in agreement with the data of Fig. 7.8, 
having a value for KDP of 

(iu4o> 

This agrees closely with the value of Table XIII, Chapter VIII. At the 
Curie temperature To, the value of the elastic constant is 


r E _ p _ 
*66 ~ *66 


T o/!e [l + P ( f V 1 )_ 


file 


To) 


(11.141) 


by virtue of equation (11.136). 

The present theory agrees with Mueller’s interaction theory 27 in pre¬ 
dicting an increase in the Curie temperature To for a free dielectric constant 
over the value To for a clamped crystal, but is based on an internal field 
theory rather than an interaction theory. 

The last two equations of (11.138) will hold for any type of a ferro¬ 
electric crystal, for example rochelle salt, but on account of the bonds of the 
two types, the clamped dielectric constant is determined by a different 
equation as discussed in section 11.12. 

27 SeePhys. Rev. y Vol. 58, pp. 805-811 or Cady’s Piezoelectricity % Chapter XXIII. 



CHAPTER XII 


Electrostrictive Effect 1 
in Rochelle Salt and Barium Titanate 

12.1 Introduction 

In addition to the first-order piezoelectric effect, all crystals have a 
second-order electrostrictive effect in which a distortion occurs which is 
proportional to the square of the electric displacement. While this effect 
exists for all crystals and indeed in all solid insulators, it is exceedingly 
small except in ferroelectric materials such as rochelle salt and barium 
titanate. The amount of motion generated in a barium titanate ceramic 
is larger than that in magnetostrictive materials, and it appears that 
barium titanate may be an important electromechanical transducing 
element. 

The electrostrictive effect in rochelle salt is discussed in the appendix. 
The only constants measured are those for a polarization along the #-axis 
and the results are given in Fig. A.3. Here are plotted the strains in parts 
per million caused by the spontaneous polarization. The largest constant 
is the one that measures the contraction in the ^-direction and this causes a 
contraction of 50 parts in a million when a spontaneous polarization of 
740 esu of charge exists per square centimeter. In terms of equations 
(A.164), the strain along the thickness is given by 

Sti- Sim (”) 2 (12.1) 

1 In the present book, a strain that is proportional to the square or the product of 
two fields or electric displacements is called an electrostrictive strain. This is con¬ 
trary in some cases to a usage started by Mueller who calls the square term a “ quad¬ 
ratic ” piezoelectric effect, when it depends on a strain caused by a spontaneous 
polarization or an applied field acting on a piezoelectric constant. On this definition 
the electrostrictive effect in rochelle salt would be a “ quadratic ” piezoelectric effect 
because it depends on the orthorhombic crystal becoming monoclinic in the ferro¬ 
electric region and generating new piezoelectric constants, which give a strain pro¬ 
portional to the spontaneous polarization times the applied electric displacement. 
The electrostrictive effect in barium titanate 2 is not of this type and is in every way 
the analog of a magnetostrictive effect in a ferromagnetic material. 

2 Mason, W. P., “ Piezoelectric or Electrostrictive Effect in Barium Titanate 
Ceramics/* Phys. Rev ., Vol. 73, No. 11, p. 1398, June 1, 1948. 
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where j?un = —86.5 X 10~ 12 . For the same electric displacement, 
the piezoelectric effect would cause a longitudinal strain about 5 times as 
large, so that the electrostrictive effect is approaching in size the piezo¬ 
electric effect. 



E 0 +C 

FIELD STRENGTH 


Fig. 12.1. Plot of displacement vs. voltage showing characteristic butterfly loop. 



Fig. 12.2. Use of electrostrictive effect as a modulator. 


Since the electrostrictive strain is proportional to the square of the 
electric displacement, if we plot it against the field, the characteristic 
butterfly loop of a hysteretic material results as shown in Fig. 12.1. For a 
large field, the vibration of the crystal surface will have twice the frequency 
of the applied field and such a crystal could be used as a modulator. A 
typical arrangement might be as shown by Fig. 12.2. Here a carrier and 
voice frequency are impressed on the crystal and the resulting vibration 
is picked up by a thickness vibrating crystal of the L-cut rochelle salt type. 
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The vibration picked up would have the two sideband frequencies and 
hence such a device could be used as a modulator. 

A frequency equal to the applied frequency can be obtained by putting 
on a direct voltage bias or by bringing the polarization to saturation by a 
field and after taking off the field, using the remanent polarization to 
provide a bias. If the applied AC field is small, it will not reduce the 
remanent polarization and hence such a crystal will act as a thickness 
vibrating piezoelectric crystal. 

It has been recently discovered 3,4,6 that another ferroelectric crystal, 
barium titanate in multicrystalline form, will act similarly. Here a 
ceramic made up of a number of crystals of barium titanate with their 
axes distributed in all directions and fused together with a small amount of 
binder can be made to change its dimensions when an electric field is 
applied to it. The thickness expansion is about as large as can be obtained 
by the direct piezoelectric effect in rochelle salt and is somewhat larger 
than can be obtained with magnetostrictive materials. Furthermore, the 
variations of the propei ties of barium titanate with temperature are not 
nearly as large as for rochelle salt. Hence such materials may be of use 
for various types of transducers. If the alternating variations are small 
compared to the DC polarization, a remanent polarization is sufficient to 
keep the device operative. By introducing small amounts of lead titanate 
in the ceramic, the coercive voltage becomes very large and power outputs 
have been obtained with this material as high as 100 watts per square cen¬ 
timeter without causing depolarization. 

12.2 Methods for Measuring the Fundamental Constants 

When a constant voltage bias is applied to a multicrystalline barium 
titanate ceramic, an alternating voltage can excite resonances in the 
ceramic. There are four effects that have been measured. These are 
radial vibrations of a disc of the material, 3 a length vibration of a bar cut 
from such a disc, a thickness vibration in the direction of the applied field 4 
and a thickness-shear mode. 5 The first three motions are excited when 
the DC field is applied in the same direction as the AC field, while the 
fourth is excited when the DC polarization is at right angles to the AC 
field. Since, if there are two sets of plates at right angles to each other, 
the AC field cannot be made uniform through its direction of application, 

8 Roberts, Shepard, “ Dielectric and Piezoelectric Properties of BariumTitanate,” 
Pkys. Rev ., Vol. 71, No, 13, pp. 890-895, June 15, 1947. 

4 Mason, W. P., “ Electrostrictive Effect in Barium Titanate,” Phys. Rev. y No. 1, 
p. 809, 1947. 

6 Cherry, W. L. Jr., and Robert Adler, “ Piezoelectric Effect in Polycrystalline 
Barium Titanate,” Phys* Rev. y p. 981, Nov. 15, 1947. 
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this mode has to be excited by exciting a remanent polarization by the DC 
field and then taking off the plating in this direction. In fact, for all of 
these modes, the DC biasing voltage can be applied and then taken off and 
the device will still operate by means of the remanent polarization. 

A typical method for measuring such resonances is shown by Fig. 12.3. 
Here a source of high voltage, such as a high-voltage transformer and 
rectifying tube, with the output connected through high resistances is put 
directly on the ceramic piece, while the AC voltage is applied through two 
4-microfarad condensers in series. At the resonant frequencies of the 
ceramic, which are usually above 100 kilocycles, the impedances of the 
condensers are less than 1 ohm, while the shunt impedance of the high- 



Fig. 12.3. Electrical circuit for investigating electrostrictive effect. 


voltage source, being 10 megohms, is much higher than the impedance of the 
ceramic. Hence, by this method, one obtains a measure of the electrical 
impedance of the ceramic and can determine the effect of putting a high 
electrical bias on it. 

If one measures the impedance of a freshly made ceramic on which no 
electrical bias has been placed, the impedance is that of a condenser and no 
resonances can be excited. However, if one puts a bias of 30,000 volts 
per centimeter on the ceramic disc of the material, for example, having the 
dimensions 

radius a » 2.5 cm; thickness t - 0.025 cm (12.2) 

Fig. 12.4 shows a measurement of the resonant and anti-resonant fre¬ 
quencies as a function of the applied voltage, as the voltage bias is de¬ 
creased to —30,000 volts per centimeter. Upon reversing the direction of 
the bias, the ascending curves shown are obtained. It is obvious that we 
are dealing with a hysteretic material for which the previous history 
determines the response. Since the electric displacement follows a similar 
hysteresis curve when plotted against the voltage, it is likely that the 
response is determined by the electric displacement rather than the electric 
field. When the field is reduced to zero a polarization remains and this 
determines the resonant and anti-resonant frequencies of the material. 
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From the data of Fig. 12.4 and the measured dielectric constant shown 
by Fig. 12.5, one can calculate the electromechanical coupling (which 
determines the percentage of energy stored in mechanical form to the total 
input electrical energy), the electrostrictive constant and the value of the 
elastic constant controlling the radial vibrations. The method for deriving 
the fundamental elastic, electrostrictive and electromechanical coupling 



DC BIAS IN KILOVOLTS PER CENTIMETER 


Fig. 12.4. Resonant and anti-resonant frequencies for a circular disc in radial vibration. 

constants for radial vibrations is discussed in the Appendix A.9. It is 
shown that the resonant frequency for a material having a Poisson's 
ratio 0.27, which is near that for barium titanate, is given by the equation 

/r = (113) 

where a is the radius, Y 0 = Young’s modulus, p - density and <r = Poisson’s 
ratio. In the disc whose data are given by Fig. 12.4, a = 2.5 cm, p = 5.5 
and <r = 0.27. Hence the value of Young’s modulus for zero biasing field 
is 1.12 X 10 12 dynes per square centimeter. The value of Young’s 
modulus is increased slightly with bias, being 1.18 X 10 12 at 30,000 volts 
per centimeter. 

It is shown in the appendix that the electromechanical coupling factor 
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k is determined in terms of the separation of resonant and anti-resonant 
frequency, A/, the resonant frequency/ r, the first root R } of the frequency 
determining equation, t.e. R\ = 2.03, and the value of Poisson’s ratio, 
by the equation 

^+...1 ( i 2 . 4 ) 

Jr L 1 + o' J 

For <r = 0.27, the value of the factor multiplying A///r is equal to 2.51. 
Hence, from the data of Fig. 12.4, the electromechanical coupling factor 
can be calculated and is shown plotted by Fig. 12.6. It follows a regular 
hysteresis loop, indicating that the remanent polarization is annulled 



Fio. 12.5. Dielectric constant as a function of voltage. 


when the voltage gradient is about 5,000 volts per centimeter negative. 
For a smaller initial polarizing field, the coercive field is less. 

These results indicate that for an applied DC voltage, since the strain 
is proportional to the square of the electric displacement, if we plot it 
against the field, the characteristic butterfly loop of a hysteretic material 
will result, as shown by Fig. 12.1. Actual DC measurements, with a 
bimorph unit and the field applied to only one side, give values which 
follow this type of curve very well. The calculated constant comes very 
elose to that measured by AC measurements as discussed in the next 
section. 

Similar AC measurements have been made for the thickness-longitudi¬ 
nal mode, the thickness-shear mode, the longitudinal-length mode and 
the coupling factors are shown plotted by Fig. 12.6. The frequency 
constant for the longitudinal-thickness mode for a zero bias is 2550 kilo- 
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Fig. 12.6. Electrostrictive coupling for four modes of motion plotted as a function of the 

biasing field. 


cycle-millimeters. From this, one obtains the elastic constant from the 
formula 

(,2 - S) 


(X + 2m) = 1.42 X 10 12 dynes/cm 3 

This and the value of Young’s modulus 

... « OX + 2m) 


( 12 . 6 ) 


Y 0 «= 1.13 X 10 12 dynes/cm 2 = m - 


(X + m) 


allow one to solve for the two Lame elastic constants. These are 

X - 5.2 X 10“ dynes/cm 2 ; m = 4.5 X 10“ dynes/cm 2 (12.8) 

and from these the value of Poisson’s ratio is 


0 _-2— = 0.27 

2(X + m) 


(12.9) 


as quoted above. 
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To obtain the thickness-shear mode, one has to polarize the ceramic in 
one direction and then remove the plating. An AC field perpendicular 
to this will generate a thickness-shear mode with a coupling, shown by the 
single point of Fig. 12.6. 

12.3 Phenomenological Theory of Electros trie tive Effect In Barium Titanate 
Ceramics 

Since in a barium titanate ceramic, any crystal symmetry is lost by the 
distribution of crystal axes in all directions, any first-order piezoelectric 
effects are annulled and all the modes of motion must be due to second- 
order electrostrictive effects. In the experiments of section 12.2 it was 
shown that the electromechanical coupling was determined by the electric 
displacement rather than the electric field so that we take as the inde¬ 
pendent variables the stresses and the electric displacements. All the 
measurements were made under adiabatic conditions so that all constants 
can be considered as adiabatic. 

In terms of a tensor notation the internal energy residing in the body 
can be expressed in the form 

dU - Tii dSij + E m ^ + Qdc (12.10) 


where T*i are the six stress components, S{j the six strain components, E m 
the fields, D m the electric displacements, 0 the absolute temperature, and 
a the entropy. The strain components are defined in the usual tensor form 


Su = 


1 / dUj du\ 

2 \dxj dxj 


( 12 . 11 ) 


where are the displacements along the *i-axes. In order to avoid using 
the factor 1/4 tt, we made the substitution 

« D m /4ir (12.12) 

6 m is then measured in statcoulombs per square centimeter. 

For the present purpose, since we are going to take 7^, d m and <r as the 
fundamental variables, we introduce a potential Hu called the elastic 
enthalpy, defined by the equation 

H X = U- SijTij (12.13) 

Hence 

dH\ *= —SijdTij + E m dh m + 0 d<s (12.14) 

and 
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Since for adiabatic conditions a does not vary, the dependent variables of 
interest, Sij and E my can be written in the form 

SijiTthin); E m (T kly 8 n ) (12.16) 


Expanding these functions about the position of zero strain and zero 
electric field, we have up to second-order terms 
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(12.17) 


For the present purpose some of these partial derivatives can be set equal 
to zero. Since there is no direct piezoelectric effect on account of the 
uniform distribution of the crystals in all directions, 


dSjj 

d5 n 


d 2 #! _ a 2 //! 

as ndTij~ dTijd&n 


dE m 

dTu 


(12.18) 


Furthermore, the ceramic can be described as soft electrically but not 
mechanically; hence, not much change in the elastic constants with stress 
will occur and d 2 Sij/dTkidT qr = 0. There is a slight change of elastic 
constants with electric displacement, as shown by Fig. 12.4, but it is small 
and is neglected here. Hence we can set 


d 2 S {j a 3 //, d z H y _ 

a Tki as„ = a T kl as„ a r tJ - a r„ a T kt as„ 


a£ m 

BTtjdTu 


0 (12.19) 


This leaves only three second-order partial derivatives, two of which are 
related, and these we designate as 


B 2 S {j 

d&n d&o 
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( 12 . 20 ) 


The two remaining first-order derivatives of equation (12.17) determine 
the elastic compliances and dielectric impermeabilities according to the 
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equations 

||* = ^ = 4rflL (12.21) 

d*n 

where s% k i are the elastic compliance constants measured at constant 
electric displacement and are the dielectric “ impermeability ” con¬ 
stants (inverse of dielectric constants) measured at constant stress. For 
the most general case, there are 21 components of s?j ki and 6 of the imperme¬ 
ability constants. For the isotropic case considered here, symmetry 
conditions insure that there are only two elastic compliances and one 
dielectric impermeability. For the most general case there are 36 com¬ 
ponents of the electrostrictive tensor Qijno and 18 for the correction O mno 
to the dielectric constant. For the isotropic condition, the off-diagonal 
term of the type 

£?ii22 = TTjf 1 and 022ii = _ 2 22 (12.22) 

db 2 OO i 

arc obviously equal since the expansion along X\ for an electric field along 
x 2 is equal to an expansion along x 2 for a field along x k . Hence the tensor 
is symmetrical and has the same number of components as the fourth-rank 
elastic compliance tensor j$ w . For the isotropic case, symmetry rules out 
all terms except those shown by the tensor on the opposite page. 

The terms on the left are the strains generated by the products of the 
electric displacements shown by the top column. Since Sij “ Sji and 
8{dj = Sfii, three columns and three rows are redundant. The fourth-rank 

tensor for the elastic compliances will have the same terms with 0 mi 

replaced by Jim and 0 H 22 replaced by Jn 22 * For the top variable line, 
5? is replaced by 7n, M 2 by 7 i 2 , etc. 

To simplify the method of writing these equations, the usual one-index 
matrix symbols are used for the stresses and strains and the usual two-index 
compliance, electrostrictive, and impermeability constants are used, and 
the electrostrictive equations become 

Si = JnTi + sf 2 (T 2 + 2s) + 0n*i + 012^2 + $ 3 ] 

*S *2 = S\ 2 [T\ + 73] + Si\T 2 + 01 1*2 + 0121*1 + * 3 ] 

S 3 = s\ 2 [Ti + T 2 ] + Jn T 3 + 0ii*i + 0i2[*i + *|] (12.23) 

S\2 “ “y * Ofl — Sl*)Tt + (011 — 012)*1*2 


S\3 » 


* (jfl — Si 2 )T 6 + (011 — 012)*1*3 
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*?23 = ~2 ~ (•*» — s \2)T* + (j?l 1 — Q\ 2 )8 2 8 3 

Ei — 4i(4T^n + Ouij) — 2{j2n(5iTx + S 2 T 3 + 8 3 T 3 ) 

+ 0u[«i(Ta + T a ) - (T 6 8 2 + T 6 «a)]} 

E 2 = « 2 (4^f 1 + O n i 2 ) - 2{0 u (« 2 T 2 + 8 iT 6 + 8 3 T 4 ) (12.23) 

+ Qu[h{T\ + T 3 ) — (ijTfl + 83 T 4 )]} 

E 3 — S 3 (4ir^fj + 01183 ) — 2{<2n (5 3 T 3 + 5 1 T 3 + 82 T 4 ) 

+ QuMTi + T 2 ) - (8,r 6 + 82 T 4 )]} 
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Fio. 12.7. Dielectric constant of barium titanate as a function of the temperature. 

In this equation, an extra term On has been added to represent the de¬ 
crease in dielectric constant with applied field, which, as shown by Fig. 12.5, 
is considerable. 6 Over a temperature range, the complex dielectric 
constant varies 7 as shown by Fig. 12.7. The equations for the various 
modes can be derived from equations (12.23). 

6 This measurement was made by Gordon Danielson formerly of the Bell Telephone 
Laboratories. 

7 Von Hippel, A., R. G. Breckinridge, F. G. Chesley and L. Tisza, Ini. Eng. 
Chem.) Vd. 38, pp. 1097-1109, Nov., 1946. 
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The simplest mode to consider is a longitudinal mode for a long, thin bar 
generated by a field perpendicular to the length. If we take the thickness 
as lying along z while the length is along x , the equations reduce to 

Si = sfiTi 4- 0i 2 *§ (12.24) 

£3 = -f On5 3 ] — 2012*3 


For the case of interest here 63 consists of a part 5 3o due to an applied field 
or a remanent polarization plus an alternating component, due to an 
applied AC voltage. As far as the alternating components go, we can 
write these two equations as 

S\ — sfiTi 4- 0i2(2$ 3o $ 3 ); £3 = *3(4^11 4- On5 3o ] — 20i 2 $ 3o Ti (12.25) 


To reduce this equation to the standard form 8 used in solving piezoelectric 
crystals, we have to express the stress T\ in terms of the strain S\ and 
field £ 3 . By eliminating 5 3 , the alternating part of the electric displace¬ 
ment from the last equation and substituting in the first part of equations 
(12.25), we have 

T _ Si _ 20i2* 3o £ 3 ^ 

s B n (47r^n 4- On5 3o )jn ’ 


*3 


2012*30^1 


4- On5 3o Sii[4wf3i{ 4- On$ 3o ] 


(12.26) 


where 


J?i = Jn[l ~ k 2 ] and k 2 


4012*30 


4 (Jp 

4^0ii + On* 3 o = 47 r^ii 4- 0n$ 3o -]y 

•fn 


[47r^n 4- On$ 3o ]jfi 

30 = (4ir/3n 4- On5 3o )(l — k 2 ) 


Substituting the last relation in the last of equations (12.26), the two 
equations become 


*?i 

~T - 
su 


2012*30-^3 


*3 


(47r0n 4- On5 3o )jfi ’ 

£3 , 2012*30*^1 


4irj8il + Oh5 3o 4- On*3ol 


(12.27) 


These have the same form as the piezoelectric equations (5.13) of Chapter 
V and hence the same considerations exist if we set the equivalent piezoelec¬ 
tric constant equal to 


<4i 


2012*30 

4t/3ii 4- 0n$ 3o 


(12.28) 


This can be evaluated as in the piezoelectric case by measuring the resonant 
1 See Chapter V, equation (5.18). 
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and anti-resonant frequencies of the device, the dielectric constant and 
the density. The coupling is given by equation (5.36) of Chapter V. 


k 2 = 


*1 A/ 

4 h 


[ 


l+ *4*254 

. 4 f R 


] 


4x = 


2012^30 


while the equivalent piezoelectric constant is given by 

-4 


e E 

s n 


+ On^o 


4irpu + On$3 0 


or 


Q 12 = 77"" ^n(47r/3ii + On5 3o ) 

^3 0 


(12.29) 


(12.30) 


Measurements have been made for the coupling of a long, thin bar as a 
function of the applied voltage and the results are shown by Fig. 12.6. 
The frequency constant for such a bar is 2.28 X 10 5 kilocycle centimeters. 
With a density of 5.5, this corresponds to a compliance constant (inverse 
of Young’s modulus) of 0.88 X 10 “ 12 cm 2 /dyne. The remanent polariza¬ 
tion was evaluated as 6,000 stat coulombs per sq. cm. and the remanent 
coupling for a number of bars was 18 per cent. Hence, one can calculate 
the value of Qi 2 and the value is approximately 

Q 12 - —1.35 X 10 -12 in cgs units. 


The negative sign is obtained from expansion measurements which show 
that the bar contracts in length when a voltage is applied normal to the 
length. 

The same constant £>12 drives the radial mode of a disc, but since this 
requires a transformation to cylindrical coordinates, the equations are 
discussed in the Appendix A.9. It is there shown that the coupling is 
V 2 /(l — <r) times as large as that for the longitudinal mode. This agrees 
well with the experimental curve of Fig. 12.6. 

The coupling for the thickness mode is also shown by Fig. 12.6. The 
effective piezoelectric constant for a thickness mode can be evaluated from 
equation (12.23) by setting S\ =* S 2 = 0, since no sidewise motion occurs, 
and solving for T 3 and $3 in terms of 63 and £ 3 . The resulting equations 
are 


"12 


Tt 


2*30 Qn ~~d , u 

„ L *11 + *12 

Ssc!l -4,0?, + 0„J» 


~D C ?12 
r 12 J 


C\\ 


“£ 3 ; 


, _ Ej _ L *11 1 - *18 

4*0?f + Ou5j 0 4r0n + OnS 3o 


2ffi |j?u - Qiz\^ h*St 

.. * w 1 .... 


( 1131 ) 
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where cf x = ~ ^ 2 ; k 2 = - 

= + Oii 5 3o )(1 - * 2 )- 

for this case is 


2s?,Qn T 


JT 

^11 


and 4irj3x* + On53 0 


+ On 630 

Hence the equivalent piezoelectric constant 


4 s = 


2 M2ii 


2 s ? 2 


su 

7? 


+ s?<2 


012 5 ; 


30 


+r/3n 4- Oh53 0 


(12.32) 


From the remanent coupling measurements of a number of plates as 40%, 
one finds that 


0ii - 


2& 


•rfi 


e D 

S 12 


0i 2 = 2.7 X 1(T 12 


(12.33) 


Since Sn and J 12 are given in terms of the c elastic constants by 

_ cn + C12 _ H/i s 

^11(^11 4 - ^12) — 2^12 m( 3 X + 2 fx ) 

_ ^12 __ —X 

^ 11(^11 4- ^ 12 ) ~ 2r 2 2 2/i(3X 4- 2 tx) 

we have from the Lame elastic constants of equation (12.8) 
s n = 0.88 X 1(T 12 ; s 12 = -0.236 X 1(T 12 . 

Hence the value of Qu becomes 

0ii = +3.6 X KT 12 

which is of opposite sign and about 2.7 times as large as Q i2 . 

The fourth mode of motion that can be generated in a rectangular bar 
is the thickness-shear mode which occurs when the alternating voltage is 
applied at right angles to the DC electric displacement. This mode was 
tested by taking a bar 5 cm long, 0.5 cm wide and 0.25 cm thick, applying 
a voltage of 30,000 volts per cm and using the remanent polarization gener¬ 
ated for this case. Since it is difficult to establish an electric displacement 
along the 0.5-cm direction with plates normal to the large faces, these were 
dissolved off and the AC field applied along the width (0.5-cm direction). 
The frequency of the measured resonance was 566 kilocycles, which agrees 
well with the shear-elastic constant of equation (12.8). The coupling for 
the shear mode is higher than that for the thickness-longitudinal mode. 
This is what one expects from equations (12.23), sixth equation, from which 


(12.34) 

(12.35) 

(12.36) 
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one obtains the equation for a shear mode 

rr . o E 2(011 — £?12)$3oM J r, 

i 4 = 04/i — 7 p -—- E o 

4ir0n + 0n$3o 


$2 


where 

r E E 
E C U ~ ^12 
M-Z- 


2((?11 — i?12)^3oM^ 


(12.37) 


4v/3fi + 0n$3o 4xj8n + Oh6 3o 4 

= An ~ ^ 12 \ ^ _ ^ 2 ^. ^2 _ 1(0n Z Q^)\o^ E 

\ 2 / * 4t/^h 


+ Oh63 0 


Inserting the values given previously for gn, <2 12 , /u and 5 3o (/.*. a remanent 
polarization equal to 0.85 times that for a 30,000 volt per centimeter field) 
one obtains a coupling of 48 per cent, which agrees well with experiment. 
Hence the phenomenological theory accounts quantitatively for all the 
modes of motion observed, and allows one to measure the electrostrictive, 
elastic and dielectric constants pertaining to the ceramic. 


12.4 Theoretical Explanation of Effect 

The ratio of about 2 to 1 between the thickness effect, and the fact that 
the radial effect is a contraction, allows one to obtain a mechanism for this 
effect. Barium titanate above 120°C has a cubic structure, having the 



O - barium • -oxygen •-titanium 
Fio. 12.8. Structure of barium titanate above 120° C. 

form shown by Fig. 12.8. Here eight barium atoms form the corner of 
the cube. Since each barium atom is shared between eight adjacent 
cells, this gives a total of one barium atom per cell. Six oxygen atoms 
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occupy the face-centered position on the six sides, and since each is shared 
between two adjacent cells, this represents a total of three oxygen atoms 
per cell. Since the titanium atom is much smaller than the other atoms, 
it is relatively free to move between them. 



Fig. 12.9. Cell dimensions of barium titanate as a function of temperature. 


As the temperature is lowered below 120°C, the titanium atom moves 
from the center to one of the six positions near the six oxygen atoms. 
Since the cell was neutral when the titanium was in the center, a dipole 
moment is introduced by the motion of the titanium, the cell acquires a 
permanent dipole and the domain in which the cell is situated becomes 
ferroelectric. 

When the crystal becomes ferroelectric, the cubic form is lost and the 
crystal becomes tetragonal with the axis in the direction of the titanium 
motion 1 per cent longer than the other two axes. Figure 12.9 shows the 
cell dimensions as a function of temperature, as determined by Miss 
Megaw. 9 Along the ferroelectric axis, the cell dimension increases from 
9 Megaw, H. D., Proc. Roy . Soc., Vol. 189, pp. 261-283, April, 1947. 
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4.0A to 4.026A at room temperature, while the other two axes decrease 
from 4,oA to 3.86A. The total volume of the unit cell remains unchanged 
for the crystal, but the axial ratio has changed to 1.01. 

For a polycrystalline material the dominant mechanism for producing 
the electrostrictive effect is the following. As the ceramic material is 
prepared, all domains (which can exist below 120°C) are equally distributed 
in all directions and no residual polarization can occur. The effect of a 
large DC field is to change the direction of polarity so that more domains 
are lined up in the direction of the field rather than in other directions. 
This change in the direction of a domain occurs not by physically changing 
the orientation, but rather in changing the direction of the ferroelectric 
axis from one of the six oxygens to another of the six. When the field is 
taken off, the local field caused by the lining up of the domains remains 
and is sufficient to keep a large share of the domains lined up. Now, when 
domains are lined up in the direction of the field, the plate expands in this 
direction by per cent times the percentage of domains whose direction 
of polarization is changed. At the same time the radial dimensions con¬ 
tract. For the crystal, X-ray measurements show that the sidewise con¬ 
traction is half as much as the thickness expansion. However, for the 
ceramic, since —Qn/Qn = 1.35/3.6 = 0.37, the amount of sidewise 
contraction is less and a volume electrostrictive effect exists. This is 
probably due to the fact that the crystal domains are not bonded at all 
points and a contraction of domains can occur without causing a corre¬ 
sponding contraction in the body, whereas an expansion along the r-axis 
carries the material with it whether it is bonded at all points or not. The 
two effects, the thickness effect and the radial effect, are both of a con¬ 
siderable magnitude. 

When a small AC field is applied in the presence of a DC field or remanent 
polarization, the following process probably occurs. The AC field in itself 
is too small to reverse any complete domain, but it can cause molecules on 
the common planes of differently directed domains to change from one 
domain to another and hence cause one domain to grow at the expense of 
other domains. If the AC field is opposed to the DC field, some molecules 
of the domains directed along the thickness will be lost to other domains 
directed in different directions and the crystal will become thinner. When 
the AC field is added to the DC field, these molecules, and more too, will be 
directed in the direction of the field and the plate becomes thicker. Since 
the change in molecule direction will, in general, lag the applied field, a 
large dielectric hysteresis occurs just as for rochelle salt, and the mechanical 
resonances have a poor Q. The radial vibration is accounted for by the 
contraction of the domains in directions perpendicular to the ferroelectric 
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axis, and this process should generate a radial motion about half as large 
as the thickness motion, which agrees with experiment. 

The value of the total increase in thickness, about 5 to 7 parts in 10 4 
for 30,000 volts per cm applied, gives a method for estimating the number 
of domains lined up by the DC field. Since the plate could expand by ■§■ 
per cent if all the domains were lined up, the per cent lined up is 


5 to 7 X 10~ 4 
6.6 X 10“ 3 


= 7.6 to 10.6%, 


(12.38) 


over the average value for an isotropic condition. 


12.5 Method for Obtaining a Permanent Polarization 

Since for practical devices it is undesirable to have to supply a d.c. 
biasing voltage, use is made of the remanent polarization induced by polar¬ 
izing the ceramic by a high voltage. There is some indication that this 
polarization may decrease with time as does the remanent magnetization 
of a soft magnet material. In order to obtain a remanent polarization 
that is really permanent, experiments have been made on the effect of 
introducing impurities into the barium titanate with the idea that the 
dipoles might be locked into position so that they would not change, as 
happens for the magnetic dipoles of a permanent magnet material. By 
introducing three or four per cent of lead in the form of lead titanate, the 
desired effect was found. When this mixed ceramic was poled at a high 
field strength at temperatures above the Curie temperature and cooled 
under the applied field, this remanent polarization and the concomittant 
electromechanical coupling could not be removed by any reversed field 
that could be applied up to a temperature of 70°C. As shown by Fig. 12.4 
the remanent polarization of an ordinary barium titanate ceramic can be 
removed by a negative field of 5,000 volts per centimeter, but with 4 per 
cent lead titanate the coupling is only slightly diminished up to a negative 
voltage of 25,000 volts per centimeter. It is completely restored by 
cycling to 25,000 volts per centimeter positive. Hence the new material 
acts like a permanent magnet material and the remanent polarization 
should be stable with time. 

It appears from the X-ray measurements of Rushman and Strivens 
(Faraday Society, Vol. XLII A p. 235, 1946) that lead goes in place of the 
barium. Since lead has a divalent radius of 1.21 A, /.<?., 0.14A smaller 
than the barium, the lead may also act as a dipole, adding to that due to 
the titanium. This results in an increase in the Curie temperature of 
10°C for the 4% mixture. Since lead has a smaller polarizability than 
barium, the value of «o decreases, and the large rise in A\ does not occur 
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until a lower temperature. The second transition temperature, as shown 
by the elastic data of Fig. 12.10 is lowered from 10°C to — 20°C for a 4 
per cent mixture and to — 45°C for an 8 per cent mixture. Both the lower¬ 
ing of the dielectric constant and the lowering of the middle transition 
temperature are consistent with a decrease in A\> while the increase in the 
Curie temperature indicates an increase in A$ in the room temperature 
range. Hence the numerator of equation (11.110), determining the coer¬ 
cive voltage, may easily increase by a factor of five, resulting in five times 
the coercive voltage, as observed experimentally. 




TEMPERATURE IN DECREES CENTIGRADE 

Fig. 12.10. Electromechanical coupling factor and frequency constant (frequency times 
radius) for a circular disc of commercial barium titanate, and barium titanate with two 
percentages of lead titanate added. 

Using the 4 per cent lead mixture, acoustic powers as high as 100 watts 
per square centimeter have been continuously radiated without causing 
any loss of polarization as long as the surrounding medium is less than 
70°C. This represents the highest power density obtained with any ultra¬ 
sonic device. 

While it is too early to tell for which application the ceramic type of 
transducer will give better results than other competing methods, several 
advantages are at once obvious. Figure 12.10 shows the electromechanical 
coupling factor and the frequency constant of a circular disc plotted as a 
function of temperature. The solid line is for an ordinary barium titanate 
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mixture while the dotted line is for a 4 per cent lead titanate mixture. The 
two transition temperatures of 0° and — 90°C are evident from the data. 
According to the discussion in Chapter XI, these are temperatures for 
which the crystal becomes ferroelectric along two directions and three 
directions, respectively. The effects of these transition temperatures are 
somewhat curtailed for the lead titanate modifications. The intermediate 
transition temperature is lowered to — 20°C. For an 8 per cent lead 
titanate mixture it is lowered even further. The constants of the trans¬ 
ducer, as shown by Fig. 12.10, are far less temperature sensitive for example, 
than are those for rochelle salt. 

Another definite advantage of the ceramic transducer is that it can be 
made of any size or shape. One possible use of this is in producing focusing 
radiators that can concentrate ultrasonic energy in a given region. This 
type of transducer can be made equally efficient at all points of the surface, 
which is not true for a quartz focusing radiator. In the form of a cylindrical 
radiator, a barium titanate transducer can produce a high ultrasonic 
intensity along the axis of the cylinder. This type may be of use in a 
continuous ultrasonic process for altering the properties of a liquid or solid. 



CHAPTER XIII 


Properties of Gases and Methods for Measuring 
Them by Crystal Transducers 

Piezoelectric transducers have been used extensively in setting up vibra¬ 
tions in gases, liquids and solids and in measuring the elastic and dissipative 
properties of solids. Probably the first instrument of this kind was the 
acoustic interferometer of Pierce, 1 which has been used to measure veloci¬ 
ties and attenuations in gases and liquids. While attempting to check the 
classical equations which predict an attenuation for a free wave propor¬ 
tional to the square of the frequency, Pierce found an attenuation maximum 
and an associated increase in velocity with frequency. This was soon 
explained by Herzfeld and Rice as a consequence of a coupling between the 
translational energy and internal modes of vibration which are excited on 
the average only after a large number of collisions. These internal modes 
could be excited only in polyatomic gases for which gases the adiabatic 
conditions may be modified through the effect of certain time constants 
that characterize the rate of exchange of thermal energy between the 
translational, rotational and vibrational states of the molecules. The 
phenomenon is known as thermal relaxation. 

It is the purpose of this chapter to describe the methods of measurement 
and some of the results obtained for gases. 

13.1 Classical Equations for Sound Propagation and Application to 
Monatomic Gases 

The classical equations for sound absorption in gases arising from shear 
viscosity (Stokes, 1841) and heat conduction (Kirchoff, 1868) are derived 
in detail in the Appendix, Section A.7. It is there shown that a plane wave 
propagation takes place according to the equations 

p = p 0 cosh Tx — £qZ 0 sinh Tx 

. • Do (13.1) 

k = £o cosh Tx sinh Tx 
A) 

where p is the excess pressure at any point x from the origin, p 0 the excess 
pressure at the origin, f the particle velocity in the plane wave, T the 

1 Pierce, G. W., Proc. Am. Acad., Vol. 60, p. 269, Boston, 1925. 
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propagation constant, and Z 0 the image impedance, i.e. the impedance of 
an infinite medium. These two quantities are given in terms of the gas 
constants by 


r = 


. « 


/77>7 . o (Y-i)/q pv 3 

V 1+ ^L x+2 ’ ,+ ~^~J 


.r ,, x ( 7 -i)q> 

• x+2i?+——- +— 

L Cp J v 


(13.2) 


/i , > r fr-n/n. f,, > r 

z »- p,, v i+ ,^L x+2,+_ c7'J' p '( 1+ 5?L ,<+2 ’’ + ‘^r'J 


In this equation p is the density, v the velocity = V^/p where k is the 
constant of cubical elasticity, o> = 2 tt/ where / is the frequency, rj is the 
shearing viscosity and x a compressional viscosity, 7 = ratio of specific 
heats, K the constant of thermal conductivity, and C p the specific heat at 
constant pressure. For gases, according to Stoke’s assumption which 
appears justified at least for monatomic gases 

X + 2lj = y (13.3) 

From gas theory 

K _ (97 - S)„ 

Cp 4 

so that the effective attenuation is given by the formula 

. 27T 2 / 2 r4„ . ( 7 -1)(9 t-5)„ 

A ~l* 1.3 + 4 


(13.5) 


For a monatomic gas 7 = 5/3 and hence the attenuation is 

A - ^ [2.96,] (13.6) 

p» 

Extensive measurements in argon at 4.25 megacycles by Keller 2 confirm 
the classical formula over a wide range of pressure up to 12 atmospheres. 
However, measurements made in helium by Von Itterbeck 3 and Thys 
(1938) and Von Itterbeck 4 and Mariens (1940) and in neon by Von 
Itterbeck 5 and Thys (1938), indicate that the absorption in these two 

2 Keller, H., Phys. Zests., Vol. 41, p. 386, 1940. 

* Von Itterbeck and Thys, Physics, Vol. 5, p. 640, 1938. 

2 Von Itterbeck and Mariens, Physics, Vol. 7, p. 125, 1940. 

* Von Itterbeck and Thys, Physics, Vol. 5, p. 889, 1938. 
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gases exceeds the theoretical value by a factor of the order of four. No 
explanation is forthcoming since no other factors should affect the absorp¬ 
tion in monatomic gases. A more recent measurement 6 on helium gave 
results which agree with the complete thermodynamic equation (13.2) for 
pressures down to 5 X 10 2 dynes/cm 2 . 

An equivalent electrical circuit for representing the propagation of a 
wave according to the classical formula is of some interest, particularly 
in showing the attenuation due to several effects. Such a network can be 
obtained when the propagation constant T and the image impedance Zq 


pdx pdx 



Fig. 13.1. Equivalent circuit representation for the propagation of a longitudinal wave in a 

gas or liquid. 

are known. For a T network, the series impedance at low frequencies 
for a section of material of thickness dx 9 and the shunt impedance are 
given by the formulae 

Z x = ZoTJx; Z 2 =^ (13.7) 

Hence from equation (13.2) 

Zx = jeep dx; Z 2 - [[* + 2 V + ~ J {\j x (!3-8) 

Figure 13.1 shows a drawing with a T network representing these 
impedances. 

13.2 Measurement of the Properties of Gases 

Measurements of the properties of gases at low frequencies are usually 
carried out by measuring the transmission properties in enclosed tubes or 
enclosed rooms. At ultrasonic frequencies, however, their properties are 
almost universally measured by an ultrasonic interferometer. Such 
interferometers, which were first devised and used by Pierce, 1 usually 
employ a quartz or other piezoelectric crystal to set up standing waves 


6 Greenspan, Phys . Rev. y Vol. 75, No. 1, p. 197, Jan. 1,1949. 
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between the crystal surface and a movable reflecting plate. The cross- 
sectional area of the driving crystal is so large that very directive waves 
are set up and no account has to be taken of the divergence of the wave. 
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Fio. 13.Z* Interferometer for measuring velocity and absorption in a gas or liquid. 


13.21 Theory of Operation of an Interferometer 

A typical interferometer for studying the velocity and absorption for a 
gas at various temperatures is shown by Fig. 13.2. A fixed quartz or ADP 
crystal of large cross-section is held rigidly in place between two electrodes. 
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A variable reflecting plate is connected to a micrometer screw which 
accurately measures the distance of the reflecting plate from the crystal 
surface. The reflecting plate is lined up to be accurately parallel with the 
crystal surface. The whole unit is placed in a thermostated heating coil 
for controlling the temperature of the unit. The outer chamber is gastight 
and provides arrangements for letting gases into and out of the chamber. 

To operate the device an oscillator is connected to the crystal and tuned 
to the resonant frequency of the crystal. A thermocouple or amplifier in 
series with the crystal can be used to measure the variation in current 
through the crystal as a function of the position of the reflecting plate. 
As the position of the plate is varied with respect to the crystal surface, 



0 1 2 3 4 5 6 7 8 9 10 II 12 

DISTANCE BETWEEN CRYSTAL AND REFLECTING 
PLATE IN HALF WAVE LENGTHS 


Fio. 13.3. Current through meter as a function of separation of crystal and reflector. 


the current through the meter will be as shown in Fig. 13.3. At half- 
wavelength intervals, sharp dips occur in the received current, indicating 
that a high mechanical impedance is impressed on the end of the vibrating 
crystal by the standing-wave system between the crystal surface and the 
reflecting plate. By counting the number of half wavelengths occurring 
in a given displacement of the reflecting plate, and knowing accurately the 
frequency of vibration, the velocity of propagation of the gas is determined 
by the formula 


( 2 X displacement_\ c 

number of half wavelengths/ re ^ uenc ^ 


(13.9) 


The maximum and minimum current points lie on lines labelled I max and 
/min and approach each other as the separation increases. The attenuation 
of the wave can be calculated from the shapes of these curves. The 
theoretical method of calculating the attenuation was first derived by 
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Fic. 13.4. Equivalent circuit of interferometer and gas column. 

Hubbard, 7 but it can be simplified considerably by employing the equiva¬ 
lent circuit of a thickness vibrating crystal derived in the book Elec¬ 
tromechanical Traducers and Wave Filters 8 Section 6.4. Figure 13.4A 
shows the equivalent circuit applicable for this case. If we tune out the 

7 “ Acoustic Resonator Interferometer I: The Acoustic System and the Equiva¬ 
lent Electrical Network,” Phys. Rev., Vol. 38, No. 5, pp. 1011-1020, Sept. 1, 1931; 
“Acoustic Resonator Interferometer II: Ultrasonic Velocity and Absorption in 
Gases,” Phys . Rev., Vol. 41, p. 523, 1932. 

8 Mason, W. P., Electromechanical Transducers and Wave Filters , D. Van Nostrand 
Company, Inc., 1942, 2nd Edition, 1948. 
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static capacity of the crystal by a shunt inductance, the current at reso¬ 
nance in the meter is determined by the series electrical resistance R\, the 
mechanical resistance of the crystal and the mechanical impedance im¬ 
posed by the medium on the ends of the crystal. The end away from the 
reflecting plate can be assumed to have a constant impedance independent 
of the reflector plate. The most probable impedance is a resistance pv 
times the area of the plate. Calling this Rr the equivalent circuit of 
Fig. 13.4A can be put into the form shown by Fig. 13.4B where Zm is the 
mechanical impedance put on the crystal by the crystal reflector standing- 
wave system. By employing the equivalence shown by Fig. 6.16B, 8 
Fig. 13.4B can be put into the form shown by Fig. 13.4C. But near the 

Oil 

resonant frequency 2jZo tan — t is very large compared to Zm — Rr and 
can be neglected. Also at the resonance, the reactance of Ce !4 cancels that 

Oil ... / 

of — 2/Z 0 cot — t and the circuit of Fig. 13.4D results. Re represents the 

resistance in the crystal caused by elastic hysteresis, mounting losses and 
any other sources of dissipation in the crystal. Rr represents the radi¬ 
ation resistance on the free side and Zm the mechanical impedance on the 
crystal due to the standing-wave systems. If we combine Re and Rr 
into Re> the current i flowing through the galvanometer at the resonant 
frequency of the crystal, is 



(13.10) 


If we consider that the radiator is so directive and the separation be¬ 
tween crystal and reflecting plate so small that no diffraction has to be 
considered, the impedance can be calculated by the formula applicable 
for a plane wave, which is 

p 2 = pi cosh Tl — fiZo sinh Tl 

. . Pi ( 13 . 1 ) 

f cosh Tl sinh Tl 
Zo 


where T is the propagation constant A + jB , Zq the characteristic imped¬ 
ance which very nearly equals pv, pi and £i the pressure and particle 
velocity at the crystal surface and p 2 and $2 the pressure and particle 
velocity at the reflector surface. The reflector in general will have a very 
high impedance compared to air. Calling this impedance Zr per unit area, 
we have 


P 2 

is 


® Zr 


( 13 . 11 ) 
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Substituting this in equation (13.1), we have that the total mechanical 
impedances Zm is equal to 


Spi 7 rj 0 T coth 17 -f- (Zo/Z/e) 

— = ZjM = Zjo o -- 

Ll + (Zo/Zs) coth r/J 


(13.12) 


where S is the effective cross-sectional area of the crystal. For any 
gases, the ratio of Zq/Zr is very small and can usually be set equal to 
zero. Even for a liquid Zo/Z# is small and can be set equal to a small 
quantity A. Then introducing this result in (13.10), we have 


ft _l i co ^ 17 A 

0 + v + v - Lr+ Acothr/. 


(13.13) 


Since T consists of a real part A (the attenuation in nepers per centimeter) 
and an imaginary part jB (where B is the phase constant in radians), 
coth 17 can be expanded inro the form 


coth 17 = coth {A + jB) 


sinh 2 Al — j sin 2 Bl 
cosh 2 Al — cos 2 Bl 


(13.14) 


The maximum value of coth Tl comes when cos 2 Bl =1 or Bl — mr. 
Hence for any integral number of half wavelengths, the impedance Zm 
is high and the current reaches its minimum value as shown by Fig. 13.3. 
The value of coth Tl at these points is 


sinh 2 Al 
cosh 2 Al — 1 


= coth Al 


(13.15) 


and the minimum current is 


E 0 

♦min r> 

z n sr 

coth Al + A 1 

* o + v 

_1 

■|> 

+ 

1 4- A coth Al J 


_£o_ 

R 4 4 1 

° V v Ltanh Al + A 


( 13 . 16 ) 


since A is small and can be neglected compared to the very large value of 
coth Al. If we extrapolate the value of current at the minimum points 
down to zero separation / = 0, the minimum current for zero length is 


*o 


Eo 


Ro + T"f + 

V 


Zq5 
V 2 A 


( 13 . 17 ) 
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The maximum current will come at odd quarter wavelengths of the 
spacing between crystal and reflector where cos 2 B = — 1. For this case 


, sinh 2 Al , 

coth 17 = - ———- — tanh Al 

1 + cosh 2 Al 

and the maximum current curve will be given by the equation 

__ Eo _ 

W R * Z " S tanh Aljr A 

0 4 <p 2 4<p 2 1 + A tanh Al 


(13.18) 


Re 


Z*S 

V 

+ 

V 



Eo 

Re 

i 

Z 0 S 

V 

T 

V 


(13.19) 


since tanh Al is always less than 1 and A is very small. If we extrapolate 
the maximum current curve down to zero length, the current is 


Re Zo S 

Ro + v + 17 a 


(13.20) 


(13.21) 


where C is a constant for the interferometer. Taking the ratio of Im to 
t'o and calling it <r 0 

^ Zos Zosn_i 

Ro + V 4^ 2 a c + V La J 

= - R zl = - C -- (13 - 21) 

n x K E . AW C 

Ro + V + V A 

Since A is a very small quantity we have 

A - v^rrj 


(13.22) 


We have two other equations (13.16) and (13.19) for solving for A and 
tanh Al, If we write them as the ratios 


1 + tanh Al 
4 <p 2 C 


r i 

’ _tanh Al + A. 


(13.23) 
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we have three equations for solving for A and tanh AL The results are 


tanh Al = 


4 


(<ri - l)(g 0 - tr 2 ) 

(«0 ~ l)(<r„ ~ 1) 5 


A = 


4 


(<?! - 1) (o'2 - 1) 

((T 0 - 1) ((To - <T 2 ) 


(13.24) 


Since A does not change with position, the last equation of (13.24) should be 
independent of the separation /. Hence curves of the form of Fig. 13.3 
can be used to measure the velocity and attenuation existing in a gas. 

An alternate method of measuring these quantities is to place the inter¬ 
ferometer in an impedance bridge and measure the series resistance and 
reactance at the resonant frequency of the crystal as a function of the 
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Fig. 13.5. Resistance of crystal as a function of separation. 


interferometer spacing. From equation (13.13) the impedance is given 
by the equation 


Re ZqS coth IY + A "1 

Z = + V + "V Ll + A coth r/J 


(13.25) 


The resistance component will vary as shown by Fig. 13.5. 
between 


R(0 max 


= Rq + 


Re 

V 


vr_i_“ 

4 ip 2 .tanh Al + A. 


It will vary 


(13.26) 


and 

R(!) mio = Ro + ^ l tanh Al + A 1 


Designating the minimum resistance at / = 0 as /? m i„ and the minimum 
resistance at a distance / as R(/) m i n > the maximum resistance at / = 0 as 
R max and the maximum resistance at a distance / as /2(/) max it can be shown 
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from equation (13.26) that the attenuation is given by the equation 



tanh Al — ^ 

Fornax E (/)max"j 


and 

L^(0max -^minJ L ^max ^min J 

(13.27) 


A _ / 

E{1) max f^min | E(l)mm Rmin 



A \ 

- ^max — f?min - L-^max E (0 max- 



This provides an alternate method for obtaining the velocity and attenu¬ 
ation. 


13.22 Experimental Results 

Measurements made for the attenuations and velocities of air, oxygen, 
nitrogen, carbon dioxide and other gases show that the attenuations are 
considerably higher than can be accounted for by the classical viscous 
considerations such as discussed in Appendix A.7; furthermore, the 
velocity of such gases as carbon dioxide shows a dispersion with frequency. 
The first measurements for carbon dioxide were made by Pierce 1 in 1925. 
The first significant measurements for air were made by Knudsen. 9 By 
using a reverberation-time method in enclosed chambers of various sizes, 
the attenuation was measured at 3000 cycles, 6000 cycles and 10,000 cycles 
as a function of the percentage of water vapor molecules in the air. These 
curves, which are shown by Fig. 13.6, show a pronounced attenuation 
maximum at .2 to .4 per cent water vapor. For dry air, the attenuation 
is about 40 per cent higher than that calculated from viscosity and heat 
conduction considerations. With water vapor present the attenuation 
is over a hundred times the classical value. For carbon dioxide at certain 
frequencies the measured attenuation is over 340 times the classical value. 
Figure 13.7 shows the measured attenuation and velocity of carbon 
dioxide as a function of frequency. 

The causes for this divergence from classical theory have been in¬ 
vestigated by Herzfeld and Rice 10 and by Kneser. 11 The basic mechanism 
for this effect has been explained as follows: when a gas is compressed 
adiabatically, a certain amount of the energy is turned into internal energy 
of the molecules and a certain amount into rotational energy of the mole- 

9 “ The Effect of Humidity Upon the Absorption of Sound in a Room, and a 
Determination of the Coefficient of Absorption of Sound in Air,” J.A.S,A.> Vol. 3, 
pp. 126-133, 1931; “ The Absorption of Sound in Air, in Oxygen, and in Nitrogen- 
Effects of Humidity and Temperature,” ].A.S.A.> Vol. 5, pp. 112-121, 1933. 

10 “ Dispersion and Absorption of High Frequency Sound Waves,” Phys. Rev . //, 
Vol. 31, p. 691, 1928. 

11 “ The Interpretation of the Anomalous Sound-Absorption in Air and Oxygen 
in Terms of Molecular Collision,” J.A.S.A^ Vol. 5, pp. 122-126, 1933. 
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PERCENTAGE OF H 2 0 MOLECULES 

Fio. 13.6. Measured attenuation in air as a function of frequency and water vapor content. 



I 


It! 

2 


Fio. 13.7. Measured velocity and attenuation of carbon dioxide as a function of 

frequency. 
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cules. Calculations show that for most gases the interchange of energy 
between compressional and rotational energy is so rapid that for any of the 
frequencies used in measuring the effect, the interchange can be regarded 
as complete. However, for hydrogen, it appears that rotational modes 
can be excited which have a relaxation frequency of 10 me. For certain 
vibrational modes of motion of the molecules the interchange is not 
nearly as rapid. For very low frequencies the amount of energy trans¬ 
ferred into internal vibrations from compressional energy is regained, 
provided the compression and the expansion take place slow enough 
for the molecules to run through their states of equilibrium between the 
compressional and expansional stages. If, however, the gas is com¬ 
pressed and expanded within an interval of time, which is the order of the 
time required to establish thermal equilibrium between the quiescent 
and the vibrating molecules, then a certain fraction of the vibrational 
energy is not recovered but is turned into heat energy. Finally, if we 
carry out the process at a rate much faster than the rate of energy adjust¬ 
ment, very little energy is transferred into vibrational energy during the 
compression and hence little energy will be absorbed. 

Over a frequency range then we would expect little energy to be lost at 
low frequencies, since most of it is returned to the wave. There should 
be an addition to the specific heat of the gas at low frequencies, since there 
are more modes of motion to be excited. Maximum absorption should 
occur when the frequency of the sound wave equals the rate of adjustment 
of thermal equilibrium. Finally at high frequencies, little energy gets 
into the vibrational modes and we should expect little loss of sound energy 
and a lower specific heat of the gas. 

Calculations, based on these considerations, are given in the Appendix, 
section A.8, and formulae for the attenuation per wavelength A and the 
velocity pas a function of frequency are given by the equations 


(13.28) 


where C v is the specific heat at constant volume, C V i the specific heat at 
constant volume due to vibrational degrees of freedom, y * ratio of 
specific heats « C p /C v , « is 2r times the frequency and k\ is the reaction 
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rate constant; that is, the number of transitions per molecule per second 
from the excited to the normal state. This is equal to 1/t\ where t is 
the relaxation time. We note that when a> —► 0 and co oo, the velocities 
of propagation are 

0 = °o = yj^- ; 0» = V 0 yj 1 + (13.29) 


2 

Hence -^ = 1 + 
Vo 



2 2 
flop ~ Vp 

VqVoo 


y 1 Cyj vo 2 

7 C v 7T 



Fig. 13.8. Theoretical velocity and attenuation curves for a gas with an internal mode of 

vibration. 

Hence when the velocities at very low and very high frequencies are 
evaluated, the heat of vibration C V i can be evaluated as a certain fraction of 
the specific heat C t ». There is a relation between the maximum attenuation 
per w’avelength and the velocities as shown by equation (13.29). Over 
a frequency range the square of the velocity is shown plotted by the dotted 
line of Fig, 13.8, while the solid line shows the attenuation as a function 
of frequency. The point of inflection of the velocity curve comes at the 
frequency of highest attenuation for the attenuation per wavelength, 
frequency curve. The frequency of maximum attenuation occurs at a 
different frequency for each gas or combination of gases. For carbon 
dioxide, the maximum occurs at about 20 kilocycles. From infrared 
spectroscopic investigation, it is known that there are three natural 
frequencies of vibration for the CO 2 molecule: two longitudinal and one 
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transverse or bending frequency. One of the longitudinal vibrations 
contributes little to the specific heat and the other about 0.308 calories per 
gram mole, while the bending oscillation contributes a value of 1.598 
calories per gram mole. Taking the sum of these contributions, a good 
agreement is obtained with the value calculated from ultrasonic measure¬ 
ments. Hence this is a confirmation that the elimination of these fre¬ 
quencies from the specific heat gives rise to the increased velocity of sound 
at the high frequencies. 

The effect of water vapor on the attenuation of sound in air is in acting 
as a catalytic agent for transferring the longitudinal vibrations into internal 
vibrational energy. In other words, the translational energy is rarely 
transformed into vibrational energy unless water vapor is present. If 
pure oxygen rather than air is used, the absorption is over 5 times as large, 
indicating that most of the internal vibrations reside in the oxygen mole¬ 
cule rather than in the nitrogen molecule. Experiments with nitrogen 
molecules indicate that the absorption is independent of the amount of 
water vapor and is nearly equal to the classical value determined by 
viscosity and heat conduction. 

Relaxation phenomena have been observed in a number of gases includ¬ 
ing acetaldehyde, ammonia, carbon dioxide, nitric oxide, methane, carbon 
disulphide, propylene and various vapors. The relaxation frequencies 
depend upon the probability of exchanging energies between translational 
and internal modes and the probability ranges from 1CT 3 to IQT 6 . Theo¬ 
retical estimates of this probability are rather crude and it appears that 
further theoretical work would be profitable here. 

Rotation relaxation (/.<?. the excitation of a rotational mode by trans¬ 
lational collisions) has recently been demonstrated for hydrogen. E. S. 
Stewart 12 reports a relaxation frequency of about 10 megacycles at 
standard temperatures and pressures. The probability of energy exchange 
is about 2 X 10““ 2 per collision. Vibrational relaxation is not possible 
here because the vibrational specific heat is not actuated at room tempera¬ 
ture. Keller 13 suggested the possibility of rotational relaxation in nitrogen 
and ammonia gas. 

For rotational and vibrational modes, the probabilities of interchange 
are within the ranges 

Rotational Vibrational 

translational translational (13.30) 

KT 1 to 1CT 2 10~ 3 to ltr 6 


12 Stewart, E. S., Phys. Rev., Voi. 69, p. 632, 1946. 
“ Keller, H., Phys . Zeits., Vol. 41, p. 386, 1940. 



CHAPTER XIV 

Measurement of the Properties of Liquids 

A large amount of work has been done in the last few years in measuring 
the velocity and attenuation of longitudinal waves in liquids. The 
measurement of the sound velocities in liquids is of interest for it provides 
a method for determining the adiabatic compressibility of the liquid. Given 
this and the isothermal compressibility obtained from static measurements, 
one is able to calculate the ratio of specific heats of the liquid. This gives 
the value of the specific heat at constant volume C v which cannot be 
measured directly and is otherwise only calculable by complicated thermo¬ 
dynamic relations. 

It is shown in Chapter III, section 3.14, that the difference in the specific 
heats of a solid body is equal to 

p(C p — C v ) = T 0 («iXi + 0:2X2 * • • + tteXe) (14.1) 


where 


Xi = ai^ii + (X 2 C 12 • • • + «6^i6 


Xfi = <X\C\§ + «2^26 * * ‘ + £*6^66 

p is the density, T 0 the absolute temperature, a\ to cxq the six linear tempera¬ 
ture coefficients of expansion connecting the temperature and the six 
strains, and Cn to r 66 the 21 elastic constants. For a liquid 

a 

a\ = a.2 = <23 = ~ and 0:4 = = a$ = 0 


where a is the temperature coefficient of cubical or volume expansion, 

C\l = C\2 = C\z = c 2 2 = C23 — czz — (14.2) 

where ft 1 is the isothermal compressibility, and all the other elastic 
constants are zero. Hence for a liquid 


C P 


-c v 


T 0 a 2 

" Ptf 
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(14.3) 
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Now, since the velocity of propagation of a wave in a liquid is given by 


v = 



(14.4) 


it follows that 


(f 


C P + r 0 «V a Tpa 2 
v 2 P C p P + P C p 


(14.5) 


where y = C p /C v is the ratio of the specific heats of the liquid. Hence, a 
measurement of the sound velocity v , the temperature coefficient of volume 
expansion a, the specific heat at constant pressure C py and the density p, 
all at the temperature To will determine all the quantities. 

Attenuation measurements throw considerable light on the molecular 
processes in liquids. According to classical theory the attenuation of a 
longitudinal wave in a liquid is caused by the same sources as in a gas, 
namely viscosity and heat conduction. For liquids, other than molten 
metals such as mercury, the heat conduction term is 1/20 or less than the 
viscosity term and can usually be neglected. The two monatomic liquids 
that have been measured are mercury and liquid argon, and these have 
values quite close to the theoretical values. Expressing the attenuation 
factor as 


^(nepers per cm) 

7 


(14.6) 


the calculated values from the classical theory are 5 X 10~ 17 for mercury 
and 3 X Iff” 17 for liquid argon. Recent measurements of mercury 1 
taken up to 1,000 megacycles give a value for the attenuation factor of 
6 X KT 17 while measurements of Galt, 2 give results in close agreement 
with the theoretical value for liquid argon. 

For more complex liquids, however, the experimental results do not 
agree well with the classical theory and indicate that other sources 
of dissipation are required. For light liquids of low viscosity the experi¬ 
mental attenuation is invariably higher than the classical theoretical value. 
Highly associated liquids tend to show low, near-classical absorption. 
The alcohols and water are good examples of associated liquids, and they 
show the-following values: 

1 Ringo, G. R., J. W. Fitzgerald and B. G. Hurdle, “ Propagation of U.H.F. 
Sound in Mercury,” Phys. Rev ., Vol. 72, No. 1, p. 87, July, 1947. 

2 Galt, J. K., “ Sound Absorption and Velocity in Liquified Argon, Nitrogen and 
Hydrogen,” /. Chem . Phys ., Vol. 16, No. 5, pp. 505-507, May, 1940. 
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Substance 

Methyl alcohol 
Ethyl alcohol 
Propyl alcohol 
Amyl alcohol 
Butyl alcohol 
Water 


A exp/ A classical 

3 

1 

2 

1.5 

1 

3 


(14.7) 


The three most absorbing liquids of the low-viscosity type are nonpolar, 
namely carbon disulphide, carbon tetrachloride and benzene, and these 
have the following ratio of experimental to classical absorption: 


Substance 

Carbon disulphide 
Carbon tetrachloride 
Benzene 


4 txp/A classical 
600 

25 (14.8) 

90 


Other nonpolar liquids, such as heptane, hexane and toluene, are highly 
absorbing. One source for extra absorption is the interchange of energy 
between translational and vibrational modes similar to the process occurring 
in a gas. Considerable work 3 has been done in accounting for the velocity 



Fig. 14.1. Gas-like picture to account for the velocity and attenuation of a liquid. 


of sound in liquids by employing the picture shown by Fig. 14.1. Here 
the sound wave is pictured as traveling with an infinite velocity within the 
molecule and with gas kinetic velocities through the space between the 
molecules of the liquid. This space is called the “ available volume.” 
The molecules effectively short-circuit a part of the path of the sound wave. 
If the intermolecular separation is L and the free path length is Z/, the 
molecules short circuit all but a fraction Z//Z of the path and the sound 

8 Eyring and Hirschfelder, /. Chem . Phys. 9 Vol. 41, p. 249, 1937; Kincaid and 
Eyring, /. Chem . Phys. 9 Vol. 5, p. 589, 1937, and Vol. 6, p. 620, 1938; Hirschfelder, 
Stevenson and Eyring, /. Chem . Phys Vol. 5, p. 896, 1937; Kittel, C., /. Chem . 
Phys. 9 Vol. 14, p. 614, 1946. 
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velocity in a liquid is then given by 

*q. - (L/L/K M (14.9) 

where 



where y 0 is the ratio of specific heats for the gas, R the gas constant, T the 
absolute temperature and M the molecular volume. By allowing the mol¬ 
ecules to have internal modes of vibration, an absorption of the Herzfeld, 
Rice, Kneser type can be obtained. 

Although the H, R, K mechanism probably operates in all types of 
liquids it is not the only one and is probably not the dominant one as has 
been shown by recent measurements 4, 5 of at least three liquids. These 
have shown that the H, R, K mechanism is not sufficient to account for the 
added attenuation. The measurements of Fox and Rock 4 on the absorp¬ 
tion of water as a function of temperature show that the classical mecha¬ 
nisms and thermal relaxation cannot together account for all the absorption 
in water. The basis for this statement is that at 4°C the temperature- 
expansion coefficient of water vanishes; hence ( C p — C v ) vanishes near 
4°C in water and the wave proceeds isothermally without alternate heating 
or cooling. If the process is isothermal, there is no occasion for the 
population of the internal vibrational states of the molecule to change, so 
that there can be no attenuation caused by a delay in thermal equilibrium. 
The measured value of the absorption in water at 4°C is A/j 2 - 50 X lCU 17 
of which the classical mechanisms contribute about 15 X 10“ 17 . This 
leaves an unexplained term of 35 X 1CP 17 . 

Another concept of the liquid state regards a liquid as a solid substance 
for which the long-range order between molecules has broken down. On 
this view, the extra loss can be accounted for by the Debye-Frenkel re¬ 
arrangement theory. This process was first suggested by Debye , 6 and has 
been further developed by Frenkel . 7 On this theory the compressibility 
is due to two components: the increase in potential energy due to de¬ 
creasing the distance between molecules, and a change in the degree of local 

4 Fox and Rock, Phys. Rev., Vol. 70, p. 68 , 1946; Hall, Phys. Rev ., Vol. 73, No. 7, 
pp. 775-781, April 1, 1948. 

6 Rupuano, R. A., " Ultrasonic Absorption from 75 to 250 mc/sec,” Phys . Rev., 
Vol. 72, No. 1 , p. 79, July 1, 1947. 

6 Kneser, H. O., Phys. Zeits ., Vol. 39, p. 800, 1938; P. Debye, Z. Elektrochem 
Vol. 45, p. 174,1939. 

7 Frenkel, J., Kinetic Theory qf Liquids, p. 208, Oxford University Press. 
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order in the arrangement of the particles, in the sense of a more compact 
arrangement when the liquid is compressed, and a more open distribution 
when it is expanded. This change in the degree of local order must in 
general lag with respect to the variation of the pressure, since it is con¬ 
nected with a rearrangement of the particles or a redistribution of their 
mutual orientation, *.<?., with processes requiring a certain activation 
energy, and proceeding accordingly with a finite velocity only. This time 
lag of the arrangement with respect to the volume must coincide with the 
mean lifetime of vibrations about the same equilibrium positions which 
determine the shearing viscosities of the liquid. Hence a theoretical 
basis is laid for a compressional viscosity in a liquid which can add to 
the losses for longitudinal waves. When the frequency gets so high that 
the molecules do not have time to rearrange themselves in the course of a 
cycle, the rearrangement compliance disappears and the liquid becomes 
stiffen So far no measurements have been made for light liquids which 
show a velocity dispersion. The measurements of Rupuano carried up to 
250 megacycles, still show a loss proportional to the square of the frequency 
and a velocity independent of frequency. Calculations show that if an 
H, R, K mechanism were involved in the added loss, the velocity of 
benzene should have varied by a measurable amount and hence the 
measurements point to a Debye-Frenkel type of mechanism as the domi¬ 
nant cause for the increased attenuation. Hall 4 has recently explained 
the added attenuation in water by means of a Debye-Frenkel rearrange¬ 
ment process. 

Recent measurements 8 have shown a velocity dispersion and associated 
attenuation dispersion in polyisobutylene. Associated shear measure¬ 
ments have shown that this dispersion is due to a high-frequency shear 
stiffness that causes the longitudinal velocity to increase according to a 
relaxation mechanism. The details of these measurements are discussed 
in Section 14.5. 

The attenuation for longitudinal waves for very viscous liquids such as 
polyisobutylene, and silicone putty is considerably less than that calcu¬ 
lated from the shear and compressional viscosities according to the classical 
formulae. This has been shown to be due to the fact that the low-fre¬ 
quency shear viscosities are relaxed by shear elasticities of the configura¬ 
tion type at relatively low frequencies and do not contribute to the at¬ 
tenuation of high-frequency longitudinal waves. Direct measurements of 
the shear viscosity and shear elasticity of liquids have been made by the 

8 Mason, W. P., W. O. Baker, H. J. McSkimin, and J. H. Heiss, 44 Mechanical 
Properties of Long Chain Polymer Liquids,” Phys. Rev. y Vol. 73, No. 9, pp. 1074- 
1091, May 1, 1948. 
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writer 9 and the methods are discussed further in section 14.2. A liquid 
has a relaxation frequency /o equal to 

fo-f- (14.10) 

(/x = shear elasticity, rj — shear viscosity) below which the liquid acts 
as a viscous medium and above which the liquid acts as an elastic medium. 
For rubber-like materials of the highly viscous polymer type, the con¬ 
figurational shear elasticity will be as low as 10 7 dynes per square centi¬ 
meter, while the viscosity may range from 20 to 1,000 poises. Hence the 
relaxation frequency will vary from 10 5 to 10 3 cycles and shear elasticities 
are measurable by the torsional crystal method discussed in section 14.2. 
For light liquids which do not show configurational shear elasticity and 
with rj == 10“ 2 poises, and shear moduli in the order of 10 10 dynes/square 
centimeter (characteristic of ionic crystals), one would expect relaxation fre¬ 
quencies of 10 11 cycles, which is far above the experimental range. Shear 
waves of these frequencies, however, may play a role in determining the 
heat capacity of liquids, as has been emphasized by Brillouin 10 and Lucas. 11 

The presence of shear elasticities in liquids has been demonstrated at 
hypersonic frequencies by Raman and Venkateswarm 12 using the thermal 
lattice vibrations of the Born-Debye waves. As predicted by Brillouin, 13 
these waves cause light scattered by the molecules of the liquid through 
which a sound wave is traveling, to be modulated by the frequency of the 
sound wave. The scattered light will have frequencies / ±/«, where f 8 
is the frequency of the sound wave and will be visible at an angle <p, such 
that 

2X* sin <p - \i (14.11) 

where X* is the acoustic wavelength and X* the optical wavelength in the 
medium. Using this method, Raman and Venkateswarm found the 
longitudinal velocity of sound in glycerine to be v = 2,500 meters per 
second at a frequency of 1.53 X 10 4 megacycles as compared with an 
ultrasonic velocity of 1,910 meters per second. From these, the shear 
modulus m * 2.4 X 10 10 dynes per square centimeter, while the bulk 
modulus k - X + 2/3/x was 4.6 X 10 10 dynes per square centimeter. 

9 Mason, W. P., " Measurements of the Viscosity and Shear Elasticity of Liquids 
by Means of a Torsionally Vibrating Crystal, 1 ’ Trans . Am. Soc. Mech . Eng., Vol. 69, 
pp. 359-370, May, 1947. 

10 Brillouin, L., /. Phys. Radium, [7], Vol. 7, p. 153, 1936. 

11 Lucas, R., /. Phys. Radium , [7], Vol. 8, p. 410, 1937. 

12 Raman, C. and C. S. Venkateswarm, Nature, pp. 143, 798, London, 1939. 

13 Brillouin, L., Ann . Phys., [9], Vol. 17, p. 88, Paris, 1922. 
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From equation 14.10, since the viscosity of glycerine is about 5.8 poises, 
the relaxation frequency for shear waves is 6.5 X 10 2 megacycles which is 
much lower than the measuring frequency. Subsequent measurements 
suggest that velocity dispersion caused by shear elasticity does not occur 
below 1,000 me in ordinary light liquids as it should not according to 
equation (14.10). 



0 I 2 3 4 5 6 7 6 9 10 11 12 

DISTANCE BETWEEN CRYSTAL AND REFLECTING 
PLATE IN HALF WAVE LENGTHS 


Fig. 14.2. Current in meter for an interferometer immersed in a liquid. 

14.1 Measurements of Velocities and Attenuations for Longitudinal Waves in 
Liquids 

For measurements of velocities and attenuations above 1 megacycle, 
acoustic interferometers, Debye-Sears cells and pulsing methods have all 
been used. An interferometer similar to that shown by Fig. 13.4 is 
ordinarily used except that the crystal is usually mounted in a sealed 
container with air backing. Since the crystal can be soldered, it is usually 
fastened to a machined cup by baking a coat of silver paste with a glass 
base to the edge of the crystal and soldering in place. Plating is baked on 
the outside surface and the inner surface is covered except for a small ring 
around the edge for insulating purposes. Since the mechanical impedances 
of liquids are much higher than those for gases, it is the low-resonant 
impedance that gives the sharp variations at odd quarter wavelengths. 
Figure 14.2 shows a typical current distance curve. The velocity and 
attenuation can be calculated from equations (13.9) and (13.24) as for 
gases. Since the attenuation in most liquids is small, it is difficult to 
obtain accurate results under frequencies of 5 to 8 megacycles by this 
method. 

Other methods are also available for measuring velocities and attenu- 
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ations in liquids. One method widely used is an optical one employing 
the Debye-Sears effect for liquids. A crystal in liquids sets up acoustic 
waves consisting of regions of compression and regions of rarefaction in 
the liquid, which alternate at distances of half a wavelength. Hence, if a 
parallel beam of light shines through such a crystal tank with plate glass 
walls, the regions of density and rarefaction act like a phase light dif¬ 
fraction grating. If the parallel light from the cell is focused on a single 
spot when no sound waves are present, first and higher order diffraction 
spectra will appear on either side of the zero-order spot when sound waves 
are present. From the spacing of the diffraction orders, the sound wave- 



Fig. 14.3. Debyc-Sears cell for measuring velocity and attenuation in a transparent liquid. 


length,X can be determined, which, together with the frequency, gives the 
velocity of sound in the liquid. As the intensity of the sound waves is 
increased, more and more light is forced from the zero-order spot into the 
diffraction spectra and for one sound intensity all of the light can be 
removed from the zero-order spot. If either this zero-order spot, or all 
of the secondary spectra are eliminated by employing a bar or a slit respec¬ 
tively, the light that goes through can be controlled by the amplitude, and 
a light valve can be obtained. Such light valves have been used as the 
light modulating element for sound on film systems. 14 

Now, if another lens L4 of Fig. 14.3 is added, which focuses the central 
plane of the cell onto a screen through the slit S2, the shape of the sound 
beam can be made visible. Figure 14.3 is a typical arrangement taken 
from a paper by Willard. 15 Very clear photographs of interference, reflec¬ 
tion and refraction phenomena can be obtained from such an arrangement. 
Figure 14.4A shows a photograph of a plane beam from a crystal and the 
diffraction lines which are similar to those occurring for a wide slit in 
optics. Figure 14.4C shows a photograph some distance away from a nar- 

14 U. S. Pat. No. 2,345,441, March 28, 1944, issued to G. W. Willard. 

16 Willard, G. W., J.A.S.A., Vol. 12, p. 438, 1941. 
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Fig, 14.4. Photographs of diffraction and focusing effects. 


row slit and shows the side lobes from such a radiator which are similar 
to those from an acoustic transducer or a microwave radiator. Figure 
14.4B shows an intermediate case. Figure 14.4E shows the transmission 
through a cylindrical lens made of lucite and shows the focusing effect 
that is caused by such a lens. Since the velocity of sound is greater in lucite 
at this frequency (10 megacycles) than the velocity of sound in water, it 
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requires a concave lens to focus the sound beam. Knowing the radius of 
curvature of the lens, the distance for focusing and the velocity of sound in 
water, the velocity of transmission in lucite can be obtained and was found 
to be 2,640 meters per second. Figure 14.4 was taken from a paper by 
Willard. 16 

By using a slit in the receiving system rather than a bar, Willard 15 has 
shown that there are color effects associated with the intensity of the wave, 
i.e for a certain intensity a certain color appears. This has been made 
use of in measuring the attenuation of a wave in the liquid. For a certain 
applied voltage on the driving crystal, a color effect is noted at a distance 
4 from the crystal. The voltage on the crystal is then doubled and this 
color intensity pattern occurs at a distance 4 from the crystal. Hence 
the attenuation expressed in db per centimeter is 

A - -—db per cm (14.12) 

4 — 4 


since a voltage ratio of 2 corresponds to 6 db. In this way the attenuation 
of a large number of liquids was measured. 16 

Table XXII shows a measurement 17 of some or all of the properties of 
a number of liquids measured at the Bell Laboratories, sorted out in the 
order of decreasing velocities. In many cases the temperature coefficient 
of velocity has been measured and is shown in column 5. The attenua¬ 
tion expressed in the form 


■^(nepers per cm) 

? 


X 10 16 


(14.13) 


is shown in column 7. This form is used since theoretically the attenua¬ 
tion should increase proportional to the square of the frequency and experi¬ 
mentally this has been found to be the case. The eighth column shows the 
coefficient of viscosity, when this is known. 

The data on the change in velocity with temperature shown by the fifth 
column show that all the liquids measured have a negative coefficient of 
velocity except water. Figure 14.5 shows the velocity of water as a func¬ 
tion of temperature. The velocity increases up to a temperature of 75°C 
at which temperature the velocity has a zero temperature coefficient. 
Above this temperature, the velocity decreases with an increase in tem¬ 
perature. By dissolving any of the negative temperature coefficient liquids 
in water, the peak of the velocity-temperature curve can be brought to 

16 Willard, G. W., Bell Lab. Rec., Vol. 25, No. 5, May, 1947. 

17 Some of these values have been measured by Willard. 16,18 The rest have been 
measured with an acoustic interferometer by J. B. Johnson, H. J. McSkimin and the 
writer. 
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TABLE XXII 


Substance 

Form 

Index 

Density 

Velocity v 
at 25°C 
m/s 

*—Ay/C° 
m/s/C° 

Impedance 
pv at 25°C; 
ohms per 
Sq Cm 

Absorp. 

AX10 16 

f 

Vis¬ 

cosity 

77 XIO 8 

Glycerol 

c 3 h 8 o 3 

1.26 

1904 

2.2 

2.40X10 6 

24.00 

5800 

Ethanol Amide 

c 2 h 7 no 

1.018 

1724 

3.4 

1.755 

— 

— 

(2-Amino 

Ethanol) 








Ethylene Glycol 

c 2 h 6 o 2 

1.113 

1658 

2 1 

1.847 

— 

— 

Analine 

c 6 h b no 2 

1.022 

1637 

4.0 

1.675 

— 

— 

Formamide 

ch 3 no 

1.134 

1622 

1 2.2 

1.842 

0.57 

— 

Triethylene 

C 6 H 1404 

1.123 

1608 

3.8 

1.975 

— 

— 

Glycol 








Diethylene 

C 4 H 10 O 3 

1.116 

1586 

2.4 

1.770 

— 

— 

Glycol 








Tetraethvlene 

c 8 h 18 o 6 

1.123 

1586 

3.0 

1.784 


— 

Glycol 








Cinnamaldehyde 

c»h 8 o 

1.112 

1554 

3.2 

1.731 

— 

— 

Sea Water 

— 

1.025 

1531 

-2.4 

1.572 

— 

— 

Lubricating 

— 

0.964 

1530 

3.7 

1.475 

— 

— 

Oil-X200 








a Methyl 

CnHio 

1.090 

1510 

3.7 

1.645 

— 

— 

Napthalene 








Distilled Water 

h 2 o 

0.998 

1498 

-2.4 

1.495 

0.25 

10.0 

A A Gravity 

— 

0.99 

1485 

3.7 

1.472 

— 

— 

Fuel Oil 








2.3 Butylene 

C4Hio0 2 

1.019 

1484 

— 

1.511 

20.0 

— 

Glycol 








Castor Oil 

C 11 H 10 O 10 

0.969 

1477 

3.6 

1.430 

61.0 

6700 

Nitrobenzene 

c 6 h 6 no 2 

1.20 

1463 

3.6 

1.758 

0.9 

20.0 

Dimethyl 

C 8 Hio04 

1.20 

1463 

— 

1.758 

— 

— 

Phthalate 








Peanut Oil 

— 

0.936 

1458 

— 

1.365 

— 

— 

Carbitol 

CgHnOa 

0.988 

1458 

— 

1.431 

— 

— 

Cyclohexanol 

c«h 12 o 

0.962 

1454 

3.6 

1.400 

5.0 

— 

Furfuryl 

c 6 h 6 o 2 

1.135 

1450 

3.4 

1.645 


— 

Alcohol 








Furfural 

C 5 H 4 O 2 

1.157 

1444 

3.7 

1.670 

— 

— 

Morpholine 

C 4 H 9 NO 

1.000 

1442 

3.8 

1.442 

— 

— 

Sperm Oil 

— 

0.88 

1440 

— 

1.268 

— 

— 

Olive Oil 

— 

0.912 

1431 

2.75 

1.308 

10.0 

1000 

Cyclohexanone 

c 6 h 10 o 

0.948 

1423 

4.0 

1.391 

— 

— 

Pyridine 

c 6 h*n 

0.982 

1415 

4.1 

1.39 

— 

— 

Di butyl 

C 8 H 2204 

— 

1408 

— 

— 

— 

— 

Phthalate 








Butyl Oleate 

C 22 H4 2 0 2 

— 

1404 

3.0 

— 

— 

— 

3 Methyl 

c 7 h 14 0 

0.92 

1400 

— 

1.29 

3.5 

— 

Cyclohexanol 
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TABLE XXII —Continued 


Substance 

Form 

Index 

Density 

Velocity v 
at 25°C 
m/s 

-At;/C° 

m/s/C° 

Impedance 
pv at 25°C; 
ohms per 
Sq Cm 

Absorp. 

AX\Q li 

P 

Vis¬ 

cosity 

VX10* 

Aceronyl 

C 6 Hio 02 

0.729 

1399 

3.6 

1.359X10 6 

0.5 

— 

Acetone 

2, 3 Dichloro- 

C 2 HeCl 2 02 

_ 

1391 

3.7 



_ 

dioxane 

Oil of Camphor 

_ 

_ 

1390 

3.8 



_ 

Sassafrassy 

Dioxane 

C 4 H 80 2 

1.033 ‘ 

1376 

4.0 

1.425 

1.3 

_ 

Solvesso #3 

— 

0.877 

1370 

3.7 

1.201 

— 

— 

Univis 800 

— 

0.870 

1346 

— 

1.191 

— 

— 

Nitromethane 

CH 3 NC 2 

1.13 

1330 

4.0 

1.504 

0.9 

— 

M xylol 

c 8 h 10 

0.864 

1324 

4.2 

1.145 

0.74 

5.5 

Kerosene 

— 

0.81 

1324 

3.6 

1.072 

1.1 

— 

d-Frenchone 

CioHigO 

0.94 

1320 

— 

1.241 

0.55 

2.2 

Alkazene-13 

C 15 H 24 

0.86 

1317 

3.9 

1.132 

1.3 

— 

Mesityloxide 

c 6 h 16 o 

0.85 

1310 

— 

1.115 

3.3 

— 

Toluol 

c 7 h 8 

0.866 

1308 

4.2 

1.132 

0.85 

5.8 

Alkazene-25 

C 10 H 12 C 12 

1.20 

1307 

3.4 

1.568 

0.6 

— 

Dichloro-t-butyl 

c 4 h 8 ci 2 o 

— 

1304 

3.8 

— 

— 

— 

Alcohol 

Chlorobenzene 

c 6 h 6 ci 

1.10 

1302 

_ 

1.432 

1.7 


n-Hexanol 

c„h 14 o 

0.819 

1300 

3.8 

1.065 

— 

__ 

Benzene 

c 6 h 6 

0.870 

1295 

4.65 

1.129 

8.3 

7.0 

Acetonitrile 

C 2 H 3 N 

0.783 

1290 

4.1 

1.01 

0.8 

— 

Monochloro¬ 

c 6 h 6 ci 

1.107 

1273 

3.6 

1.411 

1.7 

— 

benzene 

Diamylamine 

c 10 h 28 n 

_ 

1256 

3.9 

__ 

— 

_ 

Turpentine 

— 

0.88 

1255 

— 

1.105 

1.5 

14.0 

Butylalcohol 

C 4 HioO 

0.810 

1240 

3.3 

1.003 

— 

— 

Diacetyl 

C 4 H fl 0 2 

0.99 

1236 

4.6 

1.222 

— 

— 

Naphtha 

— 

0.76 

1225 

— 

1.08 

1.0 

— 

1,3 Dichloro- 

C 4 H 8 C1 2 

1.14 

1220 

3.4 

1.390 

0.9 

— 

iso-butane 
Methyl Acetate 

c 8 h 6 o 2 

0.934 

1211 


1.131 

1.09 

3.8 

Ethanol 

c 2 h«o 

0.79 

1207 

4.0 

0.954 

0.9 

11.0 

t-Amyl Alcohol 

c 6 h 12 o 

0.81 

1204 

— 

0.976 

3.3 

— 

Ethyl Acetate 

c 4 h 8 o 2 

0.90 

1187 

— 

1.069 

1.1 

4.2 

Acetone 

c 8 h 6 o 

0.79 

1174 

4.5 

0.929 

0.64 

3.0 

Octane 

c 8 h 18 

— 

1171 

4.2 

— 

— 

— 

Carbon disulphide 

cs 2 

1.26 

1149 

— 

1.449 

74.0 

3.5 

Heptane 

C 7 H 18 

— 

1135 

4.2 

— 

— 

— 

Hexane 

c®h 14 

— 

1112 

— 

— 

— 

— 

Methanol 

ch 4 o 

0.791 

1103 

’ 3.2 

0.872 

0.9 

5.5 

Acetylen- 

CaHjjClj 

1.26 

1015 

3.8 

1.280 

4.0 

4.0 

dichloride 
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TABLE XXII —Continued 


Substance 

Form 

Index 

Density 

Velocity v 
at 25°C 
m/s 

~Av/C° 

m/s/C° 

Impedance 
pv at 25°C; 
ohms per 
Sq Cm 

Absorp. 

y*X10 16 

f 

Vis¬ 

cosity 

»)X10 8 

Isopentane 

c s h 12 

0.62 

992 

4.8 

0.615X10 6 

1.5 

14.0 

Silicone 

— 

0.993 

990 

— 

0.985 

— 

300.0 

(30 centipoise) 
Chloroform 

CHClg 

1.49 

987 

3.4 

1.471 

3.8 

5.5 

Ethyl Ether 

C 4 H 10 O 

0.713 

985 

4 87 

0.702 

— 

— 

tert Butyl 

C 4 H 9 CI 

0.84 

984 

4.2 

0.827 

1.9 

— 

Chloride 

Methyl Iodide 

CH 3 I 

_ 

978 




_ 

Carbon 

CC1 4 

1.595 

926 

2.7 

1.478 

5.7 

10.0 

Tetrachloride 

Bromoform 

CHBr s 

2.890 

916 

3.1 

2.670 

2.3 


Xylene 

c 8 h 4 f 6 

1.37 

879 

— 

1.205 

— 

8.4 

Hexafluoride 









a lower temperature. Willard 18 finds that by adding 16 cubic centimeters 
of ethanol (C 2 H 6 0) to 100 cubic centimeters of water the peak of the 
velocity-temperature curve comes at 45°C, as shown by Fig. 14.5. Adding 
22 cubic centimeters of ethanol to 100 cubic centimeters of water brings 
the peak down to 25°C. One surprising result is that although ethanol has 
a lower velocity (1207M/S) than water, a mixture of the two has a higher 
velocity than either. This appears to be true for the mixtures tried and 
suggests that the effect of the mixture is to change the position of the 
velocity parabola for water to a lower temperature and at the same time 
raise the effective stiffness at the highest velocity temperature. The zero 
coefficient property of a mixture of water and other liquids has been taken 
advantage of in constructing delay lines for measuring very short time 
intervals. 19 By using a thickness-vibrating crystal to set up acoustic waves 
in the liquid and another crystal for picking up these acoustic waves, short 
pulses of high frequency can be transmitted in the liquid. The time of 
arrival of such pulses can be compared with the time of arrival of radio 
pulses sent out simultaneously with the liquid pulse, and if a variable 
liquid path of known length is used, the time of the reflecting surface is 
accurately determined. For this purpose it is desirable to have the velocity 
of the liquid relatively constant with temperature. 

18 Willard, G. W., J.A.S.A., Jan., 1947. 

19 U. S. Pat. No. 2,407,294, Sept. 10, 1946, issued to W. Shockley and G. W. 
Willard; U. S. Pat. No. 2,427,348, Sept. 16, 1947, issued to W. L. Bond and W, P f 
Mason. 
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If we consider only the classical viscosity and heat conduction as the 
source of dissipation of an acoustic wave, the attenuation of a plane wave 
in a liquid should be given by the formula 

, 2* 2 / 2 r (y- i)jq 

^(nepers per cm) — 3 I X i i ^ I 

pV L C p J 

where/is the frequency, p the density, v the velocity, rj the shear viscosity, 
X the compressional viscosity, 7 the ratio of specific heats, K the thermal 
conductivity, and C p the specific heat at constant pressure for the liquid. 



Fio. 14.5. Velocity of water and various mixtures as a function of temperature. 


For non-metallic liquids, the heat conduction term is small and can usually 
be neglected. If we take Stokes's assumption that a liquid expanding 

4 *? 

radially will have no losses, x + 2 tj = -j and this is the usual form given 


for the attenuation. The actual measurements for light liquids run from 
2 to 900 times this formula as far as magnitude goes, although all the 
light liquids have a loss proportional to the square of the frequency, in 
agreement with (13.2), up to frequencies as high as 250 megacycles . 5 

A possible cause for this divergence is the existence of a compressional 
viscosity x as well as a shear viscosity tj. A theoretical basis for such a 
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viscosity is given by the Debye-Frenkel rearrangement theory. On this 
theory, as mentioned in the introduction, the compressibility is due to two 
components: the increase in potential energy due to decreasing the dis¬ 
tance between molecules, and a rearrangement compliance due to a change 
in the local order in the rearrangement of particles in the sense of a more 
closely packed arrangement when the liquid is compressed and a more open 
distribution when it is expanded. This change in order takes place by mol¬ 
ecules or parts of molecules jumping from one position to another across a 
potential barrier and hence a process is associated with a compression sim¬ 
ilar to the mechanism causing the shear viscosity of a liquid. For associated 
liquids which are built up into molecular groups, the amount of rearrange¬ 
ment that can take place due to a compression is small and hence only a 
small compressional viscosity is obtained. For non-polar groups a much 
larger rearrangement can take place and hence a higher compressional 
viscosity can be obtained. According to the Debye-Frenkel theory, the 
compressional viscosity will be relaxed at a frequency f c for which 

fc = (14.14) 

Zttx 

where k\ is the rearrangement stiffness and x the compressional viscosity. 
The shear viscosity can also be relaxed due to the shear stiffness of the liquid 
and this may occur at a lower frequency than the compressional relaxation 
frequency / c . 

When two liquids are mixed in various proportions, Willard, 16 Willis 20 
and Burton 20 have shown that the loss of the combination sometimes is 
considerably larger than that of either component alone. Figure 14.6 
shows the measured absorption of a water acetone mixture as a function 
of the percentage of acetone in water. At a percentage of 70, the absorp¬ 
tion is over three times as high as that for either component alone. Since 
water is a highly associated liquid, it appears possible that the mixture 
destroys some of the association in water, decreases some of the structural 
compliance of the Debye-Frenkel type, and increases the rearrangement 
(compressional) viscosity. As shown in the first part of Fig. 14.6 when 
the non-associated liquids benzene and acetone are used, no such effect 
occurs. 

14.2 Measurement of Shear Viscosity and Elasticity of Liquids by Means of a 
Torsional Crystal 

If we set a crystal vibrating in a purely torsional mode, all the motion 
is tangential to the surface, and as discussed first by Stokes, highly attenu- 

20 Willis, F. H., Ph.D. Thesis, New York University, 1943; C. J. Burton, “ A 
Study of Ultrasonic Absorption in Liquid Mixtures," J.A.S.A., Vol. 20, No. 2, March, 
1948. * 
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ated viscous waves can be set up in the medium. The equations of 
propagation can be derived from the definition of viscosity and the equation 
of motion 


= ySs = V 


at Jf 

dx + dz\ 


at __ st 5 

9 dt dz 


(14.15) 


where £ is the velocity of the motion along # and f along z. For a plane 
wave propagating along z, all the motion is tangential to the direction of 
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Fig. 14.6. Absorption of mixtures of liquids. 

propagation on f = 0. Inserting the first equation of (14.15) (the 
definition of viscosity) in the second equation, the differential equation 
becomes 

/d£\ d 2 ( 


For simple harmonic motion, the plane viscous wave has the solution 

Tb = Tb o cosh Tz + i 0 Z 0 sinh Tz 

T (14.17) 

£ * £o cosh Tz + -zr sinh Tz 

where T the propagation constant and Z 0 the image impedance, have the 
values 

T * - J— (1 +j); Zo = (1 +j) (14.18) 

My \ rj 

For carbon tetrachloride, with a density p « 1.595 and a viscosity of 
.0098 poises, the attenuation is 2,660 nepers per centimeter at 14 kilocycles, 
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so that the shearing stress is appreciable for only a few thousandths of a 
centimeter from the crystal surface. Although the attenuation for such 
waves is too high to permit their wave propagation properties to be in¬ 
vestigated, they do introduce a loading effect on the crystal which can be 
measured by the increase in the resonant resistance and the decrease of 
the resonant frequency of the crystal as it is changed from a vacuum to the 
medium under investigation. 

The use of such a crystal for measuring viscosities was discussed in a 
former paper, 9 and it was there shown that the change in the measured 
electrical resistance ARe and the lowering in frequency A/, determined the 
mechanical resistance Rm per square centimeter, and the mechanical 
reactance Xm per square centimeter according to the formulae 


Rm - 


ARe 

~k7 ; 


X M = - 


4 / 

K 2 


where K, = [ /? a + 4 + — — 

Itt/rLoI L / J 


K 2 


+ /eg + (/? 4 - 4)// 

21 


(14.19) 


where r is the ratio of capacitances of the crystal determined by measuring 
the resonant frequency /r, the anti-resonant frequency /a, and setting 
r = Jr/2(Ja — /r), C 0 is the static capacitance of the crystal in farads, 
R the outside radius and Ro the inside radius of the torsional crystal, / its 
length and I the moment of inertia per unit length, given by the formula 

(14.20) 

where p c is the density of the crystal. 

The method for making a torsional crystal from ammonium dihydrogen 
phosphate ADP is shown by Fig. 14.7. Here a crystal is cut with its 
length along the x crystallographic axis, and d hole is bored along this axis. 
A cylinder is then turned, as shown in Fig. 14.7B. Since the mode of 
motion generated is a face-shear mode when the field is impressed along 
the z crystallographic axis, the plating is made continuous on the inside 
cylindrical surface and is divided into two 90° segments on the outside 
surface which are connected together electrically. The center lines of 
these two surfaces lie along the z-axis. As shown by Fig. 14.7C, the field 
in one segment produces a face shear in one direction, while the field in the 
other segment produces a face shear in the other direction. The result is a 
torsional motion of the crystal as a whole. As shown by Fig. 6.9, a torsional 
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vibration can also be produced in a quartz crystal and such crystals may 
be of use, especially if wide temperature ranges are to be covered. 



Fig. 14.7. Method for making a torsional crystal of ADP. 


As discussed in the former paper (9), the viscosity of a number of light 
liquids was measured by using the experimental arrangement shown by 
Fig. 14.8. This consisted of an ADP crystal suspended from the three 
wires at its nodal points, mounted inside a container of small diameter. 
This container acts as a wave-guide tube and tends to attenuate highly any 
complicated vibrations of the longitudinal type which can be set up in the 
tube. The result is that if any such vibrations are set up by the fact that 
the motion of the crystal surface is not exactly tangential to the surface. 



Fig. 14.8. Experimental arrangement for measuring viscosity of liquids. 

the only effect that such waves have is to change the reactance loading on 
the crystal, and this is usually small. Measurements made of the loading 
due to nitrogen as a function of pressure, with the crystal inside and outside 
of wave-guide tubes, has shown that the longitudinal loading is negligible 
provided that the diameter of the crystal is a tenth or less of the length. 
The outside container of Fig. 14.8 has two copper-to-glass seals for the 
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electrical wires to connect to the crystal. The chamber can be evacuated 
and filled with liquid through the two stopcocks. If desired, pressure can 
be put on the liquid by means of external gas pressure. The process of 
measurement consists in determining the resonant frequency /r 0 and the 
resistance at resonance R 0 in a vacuum. Then, introducing the liquid, 
the new resonant frequency /r 1 and the new resistance at resonance R\ are 
determined. For liquids having a small viscosity, these values can be 
determined accurately by measuring the current through the crystal when 
a low impedance is connected on either side. The resonant frequency 
occurred at the frequency for which the current was a maximum, and the 
resonant resistance was measured by a substitution method. For very 
viscous liquids, however, this procedure does not accurately locate the 
resonant frequency, and measurements of resistance and reactance were 
made with a bridge circuit. A curve of the resistance for polymerized 
castor oil is shown by Fig. 14.9. The resonant frequency is determined 
as the lowest point of the resistance curve, or more accurately, by taking 
the average of two frequencies of equal resistance greater than the mini¬ 
mum, while the resistance used is the lowest value on the curve. 

As an example, an ADP crystal, vibrating at nearly 14,000 cycles, and 
having the dimensions 

L = 6.9 cm; OD = 0.93 cm; ID = 0.64 cm (14.21) 

had a resonant frequency of 13,948 cycles, an anti-resonant frequency 
of 14,098.5, and a resistance at resonance of 1,300 ohms, all measured in a 
vacuum. The capacitance of the crystal was C 0 = 140/u*/. The density 
of ADP is 1.804. From these values the constants K\ and K 2 can be 
calculated as 

Ki = 366; K 2 = 0.673 (14.22) 


At 24°C, measurements were made of the viscosity of a number of light 
liquids. For dimethylphthalate, for example, the resonant resistance 
was 36,500 ohms. Hence the viscosity, with the density p = 1.186, is 





0.178 poises 


(14.23) 


This compares with 0.176 measured by flow methods, which agrees within 
1 per cent. By controlling the temperature accurately and using an 
accurate electrical bridge, this method is capable of precision. Measure¬ 
ments made over a range of viscosities from .01 poise to 6 poises were 
made and these agreed with those measured by flow methods within one 
per cent. 

However, measurements made with very viscous liquids, such as poly- 
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merized castor oil, indicate that these liquids do not behave as simple 
viscous liquids since the reactance and resistance components are not equal, 
the resistance becoming progressively larger than the reactance at high 



Fio. 14.9. Shunt resistance and capacity of crystal immersed in polymerized castor oil. 

frequencies. This is illustrated by Fig. 14.10, the points of which represent 
the resistance and reactance values measured for polymerized castor oil as a 
function of frequency. The dot-dash line shows the resistance and 
reactance terms that would be obtained if the liquid were a viscous medium 
having a density of 0.967 and the viscosity of 18 poises measured by flow 
methods. The resistance is above this line and the reactance below. 

This divergence and the shape of the curve are accounted for if the 
liquid is assumed to have a shear elasticity as well as a shear viscosity. 
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The impedance of such a wave is most easily calculated by means of an 
equivalent circuit, in which the stress corresponds to the voltage and the 
particle velocity to the current. For a purely viscous medium, the 
equivalent circuit is shown by the left side of Fig. 14.10. The series arm 
is an inductance equal to the density times the length dx , where dx is 
a length in the order of the mean free path. The shunt arm is a resistance 
equal to the viscosity r\ divided by the length dx. The equivalent circuit 


MEASURED RESISTANCE AND REACTANCE FOR A SHEAR 
VIBRATION OF POLYMERIZED CASTOR OIL 
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Fig. 14.10. Resistance and reactance of polymerized castor oil as a function of frequency. 

is valid for a cross-section of 1 square centimeter. This circuit is repeated 
indefinitely for an infinite medium, or it may be terminated after a finite 
number of repetitions if it represents a finite path length. The character¬ 
istic impedance (impedance of an infinite line) and the propagation constant 
are given by the equations 

Zo VZ 1 Z 2 = yjjup dx ^ = y/jupr) = (1 + j) 

(14.24) 

(1 + j) dx 

where Z\ is the series impedance and Z 2 the shunt impedance of the net- 
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work. These equations agree with the same equations calculated from 
hydrodynamics, as shown by equation (14.18). 

The effect of a shear elasticity can be represented by shunting the 
viscous resistance i)/dx by a compliance (inverse of a stiffness) equal to 
C 8 dx, where C 8 is the modulus of compliance of the liquid. This network 
is the one shown by the right side of Fig. 14.10. Hence, at low frequencies, 
where the value of the resistance is much less than the reactance of the 
shunt compliance, the liquid behaves as a viscous liquid. On the other 
hand when the frequency is high enough so that the reactance of the 
compliance C 8 equals the viscosity, a different reaction occurs. For very 
high frequencies, it should be possible to transmit a shear wave in such a 
medium. The propagation constant T and the characteristic impedance 
Zq can be calculated by using the series and shunt impedances 


Z\ — jwp dx; 


U-j/vCM i 

(77 -j/wC 8 ) dx 


(14.25) 


From these we find Z 0 = Rm + /Xjf, where 
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X x 
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and T = A + jB where 
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(14.26) 


(14.27) 


where Rm is the resistance per square centimeter, Xm the reactance per 
square centimeter, A the attenuation of the wave in nepers per centimeter, 
and B the phase shift in radians per centimeter. Figure 14.11 shows a 
plot of the resistance and reactance terms plotted as a function of the ratio 
of the frequency to the relaxation frequency f e . The resistance at low 
frequencies behaves like that of a viscous fluid, but at high frequencies it 
becomes asymptotic to the value Vp/cT. The reactance equals the 
resistance for low frequencies. For high frequencies it approaches zero. 
Figure 14.12 shows a plot of the attenuation and phase shift as a function 
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Fig. 14.11. Theoretical resistance and reactance of a liquid with shear elasticity. 
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of the frequency. The attenuation for large frequencies becomes constant 
and equal to 


A go 


^ / 77c, 

2 u 


(14.28) 


The phase shift for large frequencies becomes proportional to w v^c7. 
Solving equation (14.27) for the viscosity and the compliance, we find 


(i?%/ + X 2 m ) 2 # ~ __ 

2 RmXmup ’ * + Xm) 2 


(14.29) 


Taking the value of Rm and at 30,840 cycles, the values of 17 and C 8 
for polymerized castor oil become 

rj = 18 poises; C« = 7.95 X 1(T“ 8 cm 2 /dyne (14.30) 

This value of shear elasticity is of the order to be expected from a con¬ 
figurational elasticity as discussed in section 14.31. Assuming these 
values, the calculated values of resistance and reactance are given by the 
full and dotted lines of Fig. 14.10. These agree well with the experimental 
values. 

Since a viscous wave penetrates only a small fraction of a centimeter 
before it is attenuated by many nepers, a thin film will produce saturation 
effects. Hence this technique can be applied to measuring the viscosity 
of very small samples. The device might also be made into a continuous 
reading viscosimeter, since the crystal resistance and resonant frequency 
can be continuously measured and recorded. 

The question arises as to whether this type of device can be used to 
study viscosity and shear elasticity of liquids at very high rates of shear. 
In the discussion of the previous paper , 9 it was shown that the shearing 
strain generated in a liquid adjacent to the torsional crystal was equal to 
the product of the maximum tangential displacement d 0 times the attenu¬ 
ation factor A y or 

S = d 0 A = d 0 yJ^ (14.31) 


In terms of the crystal strain Sn, the maximum displacement (which occurs 
on the two ends of the crystal) is 

do - 2 *^ 5 


(14.32) 
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where / is the total length of the crystal and S& the maximum shearing 
strain. For crystalline material the maximum strain is around 1CP 4 , 
although heavily etched crystals from which surface cracks are removed may 
be strained as high as 1CT 3 . This is multiplied by a factor A which may 
amount to 500 nepers per centimeter for light liquids so that very high 
strains are possible in the liquid adjacent to the surface. However, it 
would require a complicated differential equation solution to evaluate the 
effect of the strain, since it is going to vary along the length of the crys¬ 
tal and rapidly for positions in the liquid some distance from the crystal. 
So far no attempt has been made to evaluate these features, and no ex¬ 
perimental results have been obtained. 

The frequency limit for torsionally vibrating crystals is probably 
around 500 kilocycles on account of the small sizes of the cylinders that are 
required. The question arises as to whether thickness-shear vibrating 
crystals of the AT and BT type discussed in Chapter VI, can be used to 
produce viscous and shear-elastic waves in liquids. When the crystal is 
entirely surrounded by liquids, it was found that the shear coupling to 
flexural modes produced so high a loading due to longitudinal waves set 
up in the liquid that the shear loading could not be determined with 
certainty. However, by using the thin-film technique, it has been found 
possible to measure at least roughly the shear viscosity and elasticity of 
liquids that will wet the surface of the crystal. The film is so thin that 
it is only a small fraction of a wavelength for longitudinal waves and hence 
acts as a mass loading without appreciable resistance. For a viscous 
wave, however, the wavelength is so short that nearly complete saturation 
of the damping is obtained in less than 1/10,000 of a centimeter. 

A few measurements have been made with a well-dimensioned BT 
quartz crystal vibrating at 3,527 kilocycles. The constant K\ and /C 2 
relating the resistance loading per square centimeter to the change A Re 
in electrical resistance, and the reactance loading to the change in fre¬ 
quency, can be derived from equations (14.19) by letting R = R 0 + /, 
where t is the crystal thickness and letting R 0 approach infinity. This 
would result in a shearing crystal of infinite radius (a flat crystal) and gives 
the formula 


. 

Kl “ 2^cw ’ 


k 2 = 


-(-?) 


2icp c t 


(14.33) 


However, it is known from the study of crystal surface motions that 
contoured crystals of these types do not have a uniform motion over the 
whole crystal surface and hence one would expect these formulae to be 
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only approximate. The BT crystal used had the constants 

/ = w = 12mm; t = 0.7 mm; f r = 3,527,000 cycles; 

A f = 3,450; r = 510; cq = Sp/xf; 
resistance at resonance = 180 ohms; p c = 2.65. 

Inserting these values in equations (14.33), we find K\ = 2.2; K 2 = 0.85. 
Measurements with a number of light liquids into which the crystal had 
been dipped and the excess liquid had been shaken off, agreed within 20 
per cent of their low-frequency values if K\ was taken as 0.83. The 
decrease in frequency was several times larger than could be accounted for 
by the viscous reactance, indicating that the mass loading of the flexure 
modes was also lowering the frequency. 

Another and probably better method for studying shear elasticities in 
liquids at high frequencies is the liquid terminated fused quartz rod trans¬ 
mitting shear pulses, discussed in section 15.31. By observing the amount 
of energy absorbed for each pulse, it has been shown that the shear elasticity 
of polyisobutylene (polymer D of section 14.3) was equal to 3.0 X 10 9 
dynes per square centimeter at 10 megacycles and 5.5 X 10 9 dynes per 
square centimeter for 60 megacycles. The significance of this measure¬ 
ment is discussed in section 14.31. 

14.21 Use of Torsional Crystal in Measuring the Properties of Long Chain 
Polymers Dissolved in a Solvent 

Torsion ally vibrating crystals have recently 21 been applied to measuring 
the properties of dilute solutions of long chain polymer molecules dissolved 
in a solvent. The mechanical properties of pure liquids are affected by 
interchain bonds and reactions as well as by the intra-chain interactions 
pertaining to the chain itself. In studying the possible motions occurring 
in the chains, it is desirable to be able to isolate the two effects. A simple 
method for accomplishing this is to use such a dilute solution of the polymer 
liquid that the molecules in their most probable curled-up form do not 
touch each other on the average. Then the mechanical properties of 
such liquids will be determined by the reactions of single chains and will 
not be determined by the interaction between chains. Calculations indi¬ 
cate that the concentrations to obtain non-interaction between chains 
should be less than 2 to 3 per cent and practically all the concentrations 
measured were from 0 to 1 per cent (/.*., 0 to 1 gram per 100 cubic centi¬ 
meters of solution). 

21 Baker, W, O., H. J. Heiss, and W. P. Mason, “ Mechanical Properties of Long 
Chain Polymers Dissolved in a Solvent,” presented before Am. Phys. Soc., Jan. 27, 
1949. 
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When the shear mechanical impedance is measured for such a solution, 
it is found that the liquid does not act as a purely viscous liquid, but 
instead has a resistance that is larger than the reactance. Figure 14.13 
shows measured curves for 20 kilocycles of the resistance and reactance 
for solutions of polyisobutylene of viscosity average molecular weight of 
3,930,000 in cyclohexane. Four values of concentration were used and two 
temperatures were measured. For pure cyclohexane the resistance and 
reactance components are equal but as the percentage of polyisobutylene 
is increased, the resistance increases more rapidly than the reactance. 

To obtain the effect of the chain structure alone, one has to be able to 
separate out the effect of the solvent from the effect of the chain structure 
on the resulting mechanical impedance of the solution. A suggestion on 
how to do this is obtained from considering the difference between the 
very low frequency behavior and the very high frequency behavior of the 
solution. At very low frequencies, the presence of 1 gram of the chain 
per 100 cubic centimeters of solution (molecular weight of the chain is 
3.93 X 10 6 ) increases the static viscosity by a factor of over 30. On the 
other hand, at very high frequencies (at 14 megacycles made by the 
technique described in section 15.31), the indicated viscosity is only about 
10 per cent higher than that for the pure solvent alone. 

It appears that the difference in the behavior for the extreme frequency 
ranges is that at low frequency, the motion of the solvent molecules can 
cause a motion of the chain segments in the time of a single cycle and their 
motion abstracts energy from the motion of the solvent molecules and 
causes a smaller average displacement and hence a higher viscosity, 
whereas at very high frequencies, the motions of the solvent molecules 
cannot cause a chain segment motion from a favored position during the 
time of a single cycle and hence the solvent motion occurs as though 
the chain were not there and the resulting viscosity is nearly that of 
the solvent alone. 

As the frequency increases from static or zero frequency to moderate 
frequencies the first motion that does not have time to be completed in the 
course of a single cycle is the configurational relaxation between all members 
of the chain. For a chain length of 3.93 X 10 6 molecular weight and a 
one gram per 100 cc concentration, this relaxation frequency is around 600 
cycles for 25°C. This relaxation frequency is quite a function of tempera¬ 
ture and chain length. Above this frequency the very large low frequency 
viscosity disappears. A second relaxation frequency was found at 80,000 
cycles which has tentatively been identified as the relaxation frequency due 
to chain entanglements. This relaxation frequency varies inversely as the 
square root of the molecular weight, and its temperature variation is de¬ 
termined by the activation energy of the solvent. Finally by using the 
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high frequency technique of section 15.31 a third relaxation was found at 
about 3.3 megacycles. To analyze the conditions for this relaxation the 
motion of a segment from one position to another requires crossing a high 
potential barrier and the number of transitions per second is approximately 
the same as that given in equation (8.2) namely 


«12 


kT 

h 


e - W/kT 


With a relaxation frequency of 3.3 megacycles this corresponds to an 
activation energy of 8.7 kilocalories per mole. This activation energy is 
nearly that observed for a rotation from one preferred orientation to 
another, and hence the relaxation frequency probably corresponds to the 
motion of a single Eyring or Kuhn segment. The stiffness of about 80,000 
dynes/cm 2 for a one per cent solution corresponds to the stiffness of the 
chain with all its joints frozen. 

With the type of behavior discussed above, the viscous and stiffness 
properties of the solution can be represented by a stress-strain equation 
of the type 

dS * 1 

T = rn — + 5Z -"- — (14.34) 

Ot w -1 1 1 

dS fi n s 

VM 'ti 


where T is the shearing stress and S the shearing strain. In this equation 
rii represents nearly the viscosity of the solution and rjM n represents a “ mo¬ 
lecular ” viscosity of some particular motion of the chain which disappears 
when the reactance of n n of this motion is low enough so that the motion 
can follow the applied shearing stress at the frequency of measurement. 
In general, there may be more than one such mechanism and hence n 
varies from 1 to N ’. All the measurements made, however, were fitted by 
three relaxation mechanisms described above. 

In analyzing the results of a single frequency measurement, it is simpler 
to consider only one molecular viscosity and one shear elasticity. If more 
than one mechanism exists, this viscosity and elasticity will be functions 
of the frequency. However, by suitable formulae, the variable viscosity 
and elasticity can be fitted to a curve involving two or more elements and 
hence the number of mechanisms and their relaxation frequencies can be 
determined. 

If equation (14.34) with one relaxation mechanism, having the formula 


T 


dS 


m 


dt 


+ 


1 


1 

dS 


VM 


d/ 


+ 


_i_ 



MEASUREMENT OF PROPERTIES OF LIQUIDS 


353 


is substituted in the equation of motion (14.15), a propagation constant 
and characteristic impedance are obtained equal to 



As before, the torsional vibrating crystal can measure the resistance R 
and the reactance X . A third measurement of the viscosity at zero fre¬ 
quency gives the sum of t)\ Solving these equations simultaneously 

for the values of 171 , tjm and n we find 

_ 2 RX _ (R 2 - X 2 ) 2 /^ 

up up{yi + tjm) — 2 RX 

(R 2 - X 2 )wt) M 
^ up(rii + tjm) — 2 RX 

Since R> X and rji + tjm are measured by the crystal and the zero frequency 
measurement of the viscosity, all the quantities can be determined. 

Figure 14.13 shows some experimental data for a solution of polyiso¬ 
butylene in cyclohexane. Polyisobutylene is a polymer molecule that 
occurs in a long chain. It has the formula shown by Fig. 14.14A and the 
zigzag form shown by Fig. 14.14B. This chain in an ordered, stretched 
state appears to rotate about the direction of its length once in every nine 
pair of CH 3 groups. Accordingly, non-planar zigzag segments can be 
expected in the liquid state. The data of Fig. 14.13 are for a molecular 
weight of 3,930,000* 

Substituting the data of Fig. 14.13 in the formulae of equation (14.36), 
values are obtained for rju tjm and m as a function of concentration and 
these are shown plotted by Fig. 14.15. The enhanced solvent viscosity 
tji increases slightly over that for the pure cyclohexane by a factor of from 
1.0 to 2.2, depending on the temperature and the concentration. The 
shear elasticity ju is directly proportional to the concentration up to a con¬ 
centration of 1 gram per 100 cubic centimeters of the solution. The mo¬ 
lecular viscosity tjm plotted on Fig. 14.15 as a function of the concentration, 
shows markedly the effect of concentration since the viscosity increases 
much more than linearly with concentration. This shows that the viscosity 
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depends on much longer range forces than does the elasticity of the mole¬ 
cules. 

Measurements have been made at 20 kilocycles of the effect of tempera¬ 
ture and molecular weight on the variation of the three parameters 



Fig. 14.13. Measured reactance and resistance for solution of polyisobutylene in 

cyclohexane. 

Vm and m for a one per cent concentration. The results are shown on Fig. 
14.16. Within the experimental error, the shear elasticity does not change 
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Fig. 14.14. Chemical structure of polyisobutylene. 


much with molecular weight. The shear elasticity at 20 kilocycles appears 
to show a decrease with increasing temperature. However, when measure¬ 
ments were made at 20,40 and 80 kilocycles, it was found that the elasticity 
was a function of frequency. This indicates the presence of two or more 
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relaxation phenomena and complicates the determination of the tempera¬ 
ture relationships. 

All the measured data were found to be fitted by a series viscosity rji 
in series with three relaxation mechanisms having the values rj 2 in parallel 
with m 2 , V 3 in parallel with ^ and 774 in parallel with /x 4 . The configu¬ 
rational elasticity M 2 varied in proportion to the absolute temperature and 
changed from 450 dynes/cm 2 for a one per cent solution to 900 dynes/cm 2 



Fio. 14.15. i?i, vm and /u plotted as a function of concentration at 7.5°C. 

when the molecular weight changed from one million to four million. 
The viscosity t ?2 comprises the main part of the low frequency viscosity 
and changed by a factor of 7 to 1 for a chain length change of 4 to 1 . This 
confirms the interpretation that this relaxation is concerned with the con¬ 
figurational motion of the molecule as a whole. 773 on the other hand is in 
the order of the solvent viscosity and increases about 50 per cent for a 
chain length decrease of 4 to 1. ms is in the order of 2500 dynes per square 
centimeter and decreases somewhat with temperature. The value increases 
slightly with chain length. These facts indicate that this relaxation varies 
about inversely as the square root of the* molecular weight, and is due to 



356 PIEZOELECTRIC CRYSTALS AND ULTRASONICS Chap. 14 


inter-chain reaction. Finally the highest relaxation frequency has a stiff¬ 
ness of over 80,000 dynes/cm 2 for a one per cent solution, is independent 
of molecular weight, and has an associated viscosity of about half that of 
the solvent viscosity giving a relaxation frequency of 3.3 X 10 6 cycles at 
room temperature. As discussed above this appears to be associated with 
the motion of a single Eyring segment. 

Measurements also show that there is a difference due to chains. Meas¬ 
urements of polystyrene in benzene showed values of and M 3 equal respec- 




TEMPERATURE IN DECREES C 

Fic. 14.16. ih, i)M and m for a 1 per cent solution plotted as a function of temperature and 

molecular weight. 

tively to 100 dynes per square centimeter and 1,000 dynes per square 
centimeter. All the viscosities for the two substances varied with temper¬ 
ature in the same manner as the solvents, which confirms the interpretation 
of these viscosities as being due to the relative motion of the polymers and 
the solvent for the various relaxation mechanisms. 

Some measurements were also made of the properties over a wide range 
of concentrations for a single molecular weight of 3.93 million. The shear 
elasticity, as shown by Fig. 14.17, is linear with concentration up to about 
2 per cent. The elasticity as a function of concentration follows quite 
well the law 


M °i A\C + A%& 
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Fig. 14.17 Values ofrji, ijm and /u as a function of concentration. 


where both A\ and As vary very little with temperature. The measure¬ 
ments for 20 kilocycles have the values 

A x ~ 1.2 X 10 s ; As - 2.6 X 10 7 (14.37) 

Farther measurements at 14 megacycles for this same molecular weight 
polymer at 25°C show the values 

A x - 8.0 X 10°; As - 6.5 X 10 8 


(14.38) 
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The term in A\ represents the shear stiffness of isolated molecules 
whereas the term proportional to the cube of the concentration represents 
the effect of chain entanglements. Ferry 22 has observed the cube term for 
polyisobutylene (molecular weight of about 10 6 ) at much lower frequencies 
for 10 per cent solutions and higher concentrations, and gives the following 
explanation. The number of points for which the chains become entangled 
increases as the square of the concentration whereas the length between 
entanglement points varies inversely as the concentration. Since the 
stiffness of a portion of the chain between entanglement points varies 
inversely as the length, the entanglement stiffness should increase pro¬ 
portional to the cube of the concentration. The independence of stiffness 
on the temperature shows that the entanglement involves no activation 
energy. The measurements of equations (14.37) and (14.38) show that 
the chain entanglement stiffness increases with frequency due to the same 
causes as for the linear stiffness. 

14.3 Measurement of Shear Elasticity in Pure Liquids 

By employing the torsionally vibrating crystal, a study has been made 
of the shear elasticity and viscosity of pure liquid long chain polymers, 
which throw some light on the low shear stiffness of the polymer type. 
Ordinarily if a liquid behaved as a crystal, one would expect to find shear 
elasticities in the order of 10 8 to 10 10 dynes per square centimeter, and indeed 
it is found that some liquids such as silicone putty and arochlor (penta- 
chlordiphenyl) do have elasticities in the region. However, polymerized 
castor oil and polyisobutylene (vistanex) described in this section, have 
much lower shear elasticities in the order of 5 X 10 6 to 5 X 10 7 dynes per 
square centimeter in the frequency range up to 100 kilocycles. This 
type of elasticity is due to a distortion of the configuration of the molecule 
as discussed in Section 14.31. 

The specimens of polyisobutylene used were designated A, B y C and D 
and had respectively average molecular weights of 903, 3,520, 4,550 and 
5,590. Measurements of the viscosity of these four samples were made 
by the falling-ball method 23 over a range of temperatures and are shown 
plotted as the logarithm of the viscosity versus the inverse temperature 
by Fig. 14.18. All of these liquids have the same slope, which indicates, 
according to Eyring’s 24 theory, that the element which moves from one 

22 Ferry, J. D., J. N. Ashworth, W. M. Sawyer, paper C3, Amer . Phys . Soc ., 
Jan. 27, 1949. 

23 These measurements and those of the density were made by J. H. Heiss, Jr., and 
this study and its interpretation has been carried out in cooperation with Dr. W. O. 
Baker. 

24 Kauzmann, W., and H. Eyring, “The Viscous Flow of Large Molecules,” 
/. Amer . Chem. Sqc.> Vol. 62, pp. 3113-3125, Nov., 1940. 



MEASUREMENT OF PROPERTIES OF LIQUIDS 359 



Fig. 14.18. Measurements of shear viscosity and shear elasticity of polyisobutylene as a 

function of temperature. 

potential well to an adjacent one is a segment of the chain 20 molecules 
or so whose length is essentially independent of the total chain length. 
The large increase in viscosity for any one temperature as a function of 
chain length has been explained as the increased probability that the chain 
as a whole will jump to a new position as the chain length gets shorter. 
Measurements have also been made of the density of these liquids and the 
data are shown plotted on Fig. 14.19 as a function of temperature. 

The experimental arrangement is that shown by Fig. 14.8. A torsional 
crystal of ADP was gold plated by the evaporation process and suspended 
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from its nodal plane by three wires glued to the surface by Bakelite cement. 
The measured constants of the crystal and the constants K\ and K 2 of 
equation (14.19) are 

length - 5.0 cm; OD = 2R = 0.472 cm; ID = 2Ro = 0.30 cm; 

p = 1.804; f R = 19,615 cycles; (/a -/*) = 220 cycles; 

C 0 “ 100p//; /? = 500 ohms; K\ = 425; R 2 = 1-15 



Fio. 14.19. Density of polyisobutylene as a function of temperature. 


The value of K\ changes slightly with temperature and at 50°C was 
evaluated as 455. 

It was found that the resistance values at resonance gave the most 
reliable result since it was difficult to locate accurately the resonant fre¬ 
quency of the crystal in a viscous liquid. The measurements were made 
in a balanced electrical bridge and data similar to that of Fig. 14.9 were 
used to evaluate the resistance loading. Measurements were made at 
the first, third and fifth harmonic of the crystal. For the,harmonics, the 
same values of K\ hold as for the fundamental. Typical data for the 
resistance loading per square centimeter in terms of the frequency and 
temperature are shown for the polymer B liquid by Fig. 14.20. To 
interpret these data in terms of shear viscosity and shear elasticity, use 
is made of the calculation of the resistance and reactance loading for a 
liquid having shear elasticity and viscosity given by Fig. 14.1 L Com- 
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paring this with the data of Fig. 14.20, we see, for example, that at 0°C, 
the loading is nearly independent of frequency, which means that the relaxa¬ 
tion frequency is considerably below the lowest measuring frequency of 
17.5 kilocycles. The curves of 24°, 40°, and 50°, however, show enough 
bending with frequency to allow one to fit them to the theoretical curve. 



10 20 30 40 50 60 70 80 90 100 

FREQUENCY IN KILOCYCLES PER SECOND 

Fig. 14.20. Resistance loading of crystal in polymer B as a function of frequency and 

temperature. 


From these data, one can find that the ratio of the lowest frequency (about 
17.5 kc) to the relaxation frequency is given by the second column of 
Table XXIII, while the asymptotic value of the loading resistance at very 
high frequencies is given by the third column. Since the shear elasticity 
is related to the resistance loading at high frequencies by the formula 

yfm - R or M = R 2 /p (14.39) 

the shear elasticity is shown by the fourth column. The fifth column 
shows the calculated relaxation frequency, while the sixth column shows 
the shear viscosity i\ which can be calculated from the formula 


V - 


2 t/ c 


(14.40) 


The values of viscosity measured by the crystal are shown plotted by the 
circles of Fig. 14.18 for all liquids, and, as is evident, they agree with the 
values measured by the falling-ball method within 10 per cent, which is 
probably the accuracy of measurement by the present method of curve 
fitting. 
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TABLE XXIII 
Polyisobutylene “ B ” 


Temperature 

///. 

R at High 
Frequencies 
Mechanical 

H dynes 
cm 2 

Relaxation 

Frequency 

Value of 
Shear Vis¬ 
cosity in 



Ohms 


/ c , Cycles 

Poises , rj 

0°C 

— 

6,100 

42 X 10 6 

— 

— 

24°C 

1.8 

3,500 

14 X 10 8 

9,700 

230.0 

40°C 

.9 

2,650 

8 X 10 8 

19,400 

68.8 

50°C 

.6 

2,200 

5.6 X 10 8 

29,200 

30.5 


The values of shear elasticity measured for the three polymer liquids 
B y C and D are shown plotted by the dashed lines of Fig. 14.18. They lie 
nearly on straight lines of uniform slope when plotted as log versus 1/T, 
at least within the temperature range shown. If we plot all of these shear 
elasticities as a function of density alone, which can be done by using the 
data of Figs. 14.18 and 14.19, the points of Fig. 14.21 result. It appears 
likely, that within the experimental error, all of these points can be repre¬ 
sented by a single curve. This agrees with the measurements for polyiso¬ 
butylene in a solvent which shows that the elasticity depends only on the 
amount of polymer per cubic centimeter. 

Two other measurements made on other liquids appear to be significant. 
Measurements were made for Arochlor, which is a pentachlor diphenyl 
having the structure shown by Fig. 14.22. At 24°C it has a density of 1.535 
and a viscosity of 150 poises. Over a frequency range the resistance and 
reactance values are shown by Fig. 14.22. The values cannot be fitted 
by a single relaxation frequency and indicate the presence of at least two 
relaxation frequencies and a much lower compliance — higher stiffness — of 
about 6 X 10~" 9 square centimeter per dyne. This stiffness approaches 
that of a crystal. In section 14.4 by a shear-wave method, the stiffness 
of silicone putty was measured at 50,000 cycles at a room temperature 
of 25°C. This had a compliance of 1.35 X 10~ 9 square centimeter per 
dyne, which is the stiffness of nearly 10 9 dynes per square centimeter and 
approaches that of a crystalline material. 

14.31 Discussion of the Origin of Shear Elasticity in Polymer Liquids 

The problem of structure, diffusion and stress biased diffusion (or vis¬ 
cosity) is fundamentally the same for long-chain polymers as for simple 
liquids. The long-chain structure of polymer molecules, however, intro¬ 
duces certain significant new effects. Long-chain molecules are flexible 
and can take up many different shapes. Certain coiled-up shapes are more 
probable than others and if a molecule is distorted from this shape, the 
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DENSITY OF LIQUID 

Fig. 14.21. Shear configurational and crystalline elasticities of polymer liquids plotted as a 

function of density. 

molecule tends to return to it in a very short time when the stress is removed. 
This type of elasticity is called configurational elasticity and the rapidity 
with which it regains its most probable shape determines the relaxation 
time for such configurational elasticity. 

When a shearing stress is put on such a molecule, segments of the 
molecule 20 to 30 chain atoms long are displaced from one configuration 
to another configuration, which coincides with an empty space or hole 
in the liquid. A single segmental jump will have two effects on the 
polymer molecule. First, the shape of the molecule will be slightly altered 
by the motion of the segment, and second, the center of gravity of the 
molecule will be slightly shifted. The result of a large number of suc¬ 
cessive segmental jumps will likewise be twofold. First, the molecule will 
wriggle about from one shape to another, and second, the center of gravity 
will undergo a slow wandering. When these segment jumps are caused 
by the application of a shearing stress, the wandering of the center of 
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gravity produces the viscous flow, while the change of shape from the most 
probable shape produces the shear configurational elasticity. 

The flow of segments has to occur over certain energy barriers W and 
hence the temperature variations of the viscosity satisfies an equation of 
the type 

i?i = Ae BZ 'e w,RT (14.41) 

where W is the activation energy, R the gas constant (Nk) — where N is 
Avogadro’s number and k Boltzmann’s constant—and T the absolute 
temperature. The probability of the center of gravity of the molecule, 
as a whole, moving in a given direction depends on the probability of a 
number of successive segmental jumps occurring in the same direction 
and hence decreases with the chain molecular weight Z. Equation (14.41) 
is an equation proposed by Flory and justified on a theoretical basis by 
Eyring. 24 Equation (14.41) is strictly applicable only for linear polyesters. 
A more general equation which has a similar segmental flow justification 26 
is 

log v = log AZ + W/RT 

and this equation holds for the polyisobutylene liquids. 

When the stress is removed from the molecule, the molecule returns 
to its most probable position by a series of segmental jumps. The experi¬ 
mental data obtained from high-frequency shear-wave measurements show 
that the activation energy for this local distortion segmental jump is only 
about three quarters of that required for a flow viscosity segmental jump. 
Since the latter involves a change of the position of the center of gravity, 
it requires a higher activation energy. 

Considerable study has been given to the configurational type of elastic¬ 
ity and it has been shown that under equilibrium conditions, the “ ki¬ 
netic theory ” of elasticity describes the elastic retractive force, as 26 for 
example 



where T * absolute temperature, L = length of sample, a = entropy, 
Lo = length of unstretched sample, v = number of chains in the volume 
V , and a = £,/Lo. Here the theory accounts nicely for the widely observed 
shear modulus of 10 6 dynes per square centimeter and for its increase with 
temperature. It is, however, an equilibrium theory and requires time 
for equilibrium to be established before it is valid. 

28 Baker, Fuller and Heiss, /. Amer . Chem. Soc ., Vol. 63, p. 2142, 1941. 

28 Wall, /. Chem. Phys ., Vol. 10, p. 132, 485,1942; Vol. 11, p. 1527, 1943; Flory, 
Chem. Rev., Vol. 35, p. 51, 1944. 
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Most polymers show in addition to this “ ideal ” elasticity, several other 
elastic effects, portions of which have been extensively reported in earlier 
literature. For instance, at suitably low temperatures, ordinary super¬ 
cooled organic liquids (glasses) become hard, as do also all kinds of rubbers 
and plastics. In this low-temperature range, however, rubbery materials 
usually exhibit a really high shear modulus, of the order of 10 8 to 10 10 
dynes per square centimeter. This is approximately the same whether 
chains are cross-linked into networks or not, 27 ’ 28 ’ 29 and does not depend 


Mt 


M2 


A B 

Fio. 14.23. Equivalent circuit for liquid having configurational and crystalline elasticity. 

A. Normal representation. B. Representation using two separated relaxation networks. 

much on average lengths of chains or segments between cross links above 
a certain limit. 27 Accordingly the displacement process here can be 
imagined as the biasing of the position of small chain elements in potential 
wells defined by their interaction with neighboring chain elements. Thus, 
as expected, there is a steep decline in this modulus with increase in tem¬ 
perature, even for static measurements. The measurements for Arochlor 
and silicone putty indicate that the crystalline type of elasticity will also 
exist at frequencies so high that composite motions of the chains do not 
have time to take place. All of these various elements can be represented 
by the equivalent electrical circuit of Fig. 14.23A. Here rji/dx represents 
the flow viscosity of a layer of thickness dx and the value over a tempera¬ 
ture and molecular weight range is given by equation (14.41). The values 
ri 2 /dx and fx 2 /dx determine the configurational shear stiffness and the rate 
at which it will become relaxed. Finally, n$/dx represents the stiffness due 
to moving the chain molecules closer together. This type of stiffness can 
be observed by lowering the temperature so that the viscosities i?j and rj 2 

27 Baker and Pape, Report to Rubber Reserve Co., May 27, 1943. 

28 Siska, Ind. Eng . Chem ., Vol. 36, p. 40, 1944. 

29 Siska and Conant, /. AppL Phys.> Vol. 15, p. 767, 1944. 




MEASUREMENT OF PROPERTIES OF LIQUIDS 


367 


become so high that the material cannot flow. As we shall see presently 
this type of elasticity can also be observed by going to such high frequencies 
that the reactance of /U 3 is less than the flow viscosity iji and the relaxation 
viscosity ry 2 . 

With increasing temperatures the potential wells separate farther, and 
for polymer chains composite motions, such as translations and hindered 
rotations, can take place. If sufficient time is given so that equilibrium 
can occur between all the various motions of the chains, true “ kinetic 
theory” elasticity comes into play and an elasticity proportional to the 
absolute temperature results. If, however, the frequency is high enough so 
that equilibrium does not take place, the elasticity is controlled by the 
nearest neighbor and is of the type usually discussed by potential well 
theory. Under these conditions the elasticity decreases with an increase 
in temperature. 

The nearest approach to “kinetic theory” elasticity for these high- 
frequency measurements, are the measurements of the polymer dissolved 
in a solvent discussed in section 14.21. Here the flow viscosity has an 
activation energy of only 3.9 kilocalories per mole, which is only slightly 
larger than that for the cyclohexane alone. The viscosity rj 2 of the con¬ 
figurational elasticity has a similarly low activation energy and the value 
of 772 is so low that the configurational elasticity relaxes so fast that equilib¬ 
rium is established in times less than 1/600 second. The data of section 
14.21 show that the shear elasticity increases nearly in proportion to the 
absolute temperature. Under these conditions, it is legitimate to neglect 
7 j 2 and M 3 and in equation (14.34) tjm represents the flow viscosity of Fig. 
14.23, while m represents the configurational elasticity 

For the pure polymer liquids of section 14.3 the activation energy for 
the relaxing viscosity rj 2 is around 12 kilocalories (as shown by the data of 
Fig. 14.33) and hence a considerable time is required for relaxing the con¬ 
figurational stiffness. Under these conditions equilibrium is not established 
in the time of a complete cycle and “ kinetic theory ” elasticity is no longer 
valid. No adequate treatment has been given for this case and the reason 
for the logarithm of the shear elasticity increasing proportionally to l/T 
is not known. 

The pulse measurements of section 15.31 show that the impedance of 
the liquid for shear is approximately that shown by Fig. 14.24. These 
curves show that at these frequencies the composite motion can no longer 
take place and the shear elasticity is that determined by single potential 
wells. From the data on the longitudinal measurements of section 14.5, 
this is in the order of 5.7 X 10 9 dynes per square centimeter which is over 
100 times as high as that for the configurational elasticity shown by Fig. 
14.18. 
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The shear impedance for the liquid is most easily calculated by using 
the equivalent circuit for the liquid shown by Fig. 14.23B. This is the 
equivalent of that shown by 14.23A if 



FREQUENCY IN MEGACYCLES PER SECOND 

Fio. 14,24. High frequency resistance of polymer A, B, C, D polyisobutylene liquids as 
function of frequency for 25°C. 



(14.42) 
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The impedance and propagation constant can be obtained by substituting 
in equation (14.16) and solving for T and Z 0 . An equivalent and shorter 
process from a numerical point of view is to employ the equivalent circuit 
of Fig. 14.25 and calculate the image impedance from the formula 

Zq = y/ Z 1 Z 2 


where 


Zi = jo)p dx; Z 2 = 


JH 1 V 1 


JV2*l2 


0) 


+ ■ 


0) 


• 2 

? 7 i- rj 2 - — 

0 ) 0 ) 


dx 


(14.43) 


The result of this computation can be expressed in the form 


Z 0 = 


p(m 1 + M 2 ) 
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(l +/7/i)(i +/V/ 2 ) 

where /1 and /2 the two relaxation frequencies, are given by 


(14.44) 


/ Mi / M2 

J\ ~ rx \ J2 ~~ rs 

2irrj x 2*7)2 

Figure 14.25 shows a calculation of the shear reactance and resistance of 
the polymer D assuming 

l+i = 4 X 10 7 dynes/cm 2 /x 2 = 5.8 X 10 9 dynes/cm 2 ; 

(14.45) 

1)1 + v )2 = 1600 poises ij 2 = 175 poises. 

/*i and 171 + are determined from the data of Fig. 14.18. rj 2 and M 2 
are determined by the longitudinal measurements discussed in section 14.5. 
The impedance in the low-frequency region is determined mainly by the 
first relaxation frequency in agreement with the results of section 14.3. 
The high-frequency shear impedance agrees approximately with that shown 
by Fig. 14.24. However, a considerably better agreement is obtained by 
assuming that the high-frequency shear stiffness has a hysteresis component 
resulting in the impedance 

M 2 - 2 

O) 

The value of this constant M 2 is evaluated in section 14.5 on the longitudinal 
measurements. By inserting this element in the network, as shown by 
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Fig. 14.24 and solving for the average impedance, we find: 



p(fJLl 4- M2) j 
+if{— -- 

( Mi + 

. [ 
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(14.46) 



Fig. 14.25. Theoretical resistance and reactance curves for liquids having two relaxation 
frequencies. Dashed line represents effect of hysteresis term. 


If M 2 =0, this reduces to equation (14.44). Inserting the value of /4 * 
2.65 X 10 9 dynes per square centimeter, determined by the longitudinal 
measurements of section 14.5, the modification is shown by the dot-dash 
line of Fig. 14.25. When the resistance component is plotted on Fig. 14.25, 
this agreement with the measured value is quite good. 

Hence these measurements show definitely the presence of two relaxa¬ 
tion mechanisms in the shear process, one connected with the configurational 
stiffness of chains and the other with the stiffness of the liquids in single 
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potential wells when the frequency is so high that configurational stiffness 
cannot be excited. 

Since configurational and crystalline elasticities in all probability are 
determined by nearest neighbors, the action of any segment may be 
represented as due to the potential well distribution shown in Fig. 14.26. 
The viscous flow of the segment requires a translation and rotation and 
hence occurs over the free energy barrier A U\. On the other hand, an 
extension or contraction of the chain as a whole, which results when con¬ 
figurational elasticity occurs, requires no change in the center of gravity 
of the chain and results in a lower free energy barrier AU 2 . When a 
shearing stress is put on the liquid, one well is lowered compared to the 
other, as shown by the dotted line. At low frequencies, sufficient time is 




Fig. 14.26. Potential well distribution. A. Light liquid. B. Polymer liquid showing 

configurational elasticity. 

given so that a viscous flow occurs over the high-energy barrier. As the 
frequency increases, there is not time for an actual transfer of the center 
of gravity in the time of a single cycle, but a local distortion still can occur 
across the lower energy barrier. This is a reversible process and results 
in the configurational elasticity. Since the motion that can occur is large, 
the configurational stiffness is small. At still higher frequencies, even the 
local distortion cannot occur and the only effect is the displacement of 
the segment from its equilibrium position. This results in a very high 
shear stiffness of the crystalline type. According to the measurements, 
the height of the flow viscosity energy barrier is 16 kilocalories per mole, 
whereas the local distortion energy barrier is 12 kilocalories per mole. As 
the chain length decreases, the distinction between a local distortion and 
true flow motion disappears, and for liquids having a chain length in the 
order of one Eyiing unit, the two potential wells become equal and the 
potential well distribution is similar to that for a light liquid, as shown by 
Fig. 14.26A. Under these circumstances the configurational elasticity 
disappears, as shown for the low-density liquid of Fig. 14.21, and the shear 
viscosity equals the flow viscosity up to a frequency for which crystalline 
elasticity sets in, as shown in Fig. 14.24. 
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14.4 Shear Waves in Liquids 

In addition to the viscous measurements indicating shear elasticity, 
measurements have also been made showing the presence of shear waves 
in very viscous liquids. The attenuation above the relaxation frequency 
of polymerized castor oil is 

A = —*= 97.2 nepers per cm (14.47) 

2 rj 


IMPEDANCE OF A VISTENEX COLUMN 0.50 CM LONG. INDICATED 
VELOCITY* 3,600 CM PER SECOND. VISTENEX HAS A VISCOSITY 
H - 1085 POISES AT 25°C AND A DENSITY p * 0.866 



Fio. 14.27. Resistance of torsional crystal showing shear waves in polyisobutylene. 

which is too high to demonstrate wave motion. However, if we use a 
liquid with a much higher viscosity, the limiting attenuation becomes lower. 
Such a liquid is the polyisobutylene of section 14.3, polymer C which has 
a viscosity of 900 poises at 2S°C. This should have an attenuation of 
about 1.5 nepers per centimeter, if it has the same shear elasticity as does 
polymerized castor oil. 

To demonstrate the presence of shear waves in polyisobutylene, a tor¬ 
sional crystal was used to set up a standing-wave system. On account 
of the large viscosity, since the separation between the reflector and the 
crystal could not easily be varied, a fixed distance between the crystal 
and the reflector plate was maintained and the frequency was varied. 
The measured resistance as a function of frequency is shown in Fig. 14.27. 
The separation between the crystal and reflector was 0.50 centimeter. 
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Since the minima occur at half-wavelength frequencies, the data are best 
fitted by assuming that the length is 14 half wavelengths at 47,800 cycles, 
and 15 half wavelengths at 51,300 cycles giving a velocity of 3,600 centi¬ 
meters per second. Since the density of polymer C is 0.886 at 25°C, this 
gives a shear stiffness of 1.2 X 10 7 dynes per square centimeter, which 
agrees within the experimental error (since an interferometer with a single 
half wavelength change is not accurate) with that given in Fig. 14.18. 
The indicated attenuation, determined from the ratio of maximum resist¬ 
ance to minimum resistance, is 0.5 nepers for the column or 1.0 nepers per 
centimeter compared to the calculated value 

, V 0.886 X 1.2 X 10 7 lo 

A “- 2~X900 - “ 1,8 nepers per cm ( 14 - 48 ) 

This is within the experimental error. 

Measurements were also made for silicone putty at 50,000 cycles and at 
25°C the measurements were 

p * 1.14; v = 2.55 X 10 4 cm/sec; A — 0.13 nepers per cm 

The shear viscosity, as measured by W. O. Baker by an extrusion process, 
was 3 X 10 6 poises. We note that the shear stiffness is much higher for 
this material than was the case with polyisobutylene. From the density 
and velocity, the value becomes 

Cs = 1.35 X 10“ 9 cm 2 /dyne; p — 7.4 X 10 8 dynes/cm 2 (14.49) 

which is only about 1/16 times the stiffness for the longitudinal mode for 
plane waves in this liquid and indicates that the stiffness is approaching 
that of a crystal. The calculated attenuation is 0.05 nepers per centi¬ 
meter compared to a measured value of 0.13. While the accuracy is not 
high, it appears possible that another source of dissipation is involved. 

It seems probable that all liquids may have shear elasticities but the 
relaxation frequency or frequencies are usually too high to produce 
observable effects for frequencies that have so far been used. This shear 
elasticity may have an important bearing on the specific heat of liquids. 10 ’ 11 

14.5 Propagation of Longitudinal Waves in Very Viscous Liquids and 

Demonstration of Velocity and Attenuation Dispersion in Liquids 

Since low-frequency shear viscosities of very viscous liquids are relaxed 
by the configurational shear elasticities, it appears likely that for longi¬ 
tudinal waves of frequencies much higher than those of the first shear 
relaxation frequencies, the shear component of the longitudinal distortion 
will occur elastically and this shear viscosity will not contribute to the 
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attenuation. This supposition is confirmed by a recent study 30 of longi¬ 
tudinal waves for the polyisobutylene liquids of section 14.3 and moreover 
velocity dispersion and associated attenuation dispersion due to molecular 
processes, has been observed for the first time in a liquid. Since this study 
throws considerable light on the mechanisms involved and the approach 
of a liquid at very high frequencies to the type of attenuation existing in 
solids, these measurements are discussed at some length. 

The experimental method used was a combination of pulsing and steady- 
state methods and is shown schematically by Fig. 14.28. Here a source 



Fig. 14.28. Measuring equipment for measuring attenuation and velocity for longitudinal 

waves in a liquid. 


of high frequency is fed to an amplifier through two parallel paths. One 
is through an amplifier that is gated by a direct-current pulse. The 
pulse of alternating current is impressed on a transmitting crystal, which 
sends a pulse of alternating longitudinal waves into the liquid. This 
wave is picked up by a second crystal, accurately parallel to the sending 
crystal and which is placed at a variable distance from the sending crystal. 
The voltage generated by the receiving crystal is sent through a wide-band 
amplifier, is rectified, and actuates the vertical set of electrodes of the 
oscilloscope. The sweep circuit of the horizontal set is controlled by the 
same synchronizing oscillator that controls the DC pulse generator so that 
the pulse received always occurs in the same position on the fluorescent 
screen. The second path from the high-frequency oscillator is a steady- 
state one through an attenuation box to the amplifier, rectifier and 

B0 Mason, W. P., W. O. Baker, H. J. McSkimin, and J, H. Heiss “ Mechanical 
Properties of Long Chain Molecule Liquids at Ultrasonic Frequencies,” Phys , Rev., 
Vol. 77, May, 1948. 










MEASUREMENT OF PROPERTIES OF LIQUIDS 375 


oscilloscope. The attenuation box has carbon-film resistors that are 
stable in value up to a frequency of 10 megacycles. The process of 
attenuation measurement consists in comparing the amplitude of the pulse 
path with the amplitude through the attenuation path and adjusting the 



Fig. 14.29. Attenuation versus change in path length for polymer D. 


box until they are equal. If the loss in the liquid is 15 db or more, the 
pulse length does not make any difference and comparisons can be made 
by steady-state methods. However, if the loss betweeen the two crystals 
is small, trouble is experienced with standing waves. To get around this 
difficulty a very short pulse length is used and the first received pulse, 
which is free from standing-wave complications, is compared with the 
steady-state amplitude. Figure 14.29 shows a typical measurement of 
attenuation versus change in path length for polymer D. A change of 
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38 db occurs in a path difference of 0.1465 centimeters, indicating an 
attenuation of 259 db per centimeter for a frequency of 8 megacycles and 
a temperature of 31°C. From the straightness of the attenuation-distance 
line, it appears likely that the attenuation can be measured within ±2% 
for a high-loss material and ±5% for a low-loss material. 

A measurement of the velocity for such a high-loss material is more 
difficult by conventional methods. The path length is so short that 
a comparison of the position of received pulse with transmitted pulse does 
not give an accurate measurement of the velocity. On the other hand, 
the attenuation is too high to utilize the standing-wave properties of the 
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DISTANCE IN CENTIMETERS 

Fio. 14.30. Number of wavelength changes plotted against distance for polymer D. 

liquid as is done with the acoustic interferometer. The method adopted 
was to compare the phase of the received pulse with the phase of the steady- 
state transmission. For this purpose both paths were connected simulta¬ 
neously to the amplifier-rectifier and the attenuation in the db box was 
adjusted to be approximately equal to that through the liquid. As the 
path length was changed, the output from the pulse alternately added and 
subtracted from that through the box. By plotting the positions of the 
maxima, the wavelength in the liquid can be obtained. Figure 14.30 
shows a typical measurement for the same liquid polyisobutylene polymer 
Z), plotting the number of wavelengths change against the separation in 
centimeters. A very good straight line can be drawn through these points, 
and it is estimated that the velocity can be measured to about d=l per 
cent. By this method velocities can be measured, even though the liquid 
path has 50 db or more attenuation. 

Employing these methods, a series of measurements were made for these 
three liquids at the frequencies 2, 5 and 8 megacycles over a wide tem¬ 
perature range. The data on the attenuation for polymer D are shown 
plotted in Fig. 14.31, while the velocities for the same conditions are 





MEASUREMENT OF PROPERTIES OF LIQUIDS 377 

plotted in Fig. 14.32. The attenuation is plotted in terms of nepers 
(1 neper equals 8.68 db) per wavelength, since the theoretical attenuation 
is most easily calculated for that quantity. It is obvious from the data 
that an attenuation and associated velocity dispersion are occurring for 
this liquid. 



frequency in megacycles per second 

Fig. 14.31. Attenuation per wavelength of polymer D plotted as a function of frequency 

and temperature. 

In ord?r to classify the measured results and to obtain parameters in 
terms of wnich they can be expressed, use is made of the calculated value 
of the attenuation and phase shift due to a relaxation type of theory. 
Such a phenomenon can be represented by the equivalent circuit of Fig. 
14.33, in which the series arm is the density times the length of the section 
dx considered, as the shunt arm consists of a stiffness K\/dx in parallel 
with a secondary viscosity divided by dx and the two in series with a second 
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stiffness K 0 /dx. At very low frequencies, this will reduce to the impedance 
of the stiffness k 0} so that kq represents the bulk stiffness of the liquid 
measured by static methods. At very high frequencies, the impedance 
of the shunt arm reduces to that of the two stiffnesses in series. Hence 
K 0 = low-frequency bulk stiffness; = difference between high-frequency 



Fio. 14.32. Velocities of polymer D plotted as a function of frequency and temperature* 

and low-frequency stiffness. From the measurement of the shear elasticity 
at high frequencies, discussed in section 14.31, it is evident that the dis¬ 
persion in the longitudinal velocity is due to the dispersion in the shear 
elasticity. Since the longitudinal velocity is determined by the elastic 
constants X + 2 m* longitudinal measurements do not in themselves tell 
whether a change is due to the X constant or the /u constant. At these high 
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pdx pdx 



Fio. 14.33. Equivalent circuit for showing effect of secondary viscosity on a 
longitudinal wave. 



2.0 24 3.0 3.2 3.4 3.0 3.3 

1/TX10* 


Fio. 14.34. Secondary shear viscosity plotted as a function of 1/ T. Solid lines represent the 
values (x + 2 i/j) determined from longitudinal measurements; dotted lines represent ijj 
determined from shear measurements. 
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frequencies, the configurational elasticity \x 2 of Fig. 14.23A is relaxed by 
the configurational viscosity rj 2s and since rj 2 is much smaller than rn the 
flow viscosity, 772 represents all of the shear viscosity at high frequencies. 
The values of rf 2 for the A> B , C and D polyisobutylene polymers have 
recently been measured by the high-frequency pulsing methods of section 
15.31 and are shown plotted on Fig. 14.34. In addition, there appears 
to be a compressional viscosity x which is an appreciable fraction of rf 2 . 
The value of x introduced in Fig. 14.33 is then \ = x + 2 i? 2 . is closely 
equal to the shear stiffness 2/x 3 , i.e. the high-frequency shear stiffness. 

The attenuation and velocity can be calculated from the formula 


Tdx - {A + jB) dx = 




where Z x * jojp dx is the series arm and Z 2 — 


-./« 0 

O) 


+ 



1 


x 


dx 


is the shunt arm. 

If we solve for the attenuation A (expressed in nepers per centimeter) 
and B the phase shift (expressed in radians per centimeter), we have 


where 
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(14.51) 
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ro is the velocity at low frequencies, v *> the velocity at high frequencies 
and i/2ir ; s the relaxation frequency f 0 . If we multiply the ratio A/B 
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by lie, we obtain the attenuation A w in nepers per wavelength, which is the 
quantity measured and expressed in Fig. 14.31. This becomes 


A w - 


™x 
pv o 


1 + X 


-2-i 
/2 2 __ 

" lp 2 v 2 o(vl - vl)\ 


(14.52) 


For very low frequencies this reduces to 


A w 


2* 2 fx 

pv 0 


(14.53) 


and the attenuation should initially be proportional to the frequency. 
This agrees with the measurements of Fig. 14.31 for high temperatures, 
where the initial slopes of the attenuation frequency curves can be ob¬ 
tained. Equation (14.51) gives a method for determining the viscosity 
for 


x 


_ A w pvp 
2tt 2 / 


(14.54) 


Since all these quantities are known, x can be determined and for polymer 
D is shown plotted as log x versus 1/7 by Fig. 14.34. The points lie on a 
straight line having a slope 3/4 that of the low-frequency shear viscosity. 
The initial slopes have been determined for the other three liquids and are 
shown by Fig. 14.34. All the curves are parallel, as for the low-frequency 
shear viscosity, indicating, that the temperature dependent jump oc¬ 
curs by chain sections that are the same for all average molecular weights. 
The configurational viscosity increases with molecular weight although 
the spread is not nearly as large as that for low-frequency shear viscosity. 
For molecular weights above 10,000, no further increase with chain 
length has been observed. Comparing the value of x = (x + 2ij 2 ) with 
the values of i? 2 measured by shear measurements, we see that there is a 
compressional viscosity which varies from zero for the low-molecular- 
weight polymer A to nearly equal to the shear viscosity ry 2 for the largest 
molecular weight. As nearly as can be judged from the relative slopes 
of the viscosities measured by longitudinal and shear waves, the activa¬ 
tion energy of the compressional viscosity is equal to that of the second 
shear (configurational) viscosity. 

To correlate all the measurements of Fig. 14.31 over temperature and 
frequency ranges, we plot the product 

A w pt%/(p*o)s (14.55) 


against the product of frequency times x where ( pv 2 ) 8 is the product of 
density times vl for polymer D at 20°C. All the values of x * are shown 
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plotted on Fig. 14.34, while the zero frequency velocities can be obtained 
by extrapolating the data of Fig. 14.32 and are shown by Fig. 14.35. 
Within the experimental error all these points lie on one curve shown by 
Fig. 14.36. Also the measured attenuation per wavelength of the polymer 
C liquid and the polymer B liquid can be plotted on the same curve. 
From the equation for the phase shift, equation (14.51), since B = w/p, 



Fio. 14.35. Zero frequency velocities of polymers A to D of polyisobutylene. 

we see that the ratio of v/vq should also be a function of the product of 
the frequency times x = X + 2ij 2 * From the data of Fig. 14.32, showing 
the measured velocity, the data of Fig. 14.34 showing the value of x> 
and the data of Fig. 14.35 for the zero frequency velocity, the ratio of v/vq 
can be evaluated and is shown plotted by Fig. 14.37 as a function of the 
product frequency times x • A single curve suffices for all the tempera¬ 
tures and for the other two polyisobutylene liquids. 

Other measurements 9 made for silicone putty at room temperature 
indicate a much lower value of high-frequency viscosity than occurs for 
polyisobutylene. Silicone putty has a velocity of 1.03 X 10 6 centimeters 
per second, a density of 1.14 and an attenuation directly proportional to the 
square of the frequency equal to 

A « 9.2 X KT 14 / 2 nepers/cm (14.56) 
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Since the low-frequency shear viscosity for this liquid is 300,000 poises, 
if the classical formula of equation (14.14) held, the attenuation would be 
3 X 1CT 10 / 2 nepers and this shows that the low-frequency shear viscosity 
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Fio. 14.36. Attenuation per wavelength as a function of secondary shear viscosity 

times frequency. 


is been relaxed and is not contributing to the attenuation. The measur 
ents do not show whether the high-frequency viscosity x = 5.76 pois 
a compressional viscosity or a relaxed second-shear viscosity. She 



Rig. 14.37. Ratio of p/pq plotted as a function of secondary shear viscosity times frequency. 

pulsing studies at high frequencies are inconclusive since the silicone putty 
does not wet the crystal and shear elasticities and losses cannot be 
measured. 

14.51 Discussion of Longitudinal Velocity and Attenuation Dispersion in 
Liquids 

The measurements of the velocity and attenuation of polyisobutylene 
for longitudinal waves provide material for testing the various mechanisms 
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proposed to account for added attenuation and velocity dispersion. Since 
the velocity of a longitudinal wave is controlled by the Lam6 elastic con¬ 
stants X + 2/*, longitudinal measurements do not determine uniquely 
whether the dispersion is occurring in the compressibility constant X or 
the shear constant /z. 

Most theories developed for liquids assume that n is equal to zero and the 
dispersion occurs in the elastic constant X. The two mechanisms so far 
proposed are the Herzfeld, Rice, Kneser mechanism discussed in Chapter 
XIII and the Debye-Frenkel rearrangement mechanism discussed in the 
introduction to this chapter. 

While these mechanisms are probably operative in light liquids, such as 
carbon disulphide where the attenuation is 900 times that calculated from 
measured shear viscosity, the measured values of the high-frequency shear 
impedances for these liquids, discussed in section 14.31, show definitely 
that the relaxation involved in this liquid is connected with the shear 
elasticity n rather than with the compressional constant X. It is suspected 
that most cases for which the attenuation is less than the classical attenu¬ 
ation, will be accounted for by a relaxation in \i rather than a relaxa¬ 
tion in X. 

Whether the relaxation occurs in \i or X, an equivalent circuit which 
represents the effect of this relaxation on the longitudinal wave is that 
shown by Fig. 14.33. The elasticity k 0 is the low-frequency bulk modulus 
of the liquid and the sum of and ko is equal to the high-frequency modulus 
for the liquid. Since the high-frequency modulus is equal to X + 2pi 
while the low-frequency modulus k 0 is equal to the same elastic constant X, 
we have the relation 

X - k 0 ; 2fj. = (14.57) 

The data of sections 14.30 and 14.31 show that there are two relaxation 
frequencies for shear. However, since the lower relaxation frequency is 
only 5,000 cycles, the high-frequency longitudinal measurements can be 
accounted for by a single relaxation mechanism. The relaxed low- 
frequency shear stiffness is added to X but since X = 2.28 X 10 10 and 
2ni = 8 X 10 7 , the added amount to the compression stiffness is less than 
0.4 per cent and can be neglected. 

The high-frequency viscosity % Is measured, as discussed, by finding the 
initial slope of the frequency attenuation curve and is plotted by Fig. 14.34. 
The ratio of 1.23 between the high-frequency and low-frequency velocity 
as given by Fig. 14.37, shows that the high-frequency shear stiffness is in 
the order of 1.17 X 10 10 /2 =* 5.59 X 10 9 dynes per square centimeter 
in agreement with the measurement of Fig. 14.24. 

However, this theory does not account entirely for the measured attenu¬ 
ation and velocity curves of Figs. 14.36 and 14.37. The calculated at- 
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tenuation per wavelength for a single relaxation frequency is shown by 
the dot-dash line of Fig. 14.36. The measured value is broader on a 
logarithmic scale than the curve for a single relaxation frequency, and 
moreover is dissymmetrical about the maximum. We could match this 
curve by a dissymmetrical distribution of relaxation frequencies. 


pdx pdx 



Fig. 14.38. Network taking account of hysteresis resistance as well as secondary 

shear viscosity. 


However, a simpler explanation of this effect is that a hysteresis occurs 
in the stress-strain relationship which introduces a constant loss per cycle. 
In order to get an agreement with experiment, this hysteresis loss has to be 
introduced in series with the elastic stiffness *i, giving this arm the 
impedance, shown by Fig. 14.38, of 


X -J *l 


0) 


(14.58) 


Since this arm is shunted out at very low frequencies by the viscosity 
x\ this results in the following interpretation. At low frequencies, the 
local order change caused by the shearing of the liquid takes place by 
one segment of the chain jumping from one stable potential well to another 
with no appreciable tangling with other chains. There is even in this case a 
small amount of hysteresis loss, as is shown by Fig. 14.39, which shows the 
measured attenuation of the lightest liquid, the polymer A liquid. The 
attenuation values measured at 2, 5 and 8 megacycles, lie on straight lines 
that do not go through the origin at zero frequency but have intercepts of 
about .0025 Lepers per wavelength, indicating the presence of a slight 
amount of hysteresis loss. As the frequency increases, fewer and fewer 
of the chains accumula te enough heat energy in the time of a single cycle 
to rearrange to adjacent stable potential wells and the liquid becomes less 
compressible. It appears, however, that they can be displaced to inter¬ 
mediate potential minima. The displacement probably consists of an 
internal twisting. The steric restrictions imposed by the closely packed 
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methyl groups on the flexibility of individual chains then tend to hold the 
new twisted position. The chain segments then are not released until a 
later part of the cycle and hence the strain lags behind the applied stress. 
It is supposed that the wave traveling through the polymer exerts such 
torque on certain portions of the convolved chains that an extreme biasing 



Fig. 14.39. Attenuation per wavelength for polymer A as a function of frequency. 


force for pairs twisting occurs. Thus the normally considerable activation 
energy for internal rotation of pairs of methyl groups past each other, in 
polyisobutylene, is effectively reduced to zero. Also, accordingly, since this 
potential barrier that the chains have to surmount to reach the twisted 
positions is so small, compared, for instance, to that for proceeding to the 
next stable position (the latter process requires both twisting and transla¬ 
tion), the hysteresis type of loss should continue to a very high frequency. 
This mechanism seems concordant with the general principles of hysteresis. 

The network of Fig. 14.38 represents the effect of the hysteresis loss 
component. If we solve this network to obtain the velocity and attenu¬ 
ation, we have 


Pdx 


{A +jB ) dx 



jwp (dx) 2 


j* 0 , 

x'(X' - JK l) 

0) 
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/ , (X 7 -j*t) 
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(14.59) 
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where Zj, the series arm, is jap dx, and Z 2 , the shunt arm, is 

xV -jK l] 

Z,.^2 + - ‘ 

(J) t X -JKI 

x 4- 

0) 

Solving for the attenuation and the phase shift B y we find 


(14.60) 
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X 1 + 1 + 
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These can be written quite closely as 
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(14.63) 


Several limiting cases are of interest. At low frequencies, the attenuation 
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per wavelength and velocity t> 0 become 
Awo “ (fx ) 


Vo 



2* 2 /x 


(14.64) 


For very high frequencies the attenuation per wavelength and the velocity 
become 


A = 




*o 4- *i 


p£& 




(14.65) 


Hence with hysteresis type of loss, the attenuation per wavelength at high 
frequencies remains constant and independent of the frequency. This is 
the type of attenuation 31 found for solid bodies of the glass type, and it 
appears that the polyisobutylene liquids approach this condition at high 
frequencies. 

Introducing these values in equation (14.61) the velocity, which is 
o)/B y and the attenuation per wavelength can be written in the form 
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Aw 


t>o< 


2 T 2 


1 +2 C(/ x ') +D~(fx') 2 
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1+2 C(fx') + D(/x’) 2 ’ 
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(14.66) 


where 

2 TrX' 47 T 2 (ko + *l) 

C * X' 2 + k\ ; ^ ~ * 0 (X' 2 + k\) 


Hence, if C, D and t&//o are relatively constant with temperature, the 
velocity and attenuation per wavelength are functions of the product 
frequency times viscosity As indicated by the data of Figs. 14.36 
and 14.37 this assumption appears to be justified. 

81 Mason, W. P., and H. J. McSkimin, “ Attenuation and Scattering of High 
Frequency Sound Waves in Metals and Glasses,** J.A.S.A., Vol. 19, No. 3, pp. 464- 
474, May, 1947 and Chapter XV of this volume. 
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The measured curves of Figs. 14.36 and 14.37 can be fitted„quite closely 
by taking 

k 0 = 2.28 X 10 10 dynes/cm 2 ; /ci * 1.17 X 10 10 dynes/cm 2 ; 

= 0.53 X 10 10 dynes/cm 2 (14.67) 

This gives a zero frequency velocity of 1.6 X 10 6 corresponding to a 
temperature of 20°C, the standard condition of Fig. 14.37. The dashed 
line shows the calculated attenuation per wavelength, which agrees very 
well with the measured points. The solid line of Fig. 14.37 is a plot of the 
ratio of velocity to zero frequency velocity, using equation (14.66) and the 
constants of equation (14.67). The agreement with the measured points 
is very good. The theoretical curve of Fig. 14.36 indicates that at high 
frequencies, polyisobutylene liquids should have an attenuation per wave¬ 
length of 0.5 nepers independent of frequency. 



CHAPTER XV 


Properties of Solids and Their Measurement 
by Ultrasonic Waves 

Although most of the properties of solids have been measured by static 
means, during the last ten years considerable information has been ob¬ 
tained by means of ultrasonic waves in bars of solid materials. Most of 
the early work was done by a resonant method in which the resonant fre¬ 
quency and Q were measured for a definite length bar or tuning fork. 
From these data and their variation over frequency and temperature 
ranges considerable information was obtained regarding the properties 
of the materials and the mechanisms for absorbing energy. Among the 
first measurements were those of Wegel and Walther, 1 who measured the 
Q of various solid materials by exciting a bar of the material at its resonant 
frequency by means of a magnetic drive. They found that the Q of a 
large group of solid materials was practically independent of the frequency 
and suggested that the loss mechanism was a type of elastic hysteresis 
which produced a constant loss per cycle of the applied alternating stress. 

Another method that has been widely used by Quimby and his students, 2 
is the piezoelectric half-wave crystal which is used to drive a mechanical 
bar glued to the crystal. By adjusting the length of the bar until the 
resonant frequency of the combination is the same as the resonant 
frequency of the crystal alone, one knows that the length of the bar is an 
integral number of half wavelengths at the frequency of the crystal. By 
measuring the change in electrical resistance caused by the load, the Q 
of the mechanical bar can be measured. This process has been used in 
measuring the properties of single metal crystals 3 and the disappearance of 
the shear modulus near the melting point. 

Other methods have also been used such as the transmission of sound 
from a liquid through a solid and into a liquid again. At normal incidence, 
good transmission is obtained when the solid is a half wavelength. By 
turning a solid at an angle to the sound beam, Bar and Walti 4 have shown 

1 Wegel, R. L. and H. Walther, Physics, Vol. 6, p. 141, 1935. 

2 Balamuth, L., Phys. Rev., Vol. 45, p. 715, 1934. 

8 Read, T. A., Phys. Rev., Vol. 58, p. 371, 1942; Hunter, L. P. and S. Seigel, Phys. 
Rev., Vol. 61, p. 84, 1942. 

4 Bar and Walti, Help. Phys. Acta, Vol. 7, pp. 113-139, 1938. 

390 



SOLIDS BY ULTRASONICS 


391 


that a correlation can be obtained between the transmission and the proper¬ 
ties of the solid. Solids whose impedance do not differ much from that of 
the liquid, can be measured by interferometric methods. 

During World War II considerable effort was spent in sending short- 
sound pulses down columns of liquids. The same technique was applied 
in sending pulses through solid materials and quite acceptable delay lines 
were obtained with shear waves in fused quartz, which were used for 
reproducing the reflections from the radio wave at the proper time. This 
technique has recently been applied 5 to measuring the losses in solids of 
the metal and glass type and has resulted in establishing a connection 
between grain size of the metal crystallites and the Rayleigh fourth-power 
scattering law. A similar technique 6 has been used in locating flaws in 
metal castings and other solid materials. 

The differences that exist between sound propagation in liquids and 
solids arise primarily from the rigidity of the solids, and secondarily from 
their anisotropy. The rigidity makes possible various kinds of wave 
motion while the anisotropy leads to two important types of loss, the 
thermal relaxation loss and the scattering loss. In an infinite solid and 
also in a finite solid for which the wave front is a large number of wave¬ 
lengths, two types of waves can exist, the longitudinal wave and the shear 
wave. These have the velocities 


^ong ^ > ^shear — ^ (15.1) 


where p is the shearing constant and X + 2/i the plate modulus. Values of 
tfshear to tWg are for fused quartz, steel and lead 0.65,0.52, and 0.30 respec¬ 
tively. For a wire whose diameter is a small fraction of a wavelength, 
the velocity is controlled by Young’s modulus 

[Yo . v (3\ + 2/x) 

= \— where Y 0 = m ——;- (15.2) 

\ P X + p 


For materials for which \x is small (rubber for example) Young’s modulus 
is equal to 3/u. 

The loss mechanisms that have been observed to cause loss in solids 
are thermal conductivity, thermoelastic relaxation, thermal or mechanical 
relaxation, plastic flow, elastic hysteresis and scattering. The thermo- 

5 Mason, W. P. and H. J. McSkimin, J,A.S.A.^ Vol. 19, No. 3, pp. 464-474. May, 
1947. 

8 Firestone, F. A., “The Supersonic Reflectoscope,” J.A.S.A ., Vol. 17, p. 287, 
Jan., 1946; Firestone, F. A. and J. R. Frederick, “ Polarized Sound,” J.A.S.A.I 
Vol. 18, No. 1, p. 200, July, 1946. 
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elastic relaxation loss, which was first pointed out by Zener, 7 arises from 
the flow of heat from a hotter part of the medium to a cooler part. In 
this respect it is similar to the thermal losses discussed in Appendix A-7 
but the losses are made much larger due to the polycrystalline nature of a 
metal. The Q due to this source has been shown to be 8 


\ 

Q 



(15.3) 


where R is that fraction of the total strain energy which is associated with 
fluctuation in dilations. The relaxation frequency, / 0 , is given approxi¬ 
mately by 



(15.4) 


where D is the thermal diffusion constant and L c is the mean diameter of 
the crystallites. R, the fluctuation constant, can be evaluated from the 
average variation of the elastic constant for the individual crystals, as 
discussed in section 15.33. Equation (15.5) shows values of the factor 
(C p — C v )/C v , (Cp = specific heat at constant stress, C v - specific heat at 
constant strain) and R for various metals. 


Metal 


Pb 

Ag 

Cu 

Au 

Fe 

A1 

w 

R 0.065 

0.031 

0.031 

0.014 

0.022 

0.0009 

10“ 8 

(Cp-C.VC, 0.067 

0.040 

0.028 

0.038 

0.016 

0.046 

0.006 

Product 4.4X10 -8 

1.2X1 Or 3 

8.7X10“ 4 

5.3 X 10“ 4 

3.5 X 10~ 4 

4X10“ 6 

6xi<r» 


(15.5) 


The last line gives an idea of the relative damping due to this source. 
The relaxation frequency is usually under 100 kc and the losses produced 
by this effect are too small to account for the losses measured in the high- 
frequency range. 

The other sources of loss are discussed in more detail in the following 
sections. 

7 Zener, C., Phys. Rev., Vol. 52, p. 230, 1937. 

8 Zener, C., Phys. Rev., Vol. 53, p. 90, 1938. A complete discussion of thermal 
diffusion relaxation, grain boundary relaxation, twin boundary diffusion and atomic 
solution diffusion is given in a recent book “ Elasticity and Anelasticity of Metals/' 
C. Zener, Univ. of Chicago Press, 1948. Most of these effects take from seconds to 
weeks to occur at room temperature and are of interest principally in analyzing the 
physical processes occurring in metals. 
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15.1 Low-Frequency Resonant Measurements 

A very extensive series of measurements of the dissipation in solid 
materials has been made by Wegel and Walther. 1 They used an electro¬ 
magnetic drive and measured the dissipation in a frequency range from 
2000 cycles to 100,000 cycles. The strain in every case varied from 10~ 8 
to 1(T 6 and in this region the Q of the material was independent of ampli- 



io 3 io 4 I0 5 io e 

FREQUENCY IN CYCLES PER SECOND 

Fio. 15.1. Elastic hysteresis constant for a number of materials. 


tude. They found that the Q of the solid materials was nearly independent 
of the frequency over the range used and concluded that the loss was due 
to an elastic hysteresis. Figure 15.1 shows a measurement of the elastic 
hysteresis constant, which is defined as the area in ergs of the stress strain 
loop for a unit volume per unit of strain squared. As discussed in the 
Appendix, Section A- 7, the Q due to a hysteresis component is 

Q - Yo/H (15.6) 

where Yq is the elastic constant of interest, in this case Young’s modulus. 
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According to the measurements of Fig. 15.1, a good share of the solid 
materials have a Q independent of frequency, and since 

Q = B/2A (15.7) 

where B is the phase shift in radians per second per unit length (which is 
directly proportional to the frequency) and A the attenuation per unit 
length, then 

A = B/2Q (15.8) 

and if Q is independent of the frequency, A is directly proportional to the 
frequency. As shown in section 15.32, the attenuation of fused quartz 
is proportional to frequency over a very wide frequency range and gives 
strong evidence for a hysteresis type of loss. The method of measuring 
the properties of a bar by attaching it to a crystal and adjusting the length 
until the combination resonance equals the crystal resonance has been 
discussed in detail by the writer. 9 It is there shown that the Q of the bar 
is equal to 

Qb = 2t/*Co W - R) (mc) (15 ‘ 9) 

where Jr is the resonant frequency, C 0 the capacitance of the crystal, r the 
ratio of capacitances of the crystal alone determined from r = f R /2Af 
where A/ is the difference in frequency between the anti-resonant and the 
resonant frequency, R f is the measured electrical resistance of the com¬ 
bination, R that of the crystal alone, Mr the total mass of the bar and Me 
the mass of the crystal. The velocity is determined from the fact that the 
bar is a known integral number of wavelengths at the resonant frequency 
and 

v = /X (15.10) 

where X is the wavelength. Using this method the properties of a number 
of materials have been determined as shown in Table XXVI. The tem¬ 
perature coefficient was measured by observing the change in resonance 
of the combination with temperature compared to the change of the 
crystal alone. 

For very low Q materials, another method was devised by the writer 9 
which consisted in driving with one-half wave crystal and picking up with 
another. By adjusting the length until the maximum response coincided 
with that of the two crystals alone, the velocity could be measured and by 
measuring the transmission loss, the attenuation could be measured. 

9 Mason, W. P., Electromechanical Transducers and Wave Filters , D. Van Nostrand 
Company, Inc., 1942. Second Edition, 1948. 



SOLIDS BY ULTRASONICS 


395 


TABLE XXVI 

Properties of Solid Materials 


Material 

Density 

Velocity 
v in cm 

Impedance 

Q 

Ts b in parts 
per million 

Aluminum 

P 

2.68 

per sec . 

5.13 X 10 6 

pv 

13.8 X 10 B 

10,000 

per °C 

-215 

Magnesium 

1.705 

5.10 

8.7 

5,700 

-194 

Tungsten Car¬ 
bide Steel 

8.52 

4.72 

41.0 

8,180 

-10.5 

Molybdenum 

Steel 

8.39 

4.70 

39.5 

4,700 

-16.0 

Fused Quartz 
Rod (Milky) 

2.2 

5.11 

31.3 

5,000 

+5.0 

702 Pyrex 

2.32 

5.35 

12.4 

1,200 

+25.0 

Window Glass 

2.42 

5.44 

13.5 

910 

-58.0 

Lead Glass 

2.48 

5.13 

12.8 

1,910 

+41.0 

Micalex 

3.34 

5.35 

17.9 

2,890 

-74.0 

Ceramics 

2.47 to 

4.55 to 

11.5 to 

700 to 

—45 to 


3.38 

6.78 

18.4 

5,000 

-215 


When this method was applied to a number of plastics, it appeared that 
they were showing thermal or mechanical relaxation similar to that 
observed in polyisobutylene. 

15.2 Measurement of the Properties of Solid Materials by Means of Ultra¬ 
sonic Waves in Liquids 

Ultrasonic waves in liquids have been used not only to measure the 
properties of liquids but also for measuring the properties of solids immersed 
in them. An example has already been given of the use of a plastic lens 
for focusing a sound beam in a liquid. From the radius of curvature of the 
lens, the velocity of sound in the liquid, and the distance of the point of 
focus from the lens, the velocity of propagation of sound waves in the 
plastic can be determined. By observing the change in the color index 
in going through a thin piece of plastic, the transmission loss can be 
determined. 

Two other methods of measurement have also been used. One is an 
acoustic interferometer, in which a flat piece of rubber or plastic takes the 
place of the same thickness of water. By the change in the position of the 
resonance curve, the velocity of propagation of the sample can be deter¬ 
mined. This method works well only when the normal impedance of the 
rubber does not differ much from that of the liquid, which is usually water. 
The second method consists in measuring the normal loss and the loss at 
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various angles through a sheet of solid material. From these transmis¬ 
sion properties, the elastic constants and their associated dissipation can be 
calculated. 

15.21 Interferometer Measurements of the Velocities of Rubber 

If one measures the Young's modulus of a piece of rubber by stretching 
it, one obtains a value in the order of 10 7 dynes per square centimeter. If, 
however, one compresses the rubber by a hydrostatic pressure, a much 
higher elastic constant is obtained; in fact, it is of the same order of the 
modulus of compressibility for water, namely, 2.25 X 10 10 dynes per 
square centimeter. The reason for this large difference is that the shear¬ 
ing modulus m for rubber is very low while the dilation modulus X is quite 
high. In this respect rubber is somewhat similar to a liquid which has a 
high value of X and a zero value of /x at low frequencies. For this reason 
rubber has received some use as a medium for carrying sound waves from 
one l'quid medium to another, for example, from castor oil to sea water, 
as used in some underwater transducers. 

In order to measure the velocity of transmission of dilational waves in 
rubber, one of the simplest methods is to use an acoustic interferometer and 
to replace a certain thickness of the water path with the thickness of rubber. 
If the velocity in the rubber is the same as that in the liquid, usually 
water, the positions of the current maxima and minima will be unchanged. 
If the velocity in the rubber is higher than that in the liquid, the position 
of successive maxima and minima will be displaced in the direction of 
larger settings on the interferometer and the velocity is given by 

**-7 zr d (i5.li) 

where vr is the velocity in the rubber, / the thickness of the rubber, v the 
velocity in the liquid and d the displacement of the peaks from the position 
they occupied when the rubber was absent. When the velocity in the 
rubber is lower than that in water, the position of the peaks are displaced 
toward lower readings by a displacement and the velocity in the rubber 
is given by 

* " 7+1 < 15 - 12 > 

An example for a rubber measured for a low frequency is shown by Fig. 15.2. 

A number of natural and synthetic rubbers were measured at a frequency 
of 1 megacycle in this way with the results shown by Table XXVII. 
All measurements were made at 25°C. The density and the impedance 
— product of fiv — per square centimeter are also shown. 
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TABLE XXVII 



Velocity v 

Density p 

Impedance pv 

Type of Rubber 

at 1000 kc 

grams per 

mechanical ohms 

Gum rubber, Specimen No. 

cm/sec 

cubic cm. 

sg. cm. 

488-8 

Butyl rubber, Specimen No. 

1.546 X 10 s 

0.95 

1.469 X 10' 

488-3 

Neoprene 1LS, Specimen 

1.83 X 10' 

1.065 

1.95 X 10' 

No. 488-5 

1.60 X 10 s 

1.33 

2.13 X 10' 

Hicar 488-2 

2.04 X 10 6 

1.14 

2.32 X 10' 

Butyl rubber No. 488-6 

1.630 X !0 6 

0.96 

1.565 X 10' 

Soft rubber No, 488-1 

1.47 X 10' 

1.04 

1.53 X 10' 

Soft rubber No. 2076-B 

1.485 X 10' 

1.07 

1.592 X 10' 


All of these measurements have been made at a relatively high fre¬ 
quency (1 megacycle), whereas these rubbers are usually used at con¬ 
siderably lower frequencies. The question arises as to whether the 



REVOLUTION COUNTER 

Fio. 15.2. Interferometer curves for water and water rubber path. 

properties measured at high frequencies will also be the ones that are 
operative for lower frequencies. To settle these questions some work has 
been done in measuring the velocities for rubbers at frequencies around 25 
kilocycles. For this purpose the usual type of interferometer cannot be 
used, because the transducer would have to be 40 times the diameter of the 
one used at one megacycle (1 inch) in order to obtain the same directivity 
and freedom from container resonances. 

This problem was solved by using the “ binomial ” type hydrophone 
discussed in the book, Electromechanical Transducers and Wave Filters , 
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second edition in section 4.71 and the damped measuring tank discussed in 
section 4.31. This combination together with the interferometer used is 
shown by Fig. 15.3. The moving platform has a diameter of 8 inches and 
is moved relative to the hydrophone with a screw having an advance of 
0.05 inches per revolution. 

A typical current-distance curve for water alone is shown by the full 
line of Fig. 15.2. From this curve the velocity of propagation in the water 



Fig. 15.3. Low frequency interferometer and measuring tank. 


at 25°C is 1.54 X 10 6 centimeters per second. This is somewhat higher 
than the distilled water curve of Fig. 14.5, but since tap water with several 
per cent of dissolved salt was used, this increase is not surprising. The 
dotted curve shows the change occurring when one inch of Goodrich “ pc ” 
gum rubber was substituted for the water. The peaks are displaced an 
average of about 1 revolution or .05 inches. Hence the velocity of the 
rubber was 


Or 


1.54 X 10® X 1.0 
1 - .05 


1.6 X 10® cm/sec 


Fig. 15.4 shows a measurement of several specimens over a temperature 
range at a frequency of 24.5 kilocycles. All of the specimens had natural 
crepe rubber as the base, but specimen 163-3 and 163-4 had 50 and 100 
parts of atomite respectively to 100 parts of crepe rubber. This resulted 
in a lowering of the velocities. Specimen 163-5 and 163-6 each had 110 
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parts of zinc oxide to 100 parts of crepe rubber, which lowered the velocities 
still farther. The densities of these samples were respectively 

pc = 1.0; M-163 - 0.98; M-163-3 - 1.22; 

M-163-4 * 1.40; M-163-5 and -6 = 1.62. 

All of these rubbers showed an increasing velocity at the lower temperatures. 
Specimen M-163 was the same as specimen 488-8 of Table XXVII so that 
there is no indication for this rubber of a change of velocity with frequency. 



Fio. 15.4. Measurement of several rubbers over a temperature range. 

15.22 Measurement of the Properties of a Solid by Measuring the Trans¬ 
mission Loss through a Solid at Various Angles of Incidence 

When the velocity of propagation of a solid differs materially from that 
of the liquid in which it is immersed, the interferometer method cannot be 
used, for the reflections from the front of the specimen interfere with the 
standing-wave system from the back and prevent the location of the 
standing-wave system for the reflector. For such materials, however, 
another method is available, which was first devised by Bar and Walti. 4 
This method consists in measuring the transmission loss through a sheet 
of the material as a function of the angle of incidence. Bar and Walti 
used the method in connection with a Debye-Sears cell of the type shown 
by Fig. 14.3 and hence were limited to frequencies above one megacycle. 
By using a damped measuring tank and hydrophones, the writer has applied 
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the method to frequencies as low as 20 kilocycles. A series of measure¬ 
ments on plastics has been made by this method. 

Numerically this method depends on a theoretical solution obtained by 
Reissner 10 of the transmission of a sound wave through a plane sheet of a 
solid material from a liquid medium on one side to a liquid medium on the 
other side. The sheet may be at any angle 0 with the incident sound wave. 
When a sound wave strikes a solid material at an angle 0, the wave is 
partly reflected and partly transformed into dilational and shear waves in 
the solid. These in turn are partly reflected in the solid and partly trans¬ 
mitted in the form of dilational waves to the liquid beyond. Reissner 
has shown that the transmission ratio T, /.<?., the ratio of the sound trans¬ 
mitted with the solid in the path to the sound transmitted with the solid 
removed, is given by the equation 


where 


T = 


4AT 2 

(M 2 - N 2 - l) 2 +4 M 2 


N 

M 


p cos 0 r Vd cos 2 20 r v r sin 2 20 r “1 
Pi^i Lcos 9d sin <p cos 0 r sin 

p cos 0 T Vd cos 2 20 r v T sin 2 20 r 1 
Pi V\ Lcos 0<* tan <p cos 0 r tan 


(15.13) 


In the equation p = density of the plate; pi = den sity of liquid medium; 
Vl = velocity of wave in the liquid medium; Vd = ^ -velocity of dila¬ 
tional wave in the plate; v r - = velocity of shear wave in the plate; 

0 = angle of incidence of the wave in the medium with regard to the plate 
normal. 6d and 0 r are respectively the angles of refraction of the dilational 
and shear waves in the plate. These are determined by the usual formulae 


. „ Vd . _ 

sin $d ~ — sin 0; 

Vl 


cos 


, 17^ 

d d -y]l-jSl 


sin 2 0 ; 


V r . 

sin 0 r — — sin 0; cos 0 r 


Vl 




(15.14) 


sin 2 0 


As long as ( v d /vi) sin 6 is less than unity, 9 d has real values; but when 
this quantity is greater than unity, 9 d is imaginary and the expression for 
cos 0 d becomes 

cos $ d ~ j cosh d d 

10 Reissner, H., Helv. Pkys. Acta, Vol., 7, p. 140, 1938. 


(15.15) 



SOLIDS BY ULTRASONICS 


401 


) 


<p and yfr in equation (15.13) are 

0)d 

ip = — cos 0<j; 
Vd 



(15.16) 


where d is the thickness of the plate. This equation has been derived 
assuming no dissipation in the plate. 

Several limiting cases are of interest. When the shear velocity ap¬ 
proaches zero, the value of the transmission reduces to the well-known 
equations familiar from light waves or transmission through a liquid layer 


T 



( PiVi cos Bd 
pVd cos 0 


1 


pVd cos 0 

P\V\ COS $d 



(jjd 

— cos Bd 
Vd 


) 


(15.17) 


This equation is applicable to the transmission through a sheet of rubber, 
for example, that has a very low shear velocity. An example is shown by 
Fig. 15.6. 

Another limiting case of interest is the transmission at normal incidence. 
For this case 0=0 and 


T 


f P\V\ 


i+i( ? 

4 \pv d 


p»d N 

\ 2 . 2 


) sin — 

Pi»i> 

' Vd 


(15.18) 


Hence at every odd quarter wavelength of the dilational velocity Vj y an 
increased loss will occur. If the ratio pVd/piVi is large, a pronounced dip 
in the transmission occurs and Walti 4 has applied this method to measuring 
the velocity of a dilation wave in glasses. For plastics and rubber, how¬ 
ever, the ratio is small and there are large losses at high frequencies so that 
no appreciable dips occur. Fig. 15.5 shows a measurement o c the trans¬ 
mission T for a number of rubbers and plastics in the frequency range from 
500 kilocycles to 3.5 megacycles. The loss is plotted as the number of 
db loss per centimeter as a function of frequency. In all cases no attenu¬ 
ation dips occur at the odd quarter wavelengths. The losses in plastics 
and rubbers are considerably higher than those occurring in metals, glasses, 
fused quartz and other solid bodies. The plastic having the least loss at 
high frequencies appears to be polystyrene. The presence of the square 
law terms in frequency probably indicate a relaxation phenomena. 

When the transmission of a rubber or a plastic is measured at an angle 
to the acoustic wave, results similar to those shown by Fig. 15.6 are ob¬ 
tained. The dotted curve shows the transmission through a half-inch 
sheet of Hicar rubber, while the solid line shows the transmission through a 
half-inch sheet of lucite. The frequency for the rubber was 29.5 kilocycles, 
while that for the lucite was 20 kilocycles. The lucite shows a very sharp 
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dip at an angle of 44.5° from normal, while the rubber shows a gradual 
falling off with angle. From Table XXVII, the velocity and density of 



Fio. 15.5. Normal loss for rubbers and plastics. 



Fig. 15.6. Transmission at an angle through a rubber and a plastic. 


Hicar rubber are 2.04 X 10® centimeters per second and 1.14 grams per 
cubic centimeter respectively. Inserting these values in equation (15.17), 
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the theoretical curve is obtained as shown by the dotted line of Fig. 15.7. 
This agrees well with the experimental value of Fig. 15.6. 

The sharp dip in the transmission through the lucite is accounted for by 
equation (15.13); for at some angle obtained by setting TV = 0, the dilation 
and shear waves react in such a manner as to cancel each other on the 
second surface and no wave is sent into the liquid. If the thickness of the 
plate is less than a half wavelength, this zero transmission angle occurs 
just beyond the critical angle 0 C for dilational waves. Figure 15.7 shows 
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Fig. 15.7. Theoretical curve for transmission at an angle. 


a plot of equation (15.13) for various angles of 0, when the frequency is 
20,000 cycles, the thickness d is 1.27 centimeters and the velocities Vd, 
v r and V\ are taken as 

Vd = 2.30 X 10 5 cm/sec; v r = 1.24 X 10 5 cm/sec; 

t>i = 1.49 X 10 5 cm/sec (15.19) 

Figure 15.7 shows that at 44.5° a very sharp dip occurs in the transmission. 
This angle is 4° above the critical angle for the dilational wave, given by 

V\ 1.49 

sin e c = - 1 - — = .65; 0 C - 40.5° (15.20) 

Vd 2.30 

The values of Vd and v r agree with this measurement and the value of 
Young’s modulus measured separately, which was 4.75 X 10 10 dynes per 
square centimeter. In fact, measurements of the angle of zero trans¬ 
mission and the value of Young’s modulus provide enough data to calculate 
the two elastic constants X and jll 

An examination of the expression obtained by setting N equal to zero 
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shows that 


U 

v r 


tan 2 2 d r cos $d sin 


/W \ 

I — COS I 

/ 


cos 6 r sin 


(o>d \ 
in y— cos 6 r ] 


(15.21) 


Now, if Vd is larger than v r , as is usually the case, and the thickness d is less 
than half a wavelength, then the only way the expression on the right can 
become negative is for to be imaginary or the angle 6 to be larger than 
the critical angle for dilational waves. Under these conditions tan 2 20 r is 
faid \ 

usually large and sin cos ddj will be small. Replacing the sine by the 
angle, equation (15.21) becomes 


Vd 

Vr 


i 2 20 r — cos 2 $d tan 2 20 r -(-% sin 2 6 — l\ 
Vd _ _ Vd \vi _/ 

/ ud \ . (usd \ 

r sin 1 — cos 9 r J cos 6 r sin I — cos B r ) 

\Vr ) \Vr / 


(15.22) 


and this equation will be satisfied when 6 is slightly larger than the critical 
angle 6 C . 


15.23 Ultra High-Frequency Measurements 


For very high-frequency measurements, the Debye-Sears type of optical 
cell provides a very simple method for measuring the properties of solids. 
Angles of transmission and reflection provide methods for evaluating the 
elastic constants, as discussed in the last section. A simple method for 
measuring the dilational velocity for a plastic is to form a lens and measure 
the distance of focus, as illustrated by Fig. 14.4. Using this method, 
G. W. Willard measured the velocities at 10 megacycles of the following 
plastics as shown by Table XXVIII. The lenses were cylindrical lenses, 
flat on one side and having a radius of curvature of 0.634 centimeter. 
The velocity in the plastic can be calculated from the formula 


1.5 X 10 6 



(15.23) 


where r is the radius of curvature of the lens, d the distance of focus and 
v w the velocity of sound in water. All these plastics show a considerable 
dispersion of sound velocity with frequency and end up with a considerably 
higher velocity at 10 megacycles than they had at low frequencies. These 
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measurements agree with the attenuation measurements of Fig. 15.5 in 
showing the presence of a thermal or mechanical relaxation phenomena. 


TABLE XXVIII 


Material 

d in cm. 

Velocity of wave 
in plastic {cm/sec) 

Lucite 

1.48 

2.64 X 10 6 

Plioform 

1.8 

2.305 

Polystyrene 

1.75 

2.35 

Cellulose Acetate 

1.67 

2.405 

Benzol Cellulose 

1.58 

2.495 


15.3 Pulse Methods for Measuring the Properties of Solids and for Locating 
Flaws in Materials 

During the last few years pulse methods and high-frequency attenuation 
methods have been widely applied in measuring the properties of liquids 11 
and in locating flaws in metal castings and other solid bodies. 6 For 
liquids the method is described in Chapter XIV. 

A similar method has recently been used by H. J. McSkimin and the 
writer 12 in determining the properties of solids by means of the technique 
of sending and receiving longitudinal and shear wave pulses. Although no 
very exact mathematical solutions have been obtained for the transmission 
of waves in finite solids, experimentally it has been found that a good 
replica of a longitudinal wave is obtained through a solid rod if the diam¬ 
eter is many wavelengths, the pulse traveling with the velocity for a 
free medium, namely 

V d = (15.24) 

where X and p are the Lame elastic constants of the solid and p the density. 
This main pulse is often followed by a series of pulses which are replicas 
of the main pulse of smaller amplitude and delayed in time by amounts 
that are proportional to the radius of the rod. It has been shown that 
these delayed pulses are due to the incident dilational wave, which travels 
nearly parallel to the rod surface, being reflected from the surface and 
breaking up into a reflected dilational wave and a generated shear wave 

11 Galt, J. K. and J. R. Pellam, “ A Method of Measuring the Velocity and Ab¬ 
sorption of Sound Waves in Liquids/' J.A.S.A ., Vol. 18, No. 1, p. 251, July, 1946; 
/. Chem . Phys., Vol. 14, No. 10, Oct., 1946. 

12 Mason, W. P. and H. J. McSkimin, “ Attenuation and Scattering of High 
Frequency Sound Waves in Metals and Glasses," J.A.SM., April, 1947. 
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which makes a considerable angle with the periphery of the rod. This 
shear wave strikes the opposite side of the rod and is partially converted 
back into a dilational wave which proceeds with the dilational velocity. 
It will be delayed by an amount which depends on the diameter of the rod 
and the ratio of shear and dilational velocities. If, however, the diameter 
of the rod is a large number of wavelengths, these accompanying pulses 
are small compared to the main pulse and a measurement of the relative 
amplitudes of the main pulse as a function of distance can be used to 
determine the attenuation existing in the metal. By using a shear crystal 
to generate a shear wave in the rod, the velocity and attenuation of shear 
waves can be measured. These waves are not accompanied by the 
phenomenon of trailing pulses, since the shear waves, being nearly parallel 
to the surface, are incident on the side walls with angles greater than the 
critical angles for longitudinal waves. Hence, the properties of the solid 
are more easily measured with shear waves than with longitudinal. 

15.31 Experimental Methods 

In measuring the attenuation and velocity of a solid material, a rod of 
material several feet long is used, as straight as possible and surfaced off 
square on the ends in a lathe so that either X-cut and Y- or rotated Y^-cuts 
{AT and BT) quartz crystals can be attached to the surface. X-cut 
crystals are used for longitudinal waves and Y'-cuts for shear waves. 
Since the rod acts as a wave guide and will conduct a wave around a very 
small bend, the rod does not have to be accurately straight. For attenu¬ 
ation and velocity measurements, the crystals can be attached to the rod 
by such waxes as halowax or beeswax, which have a relatively high shear 
and longitudinal stiffness for a wax, although low compared to a crystal or 
metal. This small layer of low-stiffness material results in reducing the 
frequency range over which energy can be transferred from the crystal to 
the solid. 

By using the equivalent circuit of the crystal, the loss of energy has been 
calculated in transferring from an electrical circuit of the most favorable 
impedance to the mechanical impedance of an aluminum bar when the 
crystal and bar are coupled with layers of wax of various stiffnesses. 
These losses expressed in db and plotted as a function of frequency are 
shown by Fig. 15.8. For a very stiff connection the loss is plotted by the 
solid line. The loss is least at the half-wave frequency of the crystal alone 
and amounts to about 14 db for either longitudinal or shear waves. Over 
quite a wide frequency range the loss does not change much. The effect 
of the compliance of the wax between the crystal and the bar is shown by 
the dashed and dot-dashed line of Fig. 15.8. As the ratio of the wax 
compliance to the crystal compliance gets larger, the device acts as a 



SOLIDS BY ULTRASONICS 


407 


transforming band-pass filter and increases the efficiency of conversion 
over a narrow frequency range just above the resonant frequency of the 
crystal. Since this characteristic occurs both at the input and output, 
the transmitted band is limited to about 10 per cent of the carrier frequency. 
This sets the minimum pulse length that can be employed, for the pulse 
will not build up to its full amplitude unless the length in seconds is as 
large as the inverse of the band width in cycles or approximately 



0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 1.3 1.4 1.5 16 

RATIO OF FREQUENCY TO RESONANT FREQUENCY (f/f R ) 


(15.25) 


Fio. 1S.8. Loss caused by inserting wax layers between crystal and rod. Numbers indicate 
the ratio of crystal stiffness to wax stiffness. 


where 1.2 is an empirical constant and the band width, B.W., is deter¬ 
mined by the frequency difference of the two band edges 3 db down from 
the maximum efficiency point. For a carrier of 3 megacycles, the pulse 
length had to be at least 4 microseconds in order to give a full amplitude. 

The experimental arrangement is shown schematically in Fig. 15.9. 
A variable-frequency oscillator is the source of the carrier frequency. This 
is sent through a wide-band tuned amplifier that impressses about 10 volts 
at 100 ohms across the crystal. The bias on the input tube of the amplifier 
is controlled by the pulser. Normally a high negative bias is on the grid 
of the amplifier tube, and the pulser puts on a positive bias of a value to 
overcome the negative bias and allows the amplifier to amplify for the time 
duration that the biasing pulse is on. The firing of the pulse is controlled 
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by a sinusoidal wave of frequency from several hundred to 5,000 cycles, 
and this timing wave also controls the sweep circuit of the cathode-ray 
oscilloscope. The pulser is one of conventional design and puts a square- 
top pulse of positive voltage on the two balanced input tubes of the ampli¬ 
fier that are connected in push-pull arrangement. The DC pulse is then 
balanced out in the input and does not affect the succeeding tubes. The 
carrier frequency on the other hand is inserted on the suppressor grid 
of one of the tubes and is not balanced out in the output. When the grid 
is negative, the carrier output of the tube is neutralized and no steady- 
state output appears in the amplifier. When a gating pulse is impressed 
on the input, a pulse of alternating current of controllable time duration is 
impressed on the sending crystal. 


a.c. PULSE 



Fig. 15.9. Experimental arrangement for measuring losses. 


The receiving crystal is terminated in a 100-ohm resistance and capaci¬ 
tance-annulling coil which are connected across the input of a wide-band 
untuned amplifier. This amplifier is terminated in a diode detector and 
the rectified output is impressed across the vertical plates of the cathode- 
ray oscilloscope. Since the horizontal sweep is controlled by the same 
sinusoidal wave that controls the pulses, the received pulse and reflected 
pulses appear in the same position on the cathode-ray tube for successive 
pulses and form a picture in time of the received pulse and its reflections. 
The position of the transmitted pulse can also be marked by establishing 
a slight coupling with the transmitting amplifier. 

The method of measuring attenuation is as follows: the frequency of 
the pulse is set at the natural resonant frequency of the crystal alone and a 
pulse is used that is long enough to establish steady-state conditions. 
Hence as seen from Fig. 15.8, this effectively results in sending a single 
side band, the input of the pulse may be somewhat distorted, but the steady- 
state conditions correspond nearly to the steady-state output that would 
result if the carrier frequency were at the exact resonant frequency of the 
crystal. Furthermore, the reflections obtained at this frequency are 
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nearly perfect, because the termination impedance at the resonant fre¬ 
quency is effectively zero, since the mass and compliance of the crystal 
annul each other at this frequency. If the frequency had been set at the 
frequency of maximum conversion, the reflections would have been far 
from perfect on account of the transforming action of the wax joint. In 
order to evaluate the losses occurring in the wax joints, several lengths of 
rod were used, for example, 1.5 inches and 1 foot. By comparing the 
received pulses for a given total path length, the loss per reflection can be 
evaluated. For longitudinal waves this loss was quite small; for example, 
.07 db per reflection at 7.5 megacycles, but tor shear waves it might amount 
to 0.5 db per reflection at 5 megacycles and had to be considered. 

— — LOCUS OF AMPLITUDES OF 
RECEIVED PULSES 



TIME 

Fio. 15.10. Typical series of pulses for a longitudinal wave. 


A typical series of received pulses for an aluminum rod 1 inch in diam¬ 
eter for a longitudinal wave, is shown in Fig. 15.10. The frequency of 
this pulse is 5 megacycles. The trailing pulses are of rather small magni¬ 
tude but become larger with respect to the main pulse for greater distances. 
This figure shows another feature of the successive pulses, namely, that for a 
full electrode over both crystals; the successive pulses do not decrease 
exponentially but show an interference pattern between two or more 
normal modes, which causes successive pulses to first become smaller then 
larger as the phases between normal modes cause a cancellation or addi¬ 
tion. This effect can be minimized by using electrodes of somewhat 
smaller diameter than the rod, or by shaping the back electrode of the 
crystal so that an air gap is produced between the crystal and electrode 
which becomes larger near the edges. This produces an approximation 
to a Bessel’s function vanishing near the edge, which is the first normal 
mode for the rod. 

With this arrangement the reflections are exponential and the trailing 
pulses are small enough to contain only a small portion of the total energy, 
and hence fairly accurate measurements can be made for frequencies above 
5 megacycles for a rod 1 inch in diameter. The attenuation is measured 
by determining the number of db that has to be inserted in the db box, to 
make the height of the first received pulse equal to that for the first or 
higher order reflections. By comparing the db for successive reflected 
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pulses, the truth of the exponential law can be tested. By taking rods of 
different length, the loss due to the wax joints can be evaluated and 
deducted from the overall loss. The velocity of propagation can be 
measured by using a timing wave and measuring the time by which 
successive reflections are delayed with respect to each other. For a 
moderately long delay a very accurate method is to control the pulsing 
rate until two successive reflections are made to coincide on the scope 
pattern. For example, for a 2-foot aluminum rod, reflections were made to 
coincide when the pulsing rate was 5,184 cycles. The velocity was then 

V =/ X / = 5,184 X 2 X (24 X 2.54) = 6.32 X 10 6 cm/sec (15.26) 

since the time between successive reflections is the time to travel twice the 
length of the rod. 

Another method for measuring longitudinal waves in metals that has 
recently been employed by Roth 13 is to immerse the metal rod on one end 
in a water bath. The crystal generates a wave in the water, which in turn 
generates a longitudinal wave in the rod. A series of reflections is picked 
up by the receiving crystal due to the metal-water interface reflections and 
due to the reflections in the metal rod. By changing the water path, the 
reflections from the water and the reflections in the metal are easily sepa¬ 
rated and the series due to reflections within the metal can be determined. 
This series has to be corrected for the loss caused by the energy trans¬ 
mitted into the water, but this loss can be evaluated by calculations or by 
immersing the free end in a water bath. For aluminum this loss was 1.5 db 
per reflection. With this correction the attenuation in the metal can be 
evaluated. Losses by this method have been compared with those ob¬ 
tained by the wax-joint method described above and they come out quite 
accurately the same. The water-bath method is probably superior for 
very high frequencies but is limited to longitudinal waves. 

For very high frequencies it is difficult to transmit shear waves through a 
wax joint. To get around this difficulty use is made of the fact (as dis¬ 
cussed in Chapter XIV) that very viscous liquids have a shear elasticity. 
Since by heating the liquid and pressing the crystal on the metal surface a 
very thin layer of liquid can be obtained and the losses through such a joint 
are considerably less than through a wax joint. The liquid principally 
used for this purpose is polyisobutylene (polymer D of Chapter XIV having 
a molecular weight of 5,600). Measurements in the range from 20 to 100 
kilocycles indicated that this liquid had a shear elasticity of about 4 X 10 7 
dynes per square centimeter at room temperature. Some further measure¬ 
ments were made in the range from 10 to 53 megacycles by observing on a 

18 Roth, W., Quarterly Progress Report, Research Laboratory of Electronics, 
M.I.T.,Oct. 15,1947. 
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series of shear wave pulses in fused quartz the effect of terminating the rod 
in a layer of polyisobutylene. The result was uniformly to cause an added 
loss of 1.10 db per pulse and this was found to increase slightly with 
frequency from 10 to 53 megacycles. Water or any of the light liquids 
tried had no observable effect, showing that their shear viscosities had 
not been relaxed up to this frequency. Since the reflection coefficient 
goes from 0 to 1.10 db, the impedance of the liquid is 

( 1 __ .875\ 

1 -(T 875 / = ^ X 10 4 mechanical ohms per cm 2 

since Zq, the impedance of fused quartz, is 2.24 X 3.76 X 10 5 = 8.30 X 10 5 
ohms per square centimeter. Since the density of polyisobutylene is 
0.892, this corresponds to a shear elasticity of 

H = 3.26 X 10 9 dynes/cm 2 

at 10 megacycles, which is about 100 times as large as the value measured 
at 100 kilocycles for the same temperature. This confirms the existence 
of a composite motion and two potential barriers, as discussed in section 
14.31. Using a thin layer of polyisobutylene, the junction loss up to 50 
megacycles is very small. 

This method for measuring the shear impedance of liquids has recently 14 
been increased in sensitivity by using a fused quartz rod for which the 
shear wave strikes the reflecting surface at an angle from the normal of 
about 80 degrees. For this rod the crystals are lined up so that all the 
motion of the shear wave is tangential to the surface. The increased area, 
proportional to 1/cos 0, where 0 = 80°, results in greatly increasing the 
reflection loss and reflection phase at the boundary and gives a more 
sensitive measure of the shear impedance. The resistance and reactance 
terms can be measured by using two identical rods, together with phase and 
attenuation shifters, and balancing out the two pulses from the rods. The 
procedure is to balance the pulse out when no liquid is on the surface, then 
introducing a liquid to rebalance in phase and amplitude until the pulse 
again disappears. This can be accomplished by using a capacitance and 
resistance network for phase shifts and changing the gain of the amplifier 
by using a bias on a suppressor grid. The details are discussed in a recent 
paper 14 and it is shown there that the shear impedance equals 

_ _ fl — R 2 + 2/7? sin 0~1 

Zu - Rm +jX„ - costfZg [, + R * +Mcos# J 

14 Mason, W. P., W. O. Baker, H. J. McSkimin, and J. H. Heiss, “ Measurement 
of the Shear Elasticity and Viscosity of Liquids by Means of Ultrasonic Shear Waves,” 
Phys . Rev., Vol. 75, No. 6, pp. 936-946, March 15, 1949. 
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where R is the loss per reflection, expressed as a current ratio, and 0 the 
phase angle required to rebalance the circuit. When this method was 
applied to light liquids such as water, the resistance and reactance com¬ 
ponents were equal to 

Rm = Xm = V'V’ijp 

where rj the shear viscosity within the experimental error was equal to the 
static value. This shows that the enhanced loss for light liquids must be 
ascribed to a compressional viscosity as discussed in Chapter XIV. How¬ 
ever for long chain polymers such as polyisobutylene, the two relaxation 
frequency ranges are confirmed in detail. 

15.32 Experimental Results 

These experimental methods have been applied in measuring the at¬ 
tenuation and velocities for shear and longitudinal waves for metal rods 
and for several types of glass rods. The only metals that gave any useful 
results were aluminum and magnesium. The reason for this, as discussed 
in the next section, is the large scattering effects in all metals except 
aluminum, magnesium, and tungsten, which causes the received pulses 
to be highly distorted and renders any accurate measurements not feasible. 
For glass rods the losses obtained were quite exactly proportional to the 
frequency. A glass is usually regarded as a liquid with a very high coeffi¬ 
cient of viscosity, in the order of 10 15 poises. Since the shear elastic 
constant found is in the order of 3 X 10 11 dynes per square centimeter, 
the data of section 14.3 on shear waves in liquids, show that the relaxation 
frequency should be about 5 X 1CP 5 cycles and the loss due to shear 
viscosity about 1CT 8 nepers per centimeter independent of the frequency. 
This loss is much too small to observe experimentally at any frequency 
and hence the loss measured must be due to other sources. Since the 
losses measured for metals at low frequencies and for glasses at low and 
high frequencies are proportional to the frequency, it has become customary 
to ascribe them to an elastic hysteresis, since a hysteresis for a given strain 
cycle will cause a loss that is directly proportional to the number of cycles 
per second that the stress strain loop is traversed. 

For high frequencies the data on the aluminum rods show another 
component of the attenuation that increases as the fourth power of the 
frequency. This has been found to be due to a scattering of energy by the 
finite grain size of the aluminum grains in the rod. The experimental 
data for two standard aluminum rods designated 17 S-T are shown for the 
shear and longitudinal waves by the data of Figs. 15.11 and 15,12. Data 
on attenuation for longitudinal waves above 5 megacycles should be 
reliable, while the data for shear waves should be good at all frequencies. 
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The velocity measurements gave the same result for both rods and for all 
frequencies, namely 

va = 6.32 X 10 5 cm/sec; v a — 3.13 X 10 5 cm/sec (15.27) 

These agree well with those calculated from the published values 15 of the 
elastic constants 

X = 5.44 X 10 11 dynes/cm 2 ; p = 2.67 X 10 11 dynes/cm 2 ; p = 2.71 
resulting in 

* 6.32 X 10 6 cm/sec; v a = x l- = 3.14 X 10 5 cm/sec 

P \ p 




FREQUENCY IN MEGACYCLES 


Fig. 15.11. Attenuation measurements for an aluminum rod having a grain size of 0.23 =fc 

.01 mm. 

These average elastic constants also agree reasonably well with the values 16 
obtained for the aluminum single crystal. This is a face-centered cubic 
crystal which has the elastic constants 

di - 10.76 X 10 11 dynes/cm 2 ; c \2 * 6.18 X 10 11 ; 

C 44 - 2.84 X 10 u (15.28) 

To obtain the average elastic constant for longitudinal or shear motion, 
one should theoretically solve the cubic equation (6.14) for all possible 
orientations and average, considering every direction as equally probable. 
This is a very considerable problem and moreover would not give an exact 
result, for it neglects the effects of the grain boundary layers which have 

1 # Kaye and Labe, Physical and Chemical Constants , p. 29, Longmans, Green & Co. 
16 Goens, E., “ Elastic Constants for Aluminum Single Crystals,” Ann. d. Physik , 
VdL 17, p. 233, 1933. 
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recently been shown to act as a viscous medium . 17 An approximate 
method which should agree quite closely with the cubic equation method 
if the degree of anisotropy is not too large, is to average the constants cn 



2 3 4 5 6 7 8 9 10 11 12 13 14 15 

FREQUENCY IN MEGACYCLES 


Fig. 15.12. Attenuation measurements for an aluminum rod having a grain size of 

0.13 db .01 mm. 

and *44 considering all directions as equally probable. These elastic 
constants for any orientation are given by the transformation equations 

c'n = <n (tf + m\ + «i) + (2c n + 4<r* 4 )(^wf + l\n\ + m\n\) 

c'u = <n (#2 + m\m\ + n\n\) + 2 ci 2 {hl 2 m x m 2 + »i» a (A4 + mim 2 )\ 

+ <*4(AA + m i 0» 2 ) 2 + ( 0 * 10*2 + »i»2) 2 ] (15.29) 

where l\ to 03 are the direction cosines between the new set of axes and the 
old set 

x y z 
x' l\ mi ni 

y 4 m 2 n 2 

z f k mz *z 

17 Ting-Sui Ke, 44 Experimental Evidence of the Viscous Behavior of Grain Bound¬ 
aries in Metals,” Phys . Rcv^ Vol. 71, No. 8 , p. 533, April 15,1947. 
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From these equations it can be shown that c[\ (which should correspond to 
(X + 2/z) for an isotropic body) can vary from 10.76 X 10 11 to 11.49 X 10 u 
dynes/cm, while the shear constant can vary from 2.84 X 10 11 to 
2.27 X 10 11 . 

The average value of c'u can be determined from the equation 
c n = c n + [ 2 (c l2 — rn) + 4r 44 ][/i7Wi + l\n\ + m\n f] 

= 10.76 + 2.2 [l\m\ + l\n\ + m\n\] 

If we let the radius vector be in a plane through z making an angle <p 
from the #-axis, the vector making an angle 6 from z, it is readily shown that 
the direction cosines are 


l\ = sin 0 cos <p; m\ =* sin 0 sin p; rt\ — cos 0 (15.31) 

Hence if all orientations are equally probable, the average space value 
of c[ i will be 

c'u — C\ i + [2{c n — fn) + 4f 44 ] X 


2r 


d <r£ls\n* 


6 sin 2 <p cos 2 <p 


+ sin 2 0 cos 2 0] sin 0 dd 


[2(ci2 — fn) + 4 C 44 ] 
c n + - 7 - 


(15.32) 


For the values given above, this results in 11.20 X 10 11 , which is somewhat 
high. 

Since l\h + m\m 2 + n\n 2 = 0 the shear modulus of equation (15.29) 
can be put into the form 

c'u = 2(ci2 - Cn)[/i/ 2 mim2 + / i 4 « iw 2 + m^n^] 

+ ^44[(^i^ 2 + ^i^ 2 ) 2 + (nik + A# 2 ) 2 (15.33) 

+ (hm 2 + mM 2 ] 

The shear modulus can be averaged in all directions by taking the direction 
cosines for a set of Euler coordinates 

l\ = cos & cos <p cos — sin <p sin m\ = cos 0 sin <p cos $ 4* cos <p sin 

l 2 « — cos cos <p sin ^ — sin <p cos \[r y m 2 = cos <p cos \[/ — sin <p sin ^ cos0; 

4 * cos <p sin 0 m$ = sin p sin 0 

fi\ « — sin 0 cos 
n 2 « sin 0 sin 
» 3 — cos 0 


(15.34) 
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where 8 measures the angle of the normal z f with respect to z and <p is the 
angle of the zz plane with respect to x. Inserting these values in (15.33) 
the average value of c 4 4 is 


r 2w dip P" c'44 sin 8 d8 

2tJo lie Jo 2 


, [2(^n — C 12 ) — 4r 44 ] 
“ Caa H-:- 


(15.35) 


<* rn — c 12 
= t'44 +- 5 - 

For aluminum this gives a value of c 44 of 2.62 X 10 11 compared to the 
measured value of 2.67 X 10 11 . Table XXIX gives the elastic constants of 
a number of cubic metals and their average c' n and c 44 constants. In 
Table XXIX it is obvious that the materials that are the most isotropic 
are tungsten (W) and aluminum (Al). 

The other metal of interest for high frequency ultrasonic work is mag¬ 
nesium which is a hexagonal crystal. For a hexagonal crystal there are 
five elastic constants as shown by equation (3.66) of Chapter III. For a 
hexagonal crystal the c[ 1 and Cqq elastic constants for any orientation take 
the form 

c'n = cn{ft + mi) 2 + c 33 n* + (2c 13 + 4f 44 )»?(/? + m\) 

cm - c n £(44 + mim 2 ) 2 + ^ [l x m 2 - m x l 2 f 

+ 2c x3 n x n 2 (J x l 2 + m x m 2 ) + c 33 n 2 n 2 + c i4 [(m x n 2 + n x m 2 ) 2 

+ (»i4 + (15.36) 

Inserting the directional cosines of equations (15.31) and (15.34) and 
averaging over the sphere we find 

c'n — A cn + ifc c 33 + -fc (2c X3 + 4r 44 ) 

c'm = -focn — -jr — c x3 + + $ c 44 (15.37) 

Table XXX shows the elastic constants and average values of c'n and 
c'm for three hexagonal metals. In this table it is obvious that magne¬ 
sium is quite isotropic, particularly for shear. The other two metals de¬ 
part markedly from isotropy. 

The attenuation measurements of Figs. 15.11 and 15.12 show a rapidly 
increasing attenuation with frequency that approaches the fourth power of 



Elastic Constants or Cubic Metals ( s constants in “"’/dyne 

\c constants in dynes /cm 



* These two crystals have recently been measured by a pulsing method described by R. M. Bozorth, W. P. Mason, H. J. McSkimin and J. G. 
Walker, Phys. Rev., Vol. 75, No. 12, pp. 195,4-1955, June 15, 1949. 
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the frequency for high frequencies. In fact, if we express the attenuation 
according to the equation 

A = Bif + B 2 / 4 (15.38) 

a good fit is obtained for both the shear and longitudinal curves for both 
rods. This indicates that we have a component of attenuation proportional 
to the frequency and another one proportional to the fourth power of the 
frequency. The component proportional to the frequency is the same as 
observed for most metals and solid materials at low frequencies 1 and 
indicates the presence of an elastic hysteresis. The term proportional to 
the fourth power is indicative of a scattering of energy similar to the 
scattering of sound by small particles, which, as Rayleigh 18 has shown, 
produce a scattered energy compared to the incident energy that increases 
as the fourth power of the frequency as long as the size of the scatterer 
is small compared to the wavelength. 

The data of Fig. 15.11 for rod #1 are well-fitted at all frequencies for 
longitudinal waves if we take 

Bi = 0.225 db/foot/megacycle; B 2 = .001 db/foot/megacycle 4 (15.39) 


For the theoretical values given in the next section, it is desirable to 
express these as nepers per centimeter per cycle. Since one neper = 8.68 
db and one foot = 30.5 centimeter, these values become 


B\ = 0.845 X 10 9 nepers/cm/cycle; 

B 2 = 3.74 X 10 -30 nepers/cm/cycle 4 (long.) 


(15.40) 


Similarly the shear attenuation is well represented by the constants 
B\ =0.515 X 1 O'" 9 nepers/cm/cycle; 

B 2 = 50.2 X 10"~ 3 ° nepers/cm/cycle 4 (shear) 

For rod #2, the constants best fitting the curves are 
B\ = 0.65 X 10” 9 nepers/cm/cycle; 

B 2 « 0.695 X 10~ 30 nepers/cm/cycle 4 (long.) 


(15.41) 


(15.42) 


(15,43) 


and 

B\ = 0.58 X VT 9 nepers/cm/cycle; 

B 2 = 9.4 X lO” 30 nepers/cm/cycle 4 (shear) 

Since rods 1 and 2 were supposed to be the same material but gave 
considerably different attenuation values, some effort was spent in trying 

18 Rayleigh, Theory of Sound , Vol. II, p. 152, Macmillan Co., 1924. 
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to determine the cause of the difference. Microphotographs were taken 
of the grain size and it was found that the average grain size 19 of rod #1 
was .23 db .01 mm while that of rod #2 was .130 d= .01 mm. This caused a 
larger scattering for rod #1, as discussed in the next section and resulted 
in a higher attenuation. 

The elastic hysteresis losses proportional to the first power of the fre¬ 
quency are of some interest. The Q of a rod is equal to 


Q 


1 Bo 

2 Aq 


(15.44) 


where B 0 is the phase shift in radians and Aq the attenuation in nepers. 
Since both Bo and Aq are proportional to the frequency for an elastic 
hysteresis alone, the Q should be independent of the frequency. The phase 
shift per cycle per centimeter is 


Bo = — = .995 X 10~ 6 for long, waves and 2 X 10~ 5 for 

shear waves in aluminum 


(15.45) 


Dividing these values by twice the attenuation in nepers per centimeter 
per cycle given in equations (15.40), (15.41), (15.42) and (15.43), the 
Q *s for the two rods are 


Rod Long. Shear 

1 5,900 19,400 

2 7,650 17,200 


(15.46) 


These agree quite well with those previously found for longitudinal vibra¬ 
tions for low frequencies (see Table XXVI). 

Figure 15.13 shows measurements of the losses in three glass rods and a 
fused quartz rod of optical quality for shear-wave transmission. Here 
any grain-size irregularities must be of a very small order and this is shown 
experimentally by the strict proportionality between the attenuation and 
the frequency. Clear fused quartz has the lowest loss of any material so 
far measured. The elastic hysteresis values for the glasses are 


Material 

A, nepers/’em/cycle 

v in cm/sec 

Q 

1-C 1720 glass 

4.37 X 10- # 

3.74 X 10* cm/sec 

1,970 

012 glass 

2.67 X 10-* 

2.80 X 10* 

4,200 

790 Vycor 

1.03 X 10- 9 

3.58 X 10* 

8,520 

Fused quartz 

1.88 X 10 -1 ® 

3.76 X 10* 

44,500 


19 This work was done by E. E. Thomas of Bell Telephone Laboratories. 
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15.33 Calculation of Attenuation due to Scattered Energy 

A multicrystalline rod of aluminum or other metal is made up of a 
number of small-sized crystals that are not exactly lined up. The bounda¬ 
ries between these small crystals or grains can be determined by polishing 
and etching the surface and taking a microphotograph of the resulting 
etched surface. Sound scattering can occur due to a difference in density 
between adjacent elements of a medium or due to a difference in elasticity. 



Fio. 15.13. Attenuation measurements for three glasses and fused quartz for shear waves. 


It is probable that the difference in density between successive grains is 
negligible, but a difference in elasticity occurs since the grains are not all 
lined up and the elasticity depends on grain direction. Rayleigh’s 
formula 18 for the scattering of energy of a single particle is 


S.A. 

I.A. 


tT r a* 

r&LT 


+ cos 8 


A 


where T is the volume of the particle, X the wavelength, k the elasticity 
of the medium, A k the difference in elasticity between the particle and the 
medium, p the density of the medium, 8 the angle between the direction 
of observation and the direction of the incident wave, S.A. the scattered 
amplitude, LA. the incident amplitude and R the distance of the particle 

from the point of observation. For the present case we can neglect — 

P 

since the density between successive particles does not vary. 

The total energy scattered from the single particle is proportional to the 
square of the scattered amplitude integrated over a sphere of radius R . 
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Ap 

Performing this integration, neglecting — , we find 

P 

v 2 T 2 /aA 2 r 2 * 

S.E. - (I.A.)^ X 2fK»( 7 )/ si 


sin 0 dd 


= (I-A.) 


2 4x 3 TVAA 2 


V 




(15.47) 


Now if we have a large number of grains concentrated in a volume whose 
cross sectional area is A and whose length is dx> and if we assume that the 
scattering from all the particles is random, the total scattered energy will 
be the sum of the scattered energy from each of the particles or 

Total S.E. = (I.A.) 2 ^ £ [r£ (y)*] (15.48) 


If there is no connection between the grain volume T and the inhomoge¬ 
neity of the elasticity, so that the two can be summed independently, we 
have 


Total S.E. 4 t r 3 


(-V 

£ «/ 


(I.A.) 2 


£ ni 


X 4 %Ti TV 


4x 3 £ 

X 


where 




the space average of the quantity 




(15.49) 


For a distribu¬ 


tion of particle sizes that does not differ much from the average, the first 
summation is 

NT 2 = VT = A dxT (15.50) 


where V is the volume under consideration equal to A dx. But since 
(I.A.) 2 is proportional to the total incident energy, the ratio of the total 
scattered energy to the total incident energy becomes 


T.S.E. 4tt 3 dxT / AA 2 
T.I.E. " X 4 \ * / 


(15.51) 


This determines an energy attenuation factor per unit length of material 
since 

£ 0 = Ei - E s - Eie- adx = £/( 1 - a dx) (15.52) 

where E 0 is the energy of the wave out of the sections, Ei the incident 
energy, and Es the scattered energy which represents a total loss as far as 
the pickup crystal is concerned. Hence 


4t 3 7YAx\ 2 
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In the measurements it was the amplitude attenuation factor that was 
measured and this is half the energy attenuation factor. Then, since 
1/X = // c; > the constant S 2 of equation (15.38) can be written in the form 


, _ 27r 3 r^A«y 


(15.54) 


If there is a range of particle sizes, the value of T tends to be larger than 
the average particle size obtained by counting the number in a given 
volume. 

An approximate idea 20 of the value of the space average of (A k/k) 2 can 
be had from the variation of c[\ as a function of orientation. From 
equation (15.30) we have 

*11 ~ *“n 4- [2(n a — Cn) 4- 4c44][/ 2 w 2 -f l\n\ 4- m\n\] 


and 


Hence 


t . [2(^12 — *“ 11 ) + 4c4 4 ] 

*"ii — **11 + z 


—=—~ A — 5[sin 4 8 sin 2 ip cos 2 ip + sin 2 8 cos 2 6 ] 

L c'n J 

+ C[sin 4 8 cos 2 ip sin 2 ip + sin 2 8 cos 2 0] 2 


where 

^ _ f [2(^12 ~ ** 11 ) 4- 4 ^ 44 ] "l 2 . 

L5^n 4- 2(ci2 — **n) 4- 4 C 44 J 


B « 10 A, C « 25 A 


Integrating this equation over all orientations, we have 


- 4 - 2 +<15 - s5) 

(A K \ 2 

For the values of equation (15.28) this gives a value of l ~ J = -0003. 
(A k \ 2 

Using this value of ( — ) and the particle diameter of .130 mm for the #2 


20 This method for evaluating the inhomogeneity factor was suggested to the 
writer by Dr. C. Kittel. It is related to the R function of Zener, used to calculate the 
thermoelastic losses in solids, see Phys. Rev., Vol. 53, p. 90,1938, and given for several 
metals by equation (15.5). 
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rod, the theoretical value of the attenuation should be 

Z ?2 = 0.134 X 10 “ 30 nepers/cm/cycle 4 (15.56) 

This compares with the measured value of Z ? 2 = 0.695 X 10 “ 30 which 
agrees as closely as could be expected, considering that the particles 
scatter shear as well as longitudinal waves and since the shear waves 
are shorter, they should be more efficient sources of scattering. For rod 
# 1 , the scattering loss should be in the ratio to rod # 2 , of 

(I)’ - 5 - s (15 - 57) 


and this agrees quite exactly with the experimental ratio of 5.4. 

Since shear waves are polarized waves, the scattering formula should be 
somewhat different from that for longitudinal waves. The scattering 
formula should be the same as for light waves in which an irregularity 
occurs in the refractive index. This has been shown by Rayleigh 21 to be 


S.I. 

LI. 


NirT 2 / Aj /\ 2 

x 4 * 2 W ) 


(1 + cos 2 0 ) 


(15.58) 


where S.I. is the scattered intensity, 1.1. the incident intensity and 0 the 
angle between the direction of observation and the direction of the incident 
ray. With this value the amplitude attenuation factor becomes 


B 2 


8 t 2 T(a/\ 2 
~ 3 v 4 V // / 


(15.59) 


The value of (AmV /* 7 ) 2 can be obtained by integrating the expression 


r / / - 

| *44 ““ *44 

2 3 

(*“11 “ ^ 12 ) — 2 r 44 

1 ~ 

L ^44 J 

“ 175 

~ 

L c 4 4 J 


For aluminum this constant is 3.3 X KT* 3 , which is about 10 times larger 
than the scattering cqnstant for longitudinal waves. Using this value the 
theoretical attenuation for rod #2 should be 

fi 2 * 10.3 X 10 ~ 30 nepers/cm/cycle 4 (15.60) 


compared to the measured value of S 2 * 9.4 X 10"” 30 . The ratio between 
the shear scattering losses for the two rods is again 5.5 theoretically 
compared to the experim ental value of 5.4. 

The scattering factor (Acu/fn ) 2 and (AmV/7 ) 2 have been calculated 
for the metals of Tables XXIX and XXX and are shown by Table XXXI. 

"Phil. Mag. , VcJ. XU, pp. 107-120, 274-279,1871. 
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TABLE XXXI 

Scattering Factors for Longitudinal and Shear Waves 


Metal 

(Aru/f^) 2 

(W)* 

A1 

3 X 10 -4 

3.3 X 10-* 

Au 

1.78 X 10-‘ 

5.2 X 10- J 

Ag 

5 X 10- 3 

6.1 X 10~ 2 

Cu 

7.4 X 10~ 3 

6.7 X 10-* 

Pb 

4.2 X 10- 3 

7.2 X 10~ ! 

Fe 

6.7 X 10“' 

4.0 x icr 2 

Na 

2.9 X 10~ 2 

1.25 X KT 1 

K 

1.7 X 10- 2 

1.1 x io-' 

w 

0 

0 

Mg 

2.2 X 10- 4 


Zn 

5.6 X 10~ 2 


Cd 

2.8 X 10- 2 



The scattering factor for longitudinal waves has been calculated for 
hexagonal metals by introducing the direction cosines of equations 15.31 
into equation (15.41) and averaging over the sphere. The result is 



48rn — 64^11^33 -j- 28^33 — 16rn (2fi3 4- ^44) 

+ 4^33(2^13 + 4r 44 ) + 3(2^15 + 4 c* 44) 2 

r f ~ 7 ~-i 

C\l C\i 

2 4 

~r 

L c n J 

1575 

~T2 

L. Cn J 


While the shear scattering factor for hexagonal metals has not been 
calculated, it is obvious from Table XXX that since the average value of 

c$q « 1.77 X 10 11 varies less from C 44 and cm = C -— —— \ n a percentage 

value than C 44 does from C 44 of aluminum that the scattering for shear 
waves will be less for magnesium than it is for aluminum. This has been 
shown experimentally by a measured curve which was taken for a grain- 
size material of 0.1 mm average diameter. Here the attenuation up to 11 
megacycles can be represented by the equation 

4»p.r./,m = 1.06 X 1(T 10 / + 4.6 X IO - 31 / 4 
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and the shear scattering loss is considerably less than for aluminum. The 
first power hysteresis term is lower than that for aluminum and indicates 
a Q of 100,000 for low frequencies. For longitudinal waves the scattering 
in magnesium is higher and approaches that of aluminum. 
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Fig. 15.14. Measured losses for aluminum rod No. 1 at high frequencies. 

The fourth-power scattering law should hold as long as the wave¬ 
lengths are considerably larger than the grain size. If, however, the wave¬ 
length becomes comparable to the grain size, the fourth-power law no 
longer holds and when the grain size gets large compared to the wave¬ 
length, the transmission of sound becomes similar to a diffusion process 
and the losses should be inversely proportional to the mean free path. 
If the grain diameter determines the mean free path, the losses should be 
inversely proportional to the grain diameter. Some experimental evidence 
has been obtained on the approach to the diffusion process. Fig, 15.14 
shows measurements for shear waves for rod #1 having a grain diameter of 
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0.23 mm. The fourth-power law shown by the solid line is valid up to the 
frequency for which the grain size is about 0.33 of the wavelength. Above 
this point, a square law holds quite well up to a point where the particle 
size is 0.7 times the wavelength. Fig. 15.15 shows measurements for the 
two rods #1 and #2 for longitudinal waves. These measurements were 
made by using a water coupling between the crystal and the rod. Measure¬ 
ments were made from 5 to 34 megacycles. The lower frequency meas¬ 
urements checked very closely with those made by the wax-joint method. 
At high frequencies the loss of the small grain-size bar becomes larger than 
that of the large grain-size bar, indicating that the loss goes from a condi¬ 
tion determined by scattering to a loss determined by diffusion. 


DIFFUSION RANGE ABOUT 80 MEGACYCLES 
FOR 0.13 AND 0.23 GRAIN SIZE MATERIAL 



Fig. 15.15. Attenuation measurements for two aluminum rods at high frequencies. 

Measurements for magnesium for longitudinal waves have been made 
by Roth 13 in the frequency range from 10 to 100 megacycles. Fig. 15.16 
shows the loss in db per inch as a function of frequency for two different 
grain-size materials 0.21 mm and 2.0 mm. The losses are about 10 times 
as large for the small-grain-size materials as for the large and show that 
diffusion conditions are determining the loss in the high-frequency range. 
No measurements below 10 megacycles are given so that the scattering 
losses cannot be evaluated. 

A rough estimate of diffusion losses can be made as follows: the 
receiving crystal is very directional and hence all that will be picked up 
are waves that are normal to the surface. When the frequency is so high 
that the wavelength is small compared to the grain size, the loss is caused 




428 PIEZOELECTRIC CRYSTALS AND ULTRASONICS Chap. 15 


by reflection between grains and to the change of direction due to these 
reflections. These two losses, since they are both caused by reflections, 
are comparable and hence we calculate the losses by reflection at normal 
incidence, and assume the change in direction loss is of the same order of 
magnitude. If the wave goes from one grain to another at normal incidence 
across the boundary, one part is transmitted and the other reflected. 
Since the amount lost by reflection is small, the transmitted part is in 
terms of pressure 

P - Poll - *i] = Poe-*' (15.62) 

where Ri is the reflection coefficient. For n such reflections in a length /, 
the terminal pressure becomes 

P = p 0 e~ l *' + *'- ‘ +B ” 1 = po*~" K (15.63) 

where R is the average reflection coefficient. Now, if the average particle 
diameter is D, then 

nD - / or n = l/D (15.64) 

where / is the total path length. Hence 

P - Poe~ m/D (15.65) 


and the loss should be inversely as the grain diameter for a diffusion process. 
Multiplying the exponent by 2 to take account of the loss by change in 
direction (which should be the same order of magnitude as the reflection 
loss), the loss in nepers per centimeter should be in the order of 


A 


2 R 
D 


(15.66) 


To evaluate the average reflection coefficient we have 



(15.67) 


where c[\ is the elastic constant in any direction and c f n the elastic constant 
averaged over all directions. Since ( c[i — c[i)/c [i is a small quantity, 
this reduces to 



(15.68) 


In evaluating this, we have to take the absolute value since energy is lost 
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no matter what the sign of the reflection coefficient may be. This makes it 
a difficult integration and since only an approximate calculation has been 
made, it is sufficiently accurate to take one fourth the average of the two 
extremes of reflection coefficient. For magnesium the average value of 
c\\ is 5.88 X 10 11 . The maximum value is £33 = 6.60 X 10 11 , while the 
minimum value is 5.75. Hence the average reflection coefficient is in the 
order of .0075. The indicated loss for the magnesium bar with 2-mm grain 
size, is .075 nepers per centimeter of 1.6 db per inch, which checks reason¬ 
ably well with the data of Fig. 15.16 for the 2-mm grain-size magnesium. 



Fig. 15.16. Attenuation measurements of Roth for two magnesium rods for longitudinal 

waves. 


Fourth-power scattering holds up to a frequency for which the grain 
size is about a third of a wavelength, while diffusion processes occur when 
the grain size is 3 wavelengths or larger. No adequate theory exists for 
the transition region. 

15.34 Sound Wave Transmission in a Granular Material and its Relation 
to Heat Wave Transmission 

Scattering and reflection are not true acoustic losses for they merely 
abstract energy from the main beam and send it off in other directions. 
Hence, due to multiple reflections of these beams with other grain bounda¬ 
ries, we might expect a trailing hash on the end of the received pulse which 
would last for some time. This is not particularly noticeable in the 
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nearly isotropic materials on account of the high directionality of the 
receiving crystal, but is very obvious in Fig. 15.17 which shows plotted as a 
function of time the received pulse from a one inch specimen of commer¬ 
cial brass for a 12 megacycle shear wave. Brass is the material having 
the least isotropic elastic constants. For this specimen the grain size is 
about 1.25 millimeters. The size of the active area of the receiving crystal 
is small in order that energy from a wide angular range can be received. 
The wave head, since it is attenuated exponentially, does not show up at 
all. What appears is a trailing component that gradually builds up to a 
maximum and then dies down. 



Fio. 15.17. Upper figure. Pulse received from a one inch specimen of commercial brass 
(grain size 1.5 mm) for a pulse of shear waves having a frequency of 12 megacycles. Lower 
curve shows a 10 kilocycle riming wave. Maximum response occurs 100 microseconds after 
pulse is sent. Velocity of sound for shear wave is 2.5 X 10 6 cm/sec. 


If we deal with a three-dimensional rod extending in both directions, and 
neglect attenuation, one can show that when a pulse is sent out, the am¬ 
plitude resulting from summing up all the energy reaching a plane at a 
distance / from the pulse position, is the same as the problem in the 
kinetic theory of gases which has the known solution 


/ * 


BP 

vA 


(15.69) 


where v is the velocity of sound propagation, B a constant equal to 2 and 
A, the mean free path for this case, is the distance required to attenuate the 
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wave by one neper, />., D/2R from equation (15.66). The value of time 
for the maximum response obtained from Fig. 15.17 agrees fairly well with 
equation (15.69) if one allows for the attenuation occurring in the brass. 
From the rate for which the scattered energy dies down, one can calcu¬ 
late that the inherent attenuation is about 10 db per foot at 12 megacycles 
for shear waves in brass. This is one method for investigating high fre¬ 
quency attenuation in metals even in the scattering range. 

The analogy is quite close between sound transmission in a granular 
medium and heat wave transmission in a liquid or solid except that no 
attenuation has to be considered for heat transmission. This follows from 
the fact that acoustic attenuation results in transferring vibrational 
energy into heat energy, i.e. a mechanical vibration of a considerably 
higher frequency. For heat transmission this loss does not occur since it 
would result in changing heat energy into heat energy. According to the 
present theories, heat is a mechanical vibration of the crystal lattice with 
most of the energy concentrated around a frequency range from 10 12 to 
10 13 cycles for room temperature. Heat conduction is the process of trans¬ 
mitting acoustic energies of these frequencies from one place to another 
and this is controlled mostly by the mean free path for these frequencies. 
However, even though the heat energy in the ultrasonic range is very small, 
one has to make use of the observed attenuation to prevent the heat 
conductivity from becoming infinite. 

If we put a temperature pulse at one point of a rod and calculate the 
temperature at a point distant / from the source as a function of time, the 
curve of Fig. 15.18 results. The temperature reaches its maximum value 
at a time t equal to 



(15.70) 


where K is the heat conductivity and C the specific heat per unit volume. 
The effect of attenuation in the low frequency acoustic case is to reduce the 
curve and shove the peak value to smaller times as shown by the dotted 
line. Since the two methods are different ways of describing the same 
phenomena, we can equate the times and have an expression for the heat 
conductivity 

K * $Cv .A (15.71) 

where A is the mean free path. Strictly speaking, since a solid will transmit 
two shear waves as well as a longitudinal wave, the equation should be 

K - UQviA + 2C«tf*A] (15.72) 

where Ci and C a and vi and v 9 are the specific heats and velocities of propa¬ 
gation for longitudinal and shear waves respectively. 
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There are two types of heat conductors that transmit heat by acoustic 
waves. These are the amorphous types such as the glasses and liquids 
that do not have a repeating structure, and the crystalline type. For the 
amorphous type the mean free path is in the order of the molecular sepa¬ 
ration since a change in spacing will cause a reflection. In fact if one puts 
in values of A of this order and the known values of the specific heats and 
sound velocities, one obtains a value of heat conductivity that agrees with 
experiment. As the temperature decreases the heat conductivity also 
decreases since A does not change much and C approaches zero. However, 
as pointed out by Kittel, 22 as the temperature approaches absolute zero the 



01 2345678 

t = N PL0T 0F VALUE 0F N 


Fig. 15.18. Solid line shows temperature at distance / due to a heat pulse applied at end of 
rod, in terms of the thermal constants. Dotted line shows effect of attenuation in 
changing the time of maximum response. 

frequency range of maximum energy decreases, the wavelength gets 
larger, the effect of a given sized irregularity in scattering the wave is less 
and the free path becomes larger. At 1°K heat transmission is similar to 
sound transmission in the frequency range of 10 10 to 10 11 cycles. For a 
crystalline medium no natural barriers exist to determine the mean free 
path. However, the thermal motion of the molecules, which causes them 
to be out of their regular spacing, produces a gradual scattering of the 
wave and limits the mean free path to around 10 to 100 atom spacings for 
room temperature. As the temperature is reduced, the mean free path 
increases at a more rapid rate than the specific heat decreases, and the 
thermal conductivity becomes very high at low temperatures. Experi¬ 
ments by de Haas and Biermasz, 22 show that the heat conductivity for 
several single crystals reaches a maximum in the liquid helium range, the 
temperature depending on the size of the specimen. At this temperature 
the mean free path equals the dimensions of the sample, i.e. in the order 
of a centimeter, and the fall off on the low temperature side is due to the 
decrease in specific heat. 

* a C. Kittel, Phys. Rev., Vol. 75, No. 6, March 15, 1949. 
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15.4 Use of Ultrasonic Methods in Observing Twinning in Metals 

The plastic properties of metals are usually explained on the basis of 
dislocations which are defects in the lattice in the order of a few atomic 
spacings in cross-section and extending through the crystal in the third 
direction. These are supposed to move with nearly the speed of sound 
through the metal and to be generated at the surface as a result of a shear¬ 
ing stress. While many of the properties of metals can be explained by 
assuming their existence, they have never been observed directly by any 
experiment. 


FUSED QUARTZ 
DELAY LINE 



SWEEP 


Fig. 15.19. Experimental arrangement for observing twinning in tin. 


Recently 23 an attempt has been made to observe the presence and 
effects of such dislocations by means of the mechanical waves they generate 
in metals. If a dislocation moves across a test specimen with a speed 
approaching that of sound, a displacement of the order of the lattice 
constant d should occur in a time of the order of the diameter of the 
specimen divided by the speed of sound. This requires instruments 
capable of measuring displacements of about 10~ 8 centimeter occurring 
in times of 10~ 6 second, values which lie in ranges already exploited in 
connection with ultrasonic delay lines. 

The first experimental arrangement employed, as shown by Fig. 15.19, 
was to solder a thin rod of the metal to be tested to the face of a plated 
quartz crystal, which in turn was soldered to a silver-paste coating baked 
on a long glass rod. The metal side of the crystal was connected to the 
ground side of the pre-amplifier which fed the modulator of a wide-band 
fused quartz delay line, having a delay of 15 microseconds and a band 
width of 4 megacycles. The demodulated output from the delay circuit 

n Mason, W. P., H. J. McSkimin, and W. Shockley, “ Ultrasonic Observation of 
Twinning in Tin,” Phys . Rev. y Vol. 73, No. 10, p. 1213, May 15, 1948. 
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was amplified by a wide-band amplifier and impressed on the vertical 
plates of an oscilloscope. The sound pulse from the pre-amplifier was also 
impressed on a trigger circuit controlling the starting time of the sweep of a 
single-sweep oscilloscope. The rate of sweep was adjustable and for most 
tests was made about 10 microseconds for a one-inch travel. 

When the tin specimen was bent, the noise of twinning tripped the sweep 
circuit and a straight line resulted for about the first inch and a half of 
travel. Fifteen microseconds later (as determined by the delay line) the 
output of the crystal actuated the vertical motion of the spot. With the 
experimental arrangement of Fig. 15.19, an irregular wave having about 
100 kilocycles frequency, was observed. This died out very rapidly 
and could easily be discriminated from a mechanical noise caused by tap¬ 
ping, since the latter caused an end-to-end reflection along the whole 
system, which produced a 10-kilocycle vibration which lasted a considerable 



Fig. 15.20. Modification of stress applying mechanism to eliminate spurious reflections. 

time. When an aluminum rod was substituted for tin, no twinning or slip 
noise was received. This indicated that the plastic deformation process 
in aluminum occurred in much smaller units than for the tin or else a 
different process is involved. 

It was thought that the 100-kilocycle wave might have been generated 
by shock excitation of the resonances of the rod or crystal. To get around 
this difficulty, the arrangement of Fig. 15.20 was used. Here two glass 
rods, each 3 feet long, were tapered on the adjacent ends to a circle g- inch 
in diameter. On the end of one, a tin specimen g- inch in diameter on one 
end and tapered to a circle Tt inch in diameter on the other end was 
soldered to a silver paste baked on the glass rod. The tin specimen was 
prepared from a 99.9 per cent pure tin having a crystal grain size in excess 
of inch. Hence the specimen approaches a single crystal. A quartz 
crystal 0.5 mm thick and g- inch in diameter, was soldered to the other glass 
rod. The sensitivity of this crystal was uniform from a few kilocycles to 
5 megacycles and by calibration it was found that a total force of 1,000 
dynes would produce a displacement of about f- inch on the oscilloscope. 
Pressure was exerted on these two rods lined up in a V block by turning a 
screw on one end which puts pressure on the combination through a rubber 
pad. With this arrangement, about fifteen photographs were taken of the 
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voltage generated by the twinning process. Since the light generated from 
a single trace moving at this rate is too small to produce a photograph 
that can be printed, the two curves of Fig. 15.21, which were typical of 
those measured, were reproduced from film by a pantograph tracing. 
Time variations in the order of 1 microsecond and decay rates up to 30 
microseconds were observed. Various electrical and mechanical tests 
indicated that the crystal plus electrical circuits have an adequate band 
width for the effects observed. 

During the time of observation, which amounts to about 30 micro¬ 
seconds, the ultrasonic disturbance does not have time to reach the ends 
of the glass rods and hence the rods act as infinite rods having character¬ 
istic impedances equal to the product of density p times velocity of propa¬ 
gation v times the area A . The transient voltage is always of a sign to 
indicate a relief of pressure on the crystal face and this transient pressure 
is less than 0.1 per cent of the applied load. Hence the deformation takes 
place essentially at constant load. Increasing the applied load by turning 
the screw provokes additional transient yielding. Since the crystal is 
terminated on both sides by mechanical impedances Z = pvA> the pressure 
difference, which is related to the voltage generated by the crystal, is 
caused by the velocity of yield of the tin specimen in a direction normal 
to the crystal surface. Calling this velocity of yield £, the total force on 
the crystal is 

F = £pvA and £ - F/pvA (15.73) 

For the tin specimen used p = 7.1; v = 2.6 X 10 5 cm/sec; A = .02 sq cm 
(corresponding to a circle inch in diameter). The impedance of the 
glasses are about 15 X 10 5 mechanical ohms per square centimeter, 
which matches that of the tin and quartz quite well. With these values of 
impedance, the velocity of yield for 1,000 dynes force is 

{ = 3 X 10~ 2 cm/sec (15.74) 

Hence a velocity of yield scale can be put on Fig. 15.21 as shown. The 
time scale is shown by the 200-kilocycle trace at the bottom of Fig. 15.21. 
The (a) type curve rises to a velocity of yield of about 2 X Iff” 2 centi¬ 
meters per second in about 2 microseconds and then dies off exponentially 
to a value l/e in about 30 microseconds. The total volume change in the 
tin corresponds to the integral under this curve times the area A and 
amounts to about 1.2 X 10" -8 cubic centimeters. The area under curve 
(b) is about half thi’4 amount. 

The fine structure is not the same for any two traces, which suggests 
that it is characteristic of the twinning process rather than of some mechani¬ 
cal resonance of the specimen. The distance moved in one cycle of the 
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fine structure is about 2.SA for (a) and about ^A for (b). The period of 
the fine structure corresponds to 2.5 microseconds for (a) and 1 micro¬ 
second for (b). 

These results are in general agreement with passage at the speed of 
sound of twinning dislocations from side to side in the specimen. The 
most likely path for the twinning dislocations is at 45° to the applied stress, 
since this is the direction of greatest shearing stress. The distance across 
the specimen from one edge along a 45° path to the length is about 0.26 
centimeters. Hence the time of travel across the specimen, if the speed of 



200 KC TIMING WAVE 


—-TIME 

Fig. 15.21. Oscillograph traces showing voltages measured in the twinning process. Scale 
on right shows velocity of yield. Bottom curve shows timing wave. 

travel is the speed of sound, is 1 microsecond. Hence the data of curve (a) 
indicate that dislocation proceeds from one corner across the specimen 
with nearly the speed of sound. When it reaches the other side, it starts 
a return dislocation which proceeds with the speed of sound. This would 
result in a slight variation in the sound picked up by the crystal since the 
sound picked up will be less when the dislocation is moving away from 
the crystal than when it is moving toward it. According to Barrett, 24 the 
twinning plane in tin is the 331 plane and the distance between adjacent 
twinning planes is 0.2A. Since the displacement along the length from 
peak to peak is 2.5A, it appears that a dislocation about 10 planes thick 
crosses the specimen at one time. Since the time between successive 
maxima appears to be about constant, the plastic flow dies out by having 
fewer planes in the dislocation toward the end of the deformation than 
occurs at the beginning. It appears that the material becomes strain 
hardened and it becomes more difficult to include as many planes in the 
dislocation at the end of the process. 

The type of curve shown by (b) appears to be due to a path length 
that is less than the complete width of the specimen, which can occur if the 
crystal grain does not extend across the whole specimen. The time 

24 Barrett, Charles S., Structure of Metals , p. 312, McGraw-Hill Book Co., Inc., 
1943. 
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between successive peaks is one microsecond and the displacement along 
the axis between maxima is about 0.5A. This makes it appear that a 
grain about the maximum length is involved and a slight time elapses 
between the time a dislocation reaches the boundary and the return 
dislocation starts across the crystal. 

It appears from these measurements that the evidence for the existence 
of dislocations is quite strong in the twinning process in tin. 
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Applications of Tensors to the Equations of 
Liquids, Gases, and Solids 

The equations for piezoelectric crystals have been developed in Chapter 
III in terms of the stresses, strains, electric fields and displacements, 
temperature and entropy. Two short-hand methods exist which greatly 
simplify the method of writing and manipulating the relations between 
fundamental quantities. These are the matrix method 1 and the tensor 
method. The tensor method is presented here on account of its greater 
generality which allows one to apply it to such second-order effects as 
electrostriction, for which matrix methods are not applicable. 

In the first section, a brief discussion is given of tensor theory, after 
which tensor equations are developed for the elastic, piezoelectric, and 
dielectric equations of Chapter III. These tensor equations are applied 
to the transformation of piezoelectric equations from a fixed set of axes 
to a rotated set and the resulting constants for the various crystal classes 
are determined. The tensor equations are applied to pyroelectric effects 
and to second-order electrostrictive, piezo-optical, and electro-optical 
effects. In the sections A.7 and A.8, they are applied to calculating the 
classical losses in sound transmission in gases, liquids and solids due to 
viscosity, heat conduction and hysteresis, and to thermal relaxation effects. 

The notation employed is that given by Jeffreys in his book Cartesian 
Tensors . In this notation, no distinction is made between covariant 
and contravariant tensors. The cartesian notation can also be applied to 
curvilinear coordinates if the basis vectors are taken as unit length vectors 
lying along the directions of the curvilinear coordinates. An example for 
cylindrical coordinates is given in section A.9. Hence it does not appear 
that the more general and more complicated covariant and contravariant 
notation is justified for any of the common applications for mechanics, 
electric field theory or for application with piezoelectric crystals. 

On the other hand for such complex applications as the general theory of 
relativity the more complicated covariant and contravariant notation is a 
necessity. A general discussion of the notation as applied to mathematical 
physics will appear in a forthcoming book by J. A. Schouten Tensor 

1 The matrix method is well described by W. L. Bond, “ The Mathematics of the 
Physical Properties of Crystals,” B.S.T.J ., Vol. 22, pp. 1-72, 1943. 
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Calculus for Physicists , Clarendon Press, 1949. One chapter is devoted to 
piezoelectric crystals. 

A.l General Properties of Tensors 

The expressions for the piezoelectric relations discussed in Chapter III 
can be considerably abbreviated by expressing them in tensor form. 
Furthermore, the calculation of elastic constants for rotated crystals is 
considerably simplified by the geometrical transformation laws established 
for tensors. Hence it has seemed worth-while to express the elastic, 
electric, and piezoelectric relations of a piezoelectric crystal in tensor form. 
It is the purpose of this section to discuss the general properties of tensors 
applicable to Cartesian coordinates. 

If we have two sets of rectangular axes (Ox 1 , Oy 9 Oz) and (Ox 9 Oy\Oz') 
having the same origin, the coordinates of any point P with respect to the 
second set are given in terms of the first set by the equations 

x = lix + m x y + n x z 

./ = 4* + rn 2 y + n 2 z (A.l) 

z' = kx + m z y + » 3 z. 

The quantities (/x, * • • , n 3 ) are the cosines of the angles between the various 
axes; thus l\ is the cosine of the angle between the axes Ox\ and Ox; « 3 the 
cosine of the angle between Oz and Oz, and so on. By solving the equations 
(A.l) simultaneously, the coordinates y, z can be expressed in terms of 
x\y\ z by the equations 

x = l x x + l 2 y f + / 3 z' 

y = mix' + m 2 y f + m&! (A.2) 

z = n x x f + n 2 y r + « 3 z'. 

We can shorten the writing of equations (A.l) and (A.2) considerably 
by changing the notation. Instead of #, y, z let us write x u x 2 , #3 and in 
place of x ,y , z f we write x[ y x 2 , #3. We can now say that the coordinates 
with respect to the first system are #», where i may be 1, 2, 3 while those 
with respect to the second system are #/, where j * 1, 2 or 3. Then in 
(A.l) each coordinate is expressed as the sum of three terms depending 
on the three Each X{ is associated with the cosine of the angle between 
the direction of increasing and that of x] increasing. Let us denote this 
cosine by a 9 j. Then we have for all values of j 9 

3 

•v/ = a\jXx + a 2 jX 2 + azjXz « £ a n x %- (A.3) 

<-1 
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Conversely, equation (A.2) can be written 

- L (A.4) 

i-i 

where the have the same value as in (A.3), for the same values of t and j> 
since in both cases the cosine of the angle is between the values of ay and Xj > 
increasing. Such a set of three quantities involving a relation between 
two coordinate systems is called a tensor of the first rank or a vector. 

We note that each of the equations (A.3), (A.4) is really a set of three 
equations. Where the suffix i or j appears on the left it is to be given in 
turn all the values 1, 2, 3 and the resulting equation is one of the set. In 
each such equation the right side is the sum of three terms obtained by 
giving j or i the values 1, 2, 3 in turn and adding. Whenever such a 
summation occurs a suffix is repeated in the expression for the general term 
as dijXj. We make it a regular convention that whenever a suffix is 
repeated it is to be given all possible values and that the terms are to be 
added for all. Then (A.3) can be written simply as 

Xj = a ijX { 

the summation being automatically understood by the convention. 

There are single quantities such as mass and distance, that are the same 
for all systems of coordinates. These are called tensors of the zero rank 
or scalars. 

Consider now two tensors of the first rank and Vk . Suppose that each 
component of one is to be multiplied by each component of the other, then 
we obtain a set of nine quantities expressed by where i and k are 
independently given all the values 1, 2, 3. The components of mvk with 
respect to the xj set of axes are ujv[> and 

uWi = (flijUi) (akiVk) = aija k iUiV k . (A.5) 

The suffixes i and k are repeated on the right. Hence (A.5) represents nine 
equations, each with nine terms. Each term on the right is the product 
of two factors, one of the form a^aia, depending only on the orientation of 
the axes, and the other of the form representing the products of the 
components referred to the original axes. In this way the various ujv[ can 

be obtained in terms of the original Products of vectors are not the 

only quantities satisfying the rule; in general a set of nine quantities 
Wik referred to a set of axes, and transformed to another set by the rule 

wji = aijakiWik (A.6) 

is called a tensor of the second rank. 

Higher order tensors can be formed by taking the products of more 
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vectors. Thus a set of n quantities that transforms like the vector product 
X{ Xj • • • x p is called a tensor of rank n y where n is the number of factors. 

On the right-hand side of (A. 6 ) the i and k are dummy suffixes; that is, 
they are given the numbers 1 to 3 and summed. It, therefore, makes no 
difference which we call i and which k so that 

Wji = aija k iWi k = a kj auw k i. (A.7) 

Hence w k i transforms by the same rule as W{ k and hence is a tensor of the 
second rank. The importance of this is that if we have a set of quantities 

w n w i2 Wis 

U>21 U>22 tt>23 (A.8) 

tt>31 te>32 W 33 

which we know to be a tensor of the second rank, the set of quantities 

W 11 w 2 i w S i 

W\2 W 22 W 32 (A.9) 

^13 W 23 W 33 

is another tensor of the second rank. Hence the sum (w ik + w ki ) and the 
difference ( Wi k — w k {) are also tensors of the second rank. The first of 
these has the property that it is unaltered by interchanging i and k and 
therefore it is called a symmetrical tensor. The second has its components 
reversed in sign when i and k are interchanged. It is therefore an antisym- 
metrical tensor. Clearly in an antisymmetrical tensor all the leading diag¬ 
onal components will be zero, /.<?., those with i = k will be zero. Now since 

Wik = 2 (Wik + Wki) + \{w ik - Wki) (A. 10) 

we can consider any tensor of the second rank as the sum of a symmetrical 
and an antisymmetrical tensor. Most tensors in the theory of elasticity 
are symmetrical tensors. 

The operation of putting two suffixes in a tensor equal and adding the 
terms is known as contraction of the tensor. It gives a tensor two ranks 
lower than the original one. If, for instance, we contract the tensor u(v k 
we obtain 

UiVi « UiV X + u 2 v 2 + U 3 V 3 (A. 11) 

which is the scalar product of u y and v k and hence is a tensor of zero rank. 

We wish now to derive the formulae for tensor transformation to a new 
set of axes. For a tensor of the first rank (a vector) this has been given 
by equation (A.l). But the direction cosines l\ to W 3 can be expressed in 
the form 

dx* dx\ . dy f dx% dz f dx§ 

1 dx dx\ 9 2 Bx Bx 1 * 8 Bx Bx\ 
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dx ' 

dx[ 

dy' 

dx’ 2 

dz' 

dx* 

= — 
dy 

dx 2 * 

3 

to 

II 

dx 2 ’ 

I ^ 

II 

CO 

£ 

'll 

II 

dx f 

dx[ 

dy' 

dx' 2 

dz' 

dx' 3 

»i = — 

dz 


■1* 

II 

<M 

R 

= 

»3 - ~ 

dz 

dx 3 


Hence equation (A.l) can be expressed in the tensor form 


(A. 12) 


-*i = aijXi. 


(A.13) 


Similarly since a tensor of the second rank can be regarded as the product 
of two vectors, it can be transformed according to the equation 

f , (dXj \ / dxj \ dXj dx[ 

*> *• ' fe V W 'V - 5T," ** (A - 14) 

which can also be expressed in the generalized form 

, dx f j dx'i 

«/ - _ L 1 / a i r \ 


«Vl = T- — 


(A.15) 


In general the transformation equation of a tensor of the «th rank can be 
written 


, dxki dx k ' 2 

• ’k n 535 ~ 

dxj x dXj 2 


(A. 16) 


A.2 Application of Tensor Notation to the Elastic , Piezoelectric and Dielectric 
Equations of a Crystal 

Let us consider the stress components of equation (3.7) 

T xx T xv T xz 

Ty X Tyy Tyg 
T ZX T Z y T ZZ 

and equation (3.8) for a symmetrical tensor 

T » rn rp rn rp rp 

xy — -L yxy •* xz zxy 1 yz * zy 

We designate the components in the manner shown by equation (A. 17) to 
correspond with tensor notations 


T n 

Tl2 

Tl3 

Tn 

7*12 

7*13 

Tzi 

T22 

7*23 = 

t 12 

7*22 

723 

T% i 

^32 

733 

Tl3 

7*23 

733 


(A.17) 


by virtue of the relations of (3.8). We wish to show now that the set of 9 
elements of the equation constitutes a tensor, and by virtue of the relations 
of (3.8) a symmetrical tensor. 
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The transformation of the stress components to a new set of axes x\y\%' 
has been shown by Love 2 to take the form 

T f X x - l\T X x + miTyy + n\T zz + 2/i m\T xy + VtfiiTxz + 2m\n\Ty t 


(A.18) 


T'xy = hhTxx + tn\m 2 T yy + n\n 2 T Z z + {hm 2 + 4^i )T xy 

+ (A^2 + 4»i )T XZ + (^iW 2 + #1^2 )T yz 

where l\ to n 3 are the direction cosines between the axes as specified by 
equation (A.l). Noting that from (A.12) 

dx[ 

dXi’ ” ’ 5 


h 


n 3 = 


dxz 

dx 3 


the first of these equations can be put in the form 
J%2 dx[ dx[ dx[ dx[ 

+ ^^" 2 ri2+ ^^ Tl3 


r' ( dXl \ r 

in = l — J in 

\dx\/ 

1 dx[ (dx [\ 2 dx[ dx[ 

" ~ T 2 i + ( — ) T 2 2 + — — T 23 

2 ox 1 \dx 2 / dx 2 dx 3 


dx[ 


(A.19) 


+ + ,3, 


dx[ dx[ 
dc k dxi 


Tu 


(A.20) 


dx 2 

dx\ dx\ 

dx 3 dxi “ ' dx 3 dx 2 

while the last equation takes the form 

_/ dxi dxi dxi dxi dx[ dxi 

Tl2 = 5^ ^ Tu Tl2 + d7 1 ^ 3 Tl 8 

dxi dxi dxi dxi rp , dxi dxi T 

+ T~" T~ i 21 • — — i 22 r r " i 28 

0^2 OVi 0# 2 U *2 ^• v 2 0*3 

djc-i <5* 2 ' dxi dxi dxi T 

dx\ dx 3 dx 2 dx 3 dx 3 

The general expression for any component then is 

rpt dX{ dXj 

T “ * ST, Tu 

which is the transformation equation of a tensor of the second rank. 
Hence the stress components satisfy the conditions for a second-rank 
tensor. 

* Love, A. H., Theory qf Elasticity % p. 80, Cambridge Univ. Press, 4th Edition, 1934. 


dx[ dx 2 
dxk dxi 


Tkb 


(A.21) 
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The strain components 



$zy $xz 
$yy $yz 

S zy $ zz 


do not, however, satisfy the conditions for a second-rank tensor. This is 
shown by the transformation of strain components to a new set of axes, 
which have been shown by Love, to satisfy the equations 

Sxx “ l\$XX 4" 0*1 Syy + tl\S zt + /l0*l«S*y + h^l$ZX 4" fn\tl\Syz 

. (A.22) 

$'zy *= 2lil 2 $xx + 2 mitn 2 $yy + zz + (h m 2 4“ 4s0*i )$xy 

4- (A **2 4- **i4 )$xz 4- 4* m 2 ni)$ xv . 


If, however, we take the strain components as 



the nine components 

*?n 6*12 ^13 

*?21 $22 $23 

$31 $32 $33 


(A.23) 


will form a tensor of the second rank, as can be shown by the transforma¬ 
tion-equations of (A.22). 

The generalized Hooke's law given by equation (3.22) becomes 


Tn » CijkiSki (A.24) 


Cijki is a fourth-rank tensor. The right-hand side of the equation being 
the product of a fourth-rank tensor by a second-rank tensor is a sixth-rank 
tensor, but since it has been contracted twice by having k and / in both 
terms the resultant of the right-hand side is a second-rank tensor. Since 
Cijki is a tensor of the fourth rank it will, in general, have 81 terms, but on 
account of the symmetry of the Ta and a Ski tensors, there are many equiva¬ 
lences between the resulting elastic constants. These equivalences can be 
determined by expanding the terms of (A.24) and comparing with the 




446 


APPENDIX 


equivalent expressions of (3.22). For example 

T\\ 588 Olll^ll + 0112^12 + Oll3*?13 

+ Ol21 *5*21 4* Ol22<?22 + 0123^23 (A.25) 

+ 0131^31 + 0132^32 + Ol33^33' 

Comparing this equation with the first of (3.22) noting that S i2 = $21 

Sxy 1 

= ~y~ i etc., we have 

O 111 = Oi5 O 112 ** **1121 = Oe5 O 133 = 035 

^*1113 = Ol31 * Os5 ^1122 = 025 Ol23 = Ol32 = 04- (A.26) 

In a similar manner it can be shown that the elastic constants of (3.22) 
correspond to the tensor elastic constants Cijki according to the relations 

Ol = 01115 02 — Ol 22 = ^ 2211 ; C 13 = C1133 = 03115 

04 = Ol23 ~ Ol32 — **2311 = 02115 Ofi = Oll3 = Ol31 = 0311 = Olll5 
06 = Oll2 = Ol21 = 0211 = ^*2111; *22 = **22225 **23 = 0233 = 03225 

04 = 0223 = 0232 * 0322 = 02225 *25 = 0213 =* 0231 ~ 0322 = Ol225 

06 “ 0212 = 0221 = 0222 = Ol225 03 = 0333* (A.27) 

**34 = **3323 = **3332 = **2333 *** **3233; **35 = **3313 = **3331 = 0333 = **3133; 

*“36 = **3312 = **3321 = 0233 1=8 **2133 5 **44 = **2323 = **2332 = 0223 = 0232 5 

**45 = **2313 = **2331 = 0213 = 0231 = **1323 = **1332 = Ol32 = 01235 
**46 * **2312 = **2321 = 0212 * 0221 = **1223 “ **1232 = **2123 = 01325 
**55 * 0313 = 0331 * Oll3 = Ol3l5 

**56 = 0312 = 0321 = 0112 « 0121 3=1 0213 = 0231 = **2113 * **21315 
**66 = 0212 * 0221 8=8 **2112 = 0121 * 

Hence there are only 21 independent constants of the 81 Cijki constants 
which are determined from the ordinary elastic constants 07 by replacing 

1 by 11; 2 by 22; 3 by 33; 4 by 23; 5 by 13; 6 by 12 (A.28) 

and taking all possible permutations of these constants by interchanging 
them in pairs. 

The inverse elastic equations (3.26) can be written in the simplified form 

$ti m SijhiTki* (A.29) 
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By expanding these equations and comparing with equations (3.26) we 
can establish the relationships 

S 11 ~ **llll5 **12 33 **‘1122 = ^22119 **13 = **1133 = **33115 

•**14 ^15 

~Y = **1123 = **1132 = -*2311 = -*32115 ~y = -*1113 = -*1131 * 

•*10 

•*1311 ~ **31115 ~ **1112 ~ -*1121 = -*1211 = -*21115 -*22 = -*22225 


•*24 

**23 = -*2233 = -*33225 ~7T “ -*2223 = -*2232 = -*2322 ** -*32225 


•*25 -*26 

— = .*2213 = -*2231 = -*1322 83 **3122 5 ~y * -*2212 = -*2221 * 

•*34 

•*1222 = -*21225 **33 = **33335 ~y = -*3323 = -*3332 * **2333 = -*32335 
•*35 -*36 

— 1=5 -*3313 = -*3331 = -*1333 = **31335 ~y * -*3312 = -*3321 ” 


•*44 

•*1233 = -*21335 y = **2323 = -*2332 = -*3223 = -*32325 

•*45 

— = -*2313 = -*2331 - -*3213 = -*3231 = -*1323 = -*1332 = -*3123 3=1 

4 


(A.30) 


•*46 

•*31325 y = **2312 = -*2321 = -*3212 “ -*3221 =* -*1223 = -*1232 * 


•*2123 ~ -*21325 


•*55 

y = -*1313 = -*1331 = -*3113 — -*31315 


— = S 1312 = -*1321 * -*3112 = -*3121 = -*1213 = **1231 = **2113 = 

4 

•*66 

•*21315 y = **1212 = **1221 = -*2112 “ ** 2121 « 

Here again the Sijki elastic constants are determined from the ordinary 
elastic constants by replacing 

1 by 11; 2 by 22j 3 by 33; 4 by 23; 5 by 13; 6 by 12. 

However for any number 4, 5, or 6, the elastic compliance sy has to be 
divided by 2 to equal the corresponding s^ki compliance, and if 4, 5 or 
6 occurs twice, the divisor has to be 4. 

The isothermal elastic compliance of equations (3.35) can be expressed 
in tensor form 

$H •* sfjkiTki + aijdQ (A.31) 
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where as before o,y is a tensor of the second rank having the relations to 
the ordinary coefficients of expansion 


«1 

* ail 5 

0 2 

04 


as 

2 

* Ol 2 3,* 

2 


022; 

a 3 

“ a 33 


ae 


Otl3i 

2 

- «12 


The heat-temperature equation of (3.35) is written in the simple form 

dQ = otkiTkiO + pC p dQ. (A.32) 

By eliminating dQ from (A.32) and substituting in (A.31), the adiabatic 
constants are given in the simple form 


.e <xij*kiQ 
Sijkl = Sij/el ---• 

pC rt 


(A.33) 


The combination elastic and piezoelectric equations (3.58) can be written 
in the tensor form 


T 

*mn 


Sij =* SijkiTki d m ijE m ; d n * ^ Em 4- d n kiTjci» 


(A.34) 


Here d m ij is a tensor of third rank and €^ n one of second rank. The d m ij 
constants are related to the eighteen ordinary constants da by the equations 


dn 

= ^lli; 

d\2 

= ^122; ^13 * ^133; 

d\\ 

2 

* ^123 

* ^132j 

d\b 

2 

= d\i3 “* 

d\Zl\ 

y * d\i 2 - ^121; ^21 

= ^211; ^22 

* ^222» 

d%z 

“ ^233; 


y “ ^223 “ ^232; 

dlb 

2 

“ ^213 

- ^231 ; 

d2% 

2 

“ ^212 = 

dz2\\ 

^31 *= ^31i; dz2 * 

dz22\ 

dzz 

* ^333* 

dzi 

2 

* dz 23 * 

dzz2y 

^35 J J 

y ** "sis ~ «33i; 

y * ^312 * dz 2 \* 


The tensor equations (A.34) give a simple method of expressing the piezo¬ 
electric equations in an alternate form which is useful for some purposes. 
This involves relating the stress, strain and displacement, rather than the 
applied field strength as in (A.34). To do this let us multiply through the 
right-hand equation of (A.34) by the tensor 4r/S£ n , obtaining 

4*$bi,$» “ *mn&mn£m + 4jr^ n *;$^ n Tfcj (A.36) 

where is a tensor of the “ free ” dielectric impermeability obtained from 
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the determinant 

PL - {-l) (m+n) ^$ (A.37) 

where A* T is the determinant 

€ n «?2 eTs 

A* = *12 *22 *23 (A.38) 

T y r 

*13 €23 «33 

and A £ n the minor obtained from this by suppressing the mt\\ row and wth 
column. If we take the product e^ n P^ n for the three values of m , we have 
as multipliers of £1, £2, £3, respectively 

€n + *12 ^12 h *?3 Pis - 1 

€21 ftTi + *22 $22 -f €23 0J3 = 1 (A.39) 

€31 ^31 + 4 $32 + & = 1 . 

But by virtue of equations (A.37) and (A.38) it is obvious that the value of 

each term of (A.39) is unity. Hence we have 

Em - 4t£, 5„ - (4t Pin) T kl . (A.40) 

Since the dummy index n is summed for the values 1, 2, and 3, we can set 
the value of the terms in brackets equal to 

gmkl = 4t dnkl 0mn ~ 4 tt [, d\kl Pml + d 2 kl Pm2 + ^3fcZ Pm?] (A.41) 
and equation (A.40) becomes 

£m = 4?r p„ n 8 n — gmkl Tkl• (A.42) 


Substituting this equation in the first equations of (A.34) we have 


where 


$ij = Sijkl Tkl + gnij 5 n 

Sijkl * K Sijkl d m ij gmkl ■* Sijkl ^*[Pmn dnkl dmij \• 


(A.43) 


By substituting in the various values of /, j> k and / corresponding to the 21 
elastic constants, the difference between the constant displacement and 
constant potential elastic constants can be calculated. If equations 
(A.42) and (A.43) are expressed in terms of the S\ 9 • • •, S$ strains and 
Tu • • •, Te stresses, the gnij constants are related to the gij constants as 
are the corresponding da constants to the d n %j constants of equation 
(A.35). 

Another variation of the piezoelectric equations which is sometimes 
employed is one for which the stresses are expressed in terms of the strains 
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and field strength. This form can be derived directly from equations 
(A.34) by multiplying both sides of the first equation by the tensor cfjki 
for the elastic constants, where these are defined in terms of the correspond¬ 
ing sfj elastic compliances by the equation 

4 - (-l) (iH) Aif/A 9 * (A.44) 

where A is the determinant 


t E 

*11 

c E 

*12 

J?3 

*?4 

c B 

*15 

p E 

*16 

e E 
* 12 

*22 

*23 

*24 

e E 

*25 

c E 

*26 

e E 

*13 

*23 

C E 

*33 

C E 

*34 

e E 

*35 

c E 

*36 

e E 

*14 

c E 

*24 

C E 

*34 

t E 

*44 

c E 

*45 

c E 

*46 

JB 

*15 

,E 

*25 

< E 

*35 

C E 

*45 

c E 

*55 

c E 

*56 

-B 

*16 

c E 

*26 

r E 

*36 

-E 

*46 

c E 

*56 

-E 

*66 


and Ajf in the minor obtained by suppressing the ith row and 7 th column. 
Carrying out the tensor multiplication we have 

cfjld Sij ** cfjki Sijki Tkl + dmij cfjki E m . (A.45) 

As before we find that the tensor product of 4ki sf jk i is unity for all values 
of k and /. Hence equation (A.4S) can be written in the form 

Tkl = ^ O' ” e mkl Em (A.46) 

where e mk i is the sum 

Cmhl 3=5 dfnij Cij k i (A.47) 

summed for all values of the dummy indices i and j. If we substitute the 
equation (A.46) in the last equation of (A.34), we find 

6 n - ^ + enijSij (A.48) 

where 4 n the clamped dielectric constant is related to the free dielectric 
constant £ n by the equation 

4n * 4n — 4rt[dnkl tmkl]- (A.49) 

Expressed in two-index piezoelectric constants involving the strains 
S\ • * * and stresses T\ • • * 7# the relation between the two- and three- 
index piezoelectric constants is given by the equations 

“ *111; e 12 ® *122; *13 ** *133; *14 * *123 = *132; 

*15 3,8 *118 ** *131» *16 388 *112 *1215 *21 = *211» *22 ** *222> 

*23 888 * 238 ; *24 “ *223 * * 232 ; *25 = *213 * *281 ; ( A . 50 ) 

*26 8011 *212 ** * 221 ; *31 * *3115 *32 * * 322 ; *33 ** *3335 

*34 * *328 ** * 332 ; *35 * *313 ** * 381 ; *36 ** *312 “ *321 • 
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Finally, the fourth form for expressing the piezoelectric relation is the 
one given by equation (3.53). Expressed in tensor form, these equations 
become 

Tki = CijuSij - hnki fin; Em = 4ir/3^„ S„ - hmijSij (A.51) 


In this equation the three-index piezoelectric constants of equation (A.51) 
are related to the two-index constants of equation (3.53) as the e constants 
of (A.50). These equations can also be derived directly from (A.46) 
and (A.48) by eliminating E m from the two equations. This substitution 
yields the additional relations 

hnki = 4 T6mkl Cijki ~ Cijkl “f" £mkl hmij (A.52) 


where 
in which 


— c \jki “h 4 tt e m ki c n ij i 


Pmn = (-l) (m+n, A; S „/A' S 


«11 

€12 

€13 

S 

S 

S 

e 12 

€22 

€23 

S 

S 

S 

€13 

c 23 

€33 


The four forms of the piezoelectric equations, and the relations between 
them are given in Table XXXII. 


A.3 Effect of Symmetry and Orientation on the Dielectric , Piezoelectric and 
Elastic Constants of Crystals 

All crystals can be divided into 32 classes depending on the type of 
symmetry. These groups can be divided into seven general classifications 
depending on how the axes are related and furthermore all 32 classes can 
be built out of symmetries based on twofold (binary) axes, threefold 
(trigonal) axes, fourfold axes of symmetry, sixfold axes of symmetry, 
planes of reflection symmetry and combinations of axis reflection sym¬ 
metry besides a simple symmetry through the center. Each of these types 
of symmetry result in a reduction of the number of dielectric, piezoelectric, 
and elastic constants. 

Since the tensor equation is easily transformed to a new set of axes by 
the transformation equations (A.16), this form is particularly advantageous 
for determining the reduction in elastic, piezoelectric and dielectric con¬ 
stants. For example, consider the second-rank tensors €** and aki for the 
dielectric constant and the expansion coefficients. Ordinarily for the most 
general symmetry each tensor, since it is symmetrical, requires six inde¬ 
pendent coefficients. Suppose, however, that the #-axis is an axis of 
twofold or binary symmetry, the properties along the positive z^axis 
are the same as those along the negative z-axis. If we rotate the axes 
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TABLE XXXII 

Four Forms of the Elastic, Dielectric, and Piezoelectric Equations 
and Their Interrelations 


Form 

Elastic Relation 

Electric Relation 

1 

$ij ~ $klTkl + dmijEm 

Sn^—En+JnklTkl 

4r 

2 

Sij ~ SijklTkl 4* gnij&n 

E m ** 4iT| fimn&n gmklTkl 

3 

Tkl ~ cfjuSij ~ eniklEm 

t s 

6n * ^Em + CniiSij 

At 

4 

Tkl — hnkl&n 

E m ** Airfimrt&n 


Form 

Relation Between 

Elastic Constants 

Relation Between 
Piezoelectric Constants 

Relation Between 

Dielectric Constants 

1 

SMI = Smi ~ dmijgmkl 

gmkl ~ A-x$ mn 4nki 

= (-l) <m+n) A^/A‘ r 

2 

cf, = (—l) U+>) A\f/A' B 

fmkl = dmijCyti 

*mn «mn 4 ^(dnkic m kl) 

3 

— cfjkl 4* Cmklhmij 

hnkl = Air^ n emkl 

n S a T , grtklhmkl 

Pmn Pmn 4* ^ 

4 

cf> = (_l)<‘+V i f/A ,/> 

hnkl * gni)Cijkl 

0m» - (-l) <m+n, A^„/A* S 


180° about the tf-axis so that +z is changed into —z, the direction cosines 
are 


h 

k 

h 


dx[ 

dxi 

- i; 

dx[ 

= 0; 

»1 

dX2 

dxi 

*“ 0; 

dx 2 

m 2 » — 

* -1; 

«2 

dx$ 

dx\ 

“ 0; 

dx z 

m * 

-0; 

«3 


dxt 

dx 3 

dxt 

dx 3 

dx 3 


0 

0 


- 1 . 


(A.53) 


The tensor transformation equations for a 

dxj dxj 
dxk dxi 


*a “ 


secona-rank tensor are 


««• 


(A.54) 


Applying (A.53) to (A.54) summing for all values of k and / for each value 
of i, and;' we have die six components 

«n “ dx; *12 “ —«12i «xs * -*185 

/ / t 

<32 — <22» *28 “ *28 ; *83 ” *88* 


(A.55) 
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Since a crystal having the #-axis a binary axis of symmetry must have the 
same constants for a +2 direction as for a —2 direction, this condition 
can only be satisfied by 

€12 = €13 = 0. (A.56) 

The same condition is true for the expansion coefficients since they form a 
second-rank tensor and hence 


c*i2 = <*13 = 0 . (A. 57 ) 

In a third-rank tensor such as *, 7 *, gijk. A,/*, we similarly find that of 
the eighteen independent constants 

A112 = Aie; A113 = A15; A211 = A21; A222 5=5 A22; A223 * A24; 

A233 ® A23; A311 A31; A322 33 A32; A323 = A34; A333 = A33. (A. 58 ) 

are all zero. The same terms in the d^ e^y gijk tensors are also zero. 

In a fourth-rank tensor such as djkiy s ijkh applying the tensor trans¬ 
formation equation 


dx[ dx'j dx' k dx[ 
dXffi dx n OXq dXp 

and the condition (A.53) we similarly find 


Cmnop 


(A.59) 


*15 — *16 = *25 — *26 = *35 = *36 ~ *45 = *46 * 0* (A.60) 

If the binary axis had been the y-axis, the corresponding missing terms 
can be obtained by cyclically rotating the tensor indices. The missing 
terms are for the second-, third- and fourth-rank tensors, transformed to 
two index symbols, 

<23* €12? h\u h \ 2 > A13, A15, A 2 4 5 A26, A31, A32, A33, A35; 


*14> *16> *24> *26> *34> *36> *4 5 , *56- 


(A.61) 


Similarly if the 2 -axis is the binary axis, the missing constants are 
«13» * 12 » Ah> Ai 2 j Ai 3 y A 10 , A 2 I) Jl22y ^23? A 20 , A 34 , A 35 ; 

*14 y *15* *24* *25* *34 y *35* *46* *56* (A.62) 


Hence a crystal of the orthorhombic bisphenoidal class or class 6 , which 
has three binary axes, the x 9 y and z directions, will have the remaining 
terms, 

c 

« 22 * € 33 ; A 14 , A 26 , A 30 ; * 11 , * 12 * *13* * 22 * *23* *33* *44, *55* *66 (A.63) 

with similar terms for other tensors of the same rank. Rochelle salt is a 
crystal of this class. 
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If 2 is a threefold axis of symmetry, the direction cosines for a set of 
axes rotated 120° clockwise about z are, 

/ d * 1 C 3X1 Q(Lt 

h = — = -.5; m x = — = -.866; 
dx\ dx 2 


fa 

fa 


dx 2 

dx\ 

dx' 3 

dx\ 


. 866 ; 


= 0 ; 


m 2 




dx' 2 

dx 2 


-•5; 


n\ 

n 2 


~-o ; 

3*2 


»3 


dx[ 

dx 3 

dx 2 

dx 3 

dX3 

dx 3 


0 


— = 0 


= 1. 


(A.64) 


Applying these relations to equations (A.54) for a second-rank tensor, we 
find for the components 

*11 = . 25*11 + .866*12 + .75*22; *12 * —. 433 *n — . 50*12 4 " .433*22 

€ i3 = "“. 5*13 — .866*23; *22 — .75*11 — .866*12 + . 25*22 

*23 ~ .866*13 *“■ .5*23; *33 — *33* (A. 65 ) 


For the third and fifth equations, since we must have *i 3 = *13 ; *23 = *23 
in order to satisfy the symmetry relation, the equations can only be satis¬ 
fied if 


*13 ** *23 = 0. (A.66) 

Similarly solving the first three equations simultaneously, we find 

*12 = 0; *n = * 22 . (A.67) 

Hence the remaining constants are 

*n *= *22; « 33 * (A.68) 

Similarly for third- and fourth-rank tensors, for a crystal having 2 a 
trigonal axis, the remaining terms are 

An, A12 = —An, Aia = 0 ; A14, A15, A10 *= —A22 

A21 *= —A22, A22, A23 ** 0, A24 = A15; A25 *= —A14, A21 * —An (A.69) 

A 31 ; A 3 2 *= A 31 ; A 33 ; A 34 = 0; A 3 5 * 0; A 33 * 0 


* 11 ; £ 12 ; £ 13 ; * 14 ; cu « —^ 25 ; *16 *0 


^12; *22 ** *11; *23 * *13» *24 * —*14; *25; *26 =* 0 

* 13 ; *28 * * 13 ; * 33 ; *34 885 0; c s 5 « 0; r 36 = 0 (A.70) 

*14» *24 * —*14; *34 * 0; C44; *45 = 0; *46 “ *15 

*15 * -*255 * 25 ; *35 * 0; C45 m 0; C 55 « *445 *56 “ *14 

*16 *• 0; C26 * 0; r 3 6 * 0; C46 m *255 *56 ■ *14; *66 * i(*ll-*12)* 
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If the z-axis is a trigonal axis and the x a binary axis, as it is in quartz, 
the resulting constants are obtained by combining the conditions (A.56), 
(A.58), (A.60) with conditions (A. 68 ), (A.69), (A.70) respectively. The 
resulting second-, third- and fourth-rank tensors have the following terms 

*115 *12 = 0; €j 3 = 0 

€12 ~ 0; €22 = *li; *23 “ 0 (A.71) 

*13 = 0 ; €23 = 0 ; €33 

An; A 12 = —An; A 13 = 0 ; hu ; A 15 = 0 ; h\§ = 0 

A21 — 0; A22 = 0; A23 = 0; /t 24 * 0; A25 355 —A14; ^20 = —An (A. 72 ) 

A 31 = 0; A 32 = 0; A 33 = 0; A 34 = 0; A 35 = 0; h 33 = 0 


^115 ^“12; ^135 c l 4 y ^15 = 0; C 10 = 0 

c l2i ^22 — fli; ^23 = ^13; ^24 “ —^14; ^25 = 0; f 2 0 = 0 

^ 13 ; ^23 = ^ 13 ; ^ 33 ; ^34 = 0; c 35 = 0; f 3 6 = 0 (A.73) 

^*14; ^24 == ^145 ^34 == 0; ^44? ^45 “ ^46 —O 

^15 = 0; c 25 = 0; C35 = 0; c 45 = 0; r 55 = r 44 ; r 56 = f 14 

Ciq = 0; ^20 — 0; r 36 = 0; c 46 = 0; r 56 = Cu; c $ 6 = ^(cn-T^). 

The results of the symmetries of the 32 classes on the elastic, piezoelectric 
and dielectric constants are given in Chapter III, equations (3.63), (3.64), 
(3.65) and (3.66). 

A.4 Piezoelectric Equations for Rotated Axes 

Another application of the tensor equations for rotated axes is in deter¬ 
mining the piezoelectric equations of crystals whose length, width, and 
thickness do not coincide with the crystallographic axes of the crystal. 
Such oriented cuts are useful for they sometimes give properties that 
cannot be obtained with crystals lying along the crystallographic axes. 
Such properties may be higher electromechanical coupling, freedom from 
coupling to undesired modes of motion, or low temperature coefficients of 
frequency. Hence, in order to obtain the performance of such crystals, it is 
necessary to be able to express the piezoelectric equations in a form suitable 
for these orientations. In fact, in first measuring the properties of these 
crystals, a series of oriented cuts is commonly used, since by employing 
such cuts the resulting frequencies and impedances can be used to calculate 
all the primary constants of the crystal. 
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The piezoelectric equations (A.51) are 

Tkl — Cijkl$ij hnkfin\ E>m “ ~~ fhnijSij* (A.51) 


The first equation is a tensor of the second rank, while the second equation is 
a tensor of the first rank. If we wish to transform these equations to 
another set of axes x\ y\ z\ we can employ the tensor transformation 
equations 


tL 


dx'k dx'i 
dxk dxi 


Z ~ + ^Ci2klS\2 + + ^22kl $22 

OXk OXi 


+ ^23kl ^23 + Cwkl$ 33 ] — ~ ~ [ hikfii + h2k$2 4* ^ 3 *^ 3 ] 

OXic dxi 


4x — 2 - 4- (fiah 4- ^ 3 ^ 3 ] — — 1 - X 

dx’m 


(A.74) 


[Amll^ll 4- 2^12*512 4- 2A m i3^i3 4- ^ 22*^22 4“ 2^ m2 3*$23 4" ^w»33*?33]* 


These equations express the new stresses and fields in terms of the old 
strains and displacements. To complete the transformation we need to 
express all quantities in terms of the new axes. For this purpose we em¬ 
ploy the tensor equations 


5 


ij 


dXidXj c / 
dxi dx' 


dXn , 

On — ^ f On 

dx n 


(A.75) 


dx • 

where —) are the direction cosines between the old and new axes. It is 

dXi 

obvious that — ® 7-7 and the relations can be written 
dXi dxi 


dx[ 
dx 1 


dx 1 


dx 1 

dxi ; 


dx 1 
dx 3 


dxs 

dx 2 

3*2 


m 2 ® ~t ; 

m - 7-7 

3*8 

3* 3 

dx 3 

3*3 


” 2 “a7 2 ; 



(A.76) 


Hence, substituting equations (A.75) in equations (AJ4), the transform** 
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tion equations between the new and old axes become 

rpf _ o dfffc dxi dxj dxj / dx/c dxi dXn . 

*kl — tijkl . . - / , / "T "T a 7 °n 

dXk dxi dXi dXj dXk dxi dx n 

F' _ a ^ *' l dx * dXi dx i o> 

IL m — WPfljn - ^ / On "mi; « n ^ / ^i;» 

<3*m <3* n <3* m <3*t d*y 


(A.77) 


These equations then provide means for determining the transformation of 
constants from one set of axes to another. 

As an example let us consider the case of an ADP crystal, vibrating 
longitudinally with its length along the xi-axis, its width along the Ar^-axis 
and its thickness along the * 3 -axis, which is also the * 3 -axis, and determine 
the elastic, piezoelectric and dielectric constants that apply for this cut 
when x[ is 0 = 45° from X\, Under these conditions 

dx[ dxi dx 2 <3*i . n 

h * — ■* “7 = cos 0 ; 4 * — “ T 7 - - sm 0 ; 


dXz O. 


d*3 

dxi 

dxi 

dxg 

= cos 0; 



dx 2 

_ _ 
dx 2 

_ 0* 

dx' 3 

- u > 

0*3 

dx a 

dx 3 

# “** 
dxi 


(A.78) 


Since ADP belongs to the tetragonal scalenohedral (Class 11), it will have 
the dielectric, piezoelectric and elastic tensors shown by equations (3.63), 
(3.64), (3.66). Applying equations (A.78) and (A.79) to these tensors, it 
is readily shown that the stresses for 0 * 45° are given by the equations 
expressed in,two index symbols 

(<fi + *?2 + 24e) o' , (*fi + - 2cw) <-,/ . j> *f h */ 

i\ *----oi 4- 2 -^ 18 ^ 8 ~ 

_ (<fi +«S - &ft> + ftf. + 4 + &») + <,^ (a.79) 
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Ts = ^13^1 + ^13^2 + ^33 *$3 

Ti = + ^14^25 ^1 ” “ ^14*$5 + 4ir[^n5i] 

Tq =* C 44 S 5 — £2 = ^ 14 + 4tt[/3u52] 

Tq = - 11 ^ —~ ; £3 = —Asel^i “ £2] + ^irlPss&zl- 


(A.79) 


For a long, thin longitudinally vibrating crystal, all the stresses are zero 
except the stress T[ along the length of the crystal. Hence it is more 
advantageous to use equations which express the strains in terms of the 
stresses, since all the stresses can be set equal to zero except T[. All the 
strains are then dependent functions of the strain S[ and only this has to 
be determined. Furthermore, since plated crystals are usually used to 
determine the properties of crystals, and the field perpendicular to a plated 
surface is zero, the only field existing in a thin crystal will be £3 if the 
thickness is taken along the # 3 - or z'-axis. Hence the equations that 
express the strains in terms of the stresses and fields are more advantageous 
for calculating the properties of longitudinally vibrating crystals. By 
orienting such crystals with respect to the crystallographic axis, all of the 
elastic constants except the shear-elastic constants can be determined. 
All of the piezoelectric and dielectric constants can be determined from 
measurements on oriented longitudinally vibrating crystals. 

For such measurements it is necessary to determine the appropriate 
elastic, piezoelectric, and dielectric constants for a crystal oriented in any 
direction with respect to the crystallographic axes. We assume that the 
length lies along the #(-axis, the width along the # 2 -axis and the thickness 
along the ^ 3 -axis. Starting with equations of the form 


Sij — SijuTki ~f" di jm E m 
* 4 t Em + dnklTkl 


(A.80) 


and transforming to a rotated system of axes whose direction cosines are 
given by (A.76), the resulting equation becomes 


4 


E dx i dx 'j dx k 9xi , ch4dx[ dXm 

Si * ki dXf dXj dx'/c dx'i kl ,;m Ax.- Axi AxL m ’ 




dxi dXj dx m 

dx' dXm w , dx' n dx k dx t 
4 t dx n dx f m m nkl dx„ dx' k dx\ kl ’ 


(A.81) 


All the stresses except Th can be set equal to zero and all the fields except 
■ Ea vanish. Furthermore, all the strains are dependently related to sL 
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Hence, for a thin longitudinal crystal, the equation of motion becomes 
, E dx[ dx[ dx k dxi , dx[ dx[ dx m , 

Sn " Sm a*,- ^ S3 + d7<d^ d4 Ea > 

T , , (A.82) 

«mn d*3 , 5* 3 d*fc , 

= T~ 7 rr -C3 T -— 7~7 7“7 •* II* 

a^n dAT 3 dATx d*! 


$3 


In terms of the two index symbols for the most general type of crystal, we 
have 

/fni = jfi = /fi/f + ( 2sf 2 4 Sw)l\m\ + (2/f 3 + Sto)l{n\ 

4- 2(/f 4 4- 4 2/f 6 /iWi 4- 2/^/iWi 4* 

4- (2/f 3 4* ^44) w i w i 4 2/24^1^1 4 2(/f 6 4- 
4* 2j^wf/i 4- /fa#} 4- 2jf 4 ?/iWi 4 2jf 6 ^i/i 
4" 2(jfe 4 •J'Ss)i^i (A.83) 

^3ii = ^31 = *4i4^i + d^l^ml 4- di^n\ + d\Jz m \ n \ + d\M\Yi\ 

4* diMimi 4 d^i^n^li 4 ^ 22 ^ 3^1 4* ^ 23 ^ 3^1 

4- ^24^3^i w i 4- d^n^l\n\ 4 d2&m$l\m\ 4- <4i w 3^i 4- ^ 32 ^ 3^1 

4" ^33 w 3 w i 4* d^n^mini 4- d^n^l\n\ 4- d%tfi$l\m\ 

*33 = € fl^ 4- 2ei24^3 + 2ei3^3 4- *22 w 3 4- ^23 m 3 n 3 + «33 w 3 


Hence, by cutting 18 crystals with independent direction cosines, 9 elastic 
constants and 6 relations between the remaining twelve constants can be 
determined. All of the piezoelectric constants and all of the dielectric 
constants can be determined from these measurements. These constants 
can be measured by measuring the resonant and anti-resonant frequencies 
and the capacitance at low frequencies. The resonant frequency Jr is 
determined by the formula 


fR 



(A.84) 


for any long, thin crystal vibrating longitudinally. Hence, when the density 
is known, iff can be calculated from the resonant frequency and the 
length of the crystal. Using the values of sf{ obtained for 15 independent 
orientations, enough data are available to solve for the constants of the 
first of equations (A.83). The capacitances of the different crystal 
orientations measured at low frequencies determine the dielectric constant 
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egg and six orientations are sufficient to determine the six independent 
dielectric constants e£ n . The separation between resonance and anti¬ 
resonance A/ » /a — Jr determines the piezoelectric constant d[i according 
to the formula 




€ 33 Ef 


(A.85) 


The values of d[\ measured for 18 independent orientations are sufficient 
to determine the eighteen independent piezoelectric constants. 

The remaining six elastic constants can be determined by measuring long, 
thin crystals in a face-shear mode of motion. Since this is a contour mode 
of motion, the equations are considerably more complicated than for a 
longitudinal mode and involve elastic constants that are not constant field 
or constant displacement constants. It is shown 3 that the fundamental 
frequency of a crystal with its length along X\ y width (frequency de¬ 
termining direction) along x 2 and thickness (direction of applied field) 
along * 3 , will be 


/ JL l c 2* c< ™ ^ ~ c Qq) 2 + 4^26^ 

1 " 24 > 2 P 


where the contour elastic constants are given in terms of the fundamental 
elastic constants by 




EE B * 

* 11^66 ~ *16 



(A.87) 


c 66 


C E C E .E* 
* 11*22 — *12 


where A is the determinant 


A 


*1U *12y *16 

EBB 
*12* *22* *26 

e B .E .E 

*16* *269 *66 


(A.88) 


Since all of the constants except and s ^ can be determined by measure¬ 
ments on longitudinal crystals and the value of ( 2 jf 2 + s&) has been de¬ 
termined, the measurement of the lowest mode of the face-shear crystal 
gives one more relation and hence the values of sf 2 and *$& can be uniquely 
determined. 

Similar measurements with crystals cut normal to xi and width along x% 
and with crystals cut normal to x% and width along x u determine the 

1 Chapter V, equation (5.62). 
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constants J44, s $3 and sf 5y sf z respectively. The equivalent constants are 
obtained by adding 1 to each subscript 1, 2, 3 or 4, 5, 6 for the first crystal 
with the understanding that 3 + 1=1 and 6 + 1 =4. For the second 
crystal 2 is added to each subscript. 

Finally, the remaining three constants can be determined by measuring 
the face-shear mode of three crystals that have their lengths along one of 
the crystallographic axes and their width (frequency determining axis) 
45° from the other two axes. 

Any symmetry existing in the crystal will cut down on the number of 
constants and hence on the number of orientations to determine the funda¬ 
mental constants. 

A.5 Temperature Effects in Crystals 

In Chapter III a general expression was developed for the effects of 
temperature and entropy on the constants of a crystal. Two methods were 
given: one which considers the stresses, field and temperature differentials 
as the independent variables, and the other which considers the strains, 
displacements and entropy as the independent variables. In tensor form 
the 10 equations for the second method take the form 

Tki = cfjkiSij — Kkihn — 7 ti D dQ 

Em = -h° mi] s tj + 4 - q s m D dQ (A.89) 

dQ = -07 ifSij - Qq S n ’ D h n + —7} 

PCv 

The piezoelectric relations have already been discussed for adiabatic 
conditions assuming that no increments of heat dQ have been added to the 
crystal. 

If now an increment of heat dQ is suddenly added to any element of the 
crystal, the first equation shows that a sudden expansive stress is generated 
proportional to the constant 7 u D > which has to be balanced by a negative 
stress (a compression) in order that no strain or electric displacement shall 
be generated. This effect can be called the stress caloric effect. The 
second equation of (A.89) shows that if an increment of heat dQ is added to 
the crystal, an inverse field E m has to be added if the strain and surface 
charge are to remain unchanged. This effect may be called the field 
caloric effect. Finally, the third equation of (A.89) shows that there is a 
reciprocal effect in which a stress or a displacement generates a change in 
temperature even in the absence of added heat dQ . These effects can be 
called the strain temperature and charge temperature effects. 

The first form of the piezoelectric equations given by (3.56) are more 
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familiar. 


In tensor form these can be written 
$ij — + afj dQ 


T,e 

I J0 'T' i * mn 17 

~ £*nkl -Lkl ~T . 

4r 


+ Pn dQ 


(A.90) 


dQ - O da = Oa&Tki + 0^£ m + pCf de 

The afj are the temperature expansion coefficients measured at constant 
field. In general these are a tensor of the second rank having six com¬ 
ponents. The constants pi are the pyroelectric constants measured at 
displacements which relate the increase in polarization or surface charge 
due to an increase in temperature. They are equal to the so-called 
“ true ” pyroelectric constants, which are the polarizations at constant 
volume caused by an increase in temperature plus the “ false ” pyroelectric 
effect of the first kind, which represents the polarization caused by a 
uniform temperature expansion of the crystal as its temperature increases 
by d&. As mentioned previously it is more logical to call the two effects 
the pyroelectric effects at constant stress and constant strain. By elimi¬ 
nating the stresses from the first of equations (A.90) and substituting in 
the second equation, it is readily shown that 

Pn = Pn - OfySnij (A.91) 


Hence the difference between the pyroelectric effect at constant stress and 
the pyroelectric effect at constant strain is the so-called “ false ” pyro¬ 
electric effect of the first kind afelij. 

The first term on the right side of the last equation is called the heat of 
deformation, for it represents the heat generated by the application of the 
stresses Tki . The second term is called the electrocaloric effect and it 
represents the heat generated by the application of a field. The last term 
is p times the specific heat at constant pressure and constant field. 

The temperature expansion coefficients af form a tensor of the second 
rank and hence have the same components for the various crystal classes 
as do the dielectric constants shown by equation (3.63). 

The pyroelectric tensor pi and pf are tensors of the first rank and in 
general will have three components p u p 2 , and pz. In a similar manner 
to that used for second-, third- and fourth-rank tensors, it can be shown 
that the various crystal classes have the following components for the first 
rank tensor p n . 

Class 1: components pu p2> Pz • (A.92) 

Class 3: y-axis of binary symmetry, components 0 , p 2> 0. 

Class 4: components pu 0 , p$. 

Classes 7, 10, 14, 16, 20, 23, and 26: components 0, 0, pz; and Classes 



APPENDIX 


463 


2, 5, 6 , 8 , 9, 11, 12, 13, 15, 17, 18, 19, 21, 22, 24, 25, 27, 28, 29, 30, 31 and 
32: components 0, 0, 0, i.e. y p = 0. 

For a hydrostatic pressure, the stress tensor has the components 

Tn — T 22 = ^33 = — pressure; T\ 2 = T\s = T 2 3 = 0 (A.93) 

Hence the displacement equations of (A.90) can be written in the form 

in = ~4v Em ~ d * p + p n dQ (A.94) 

where 

dnp = dniiTu + ^n22?22 + d^zzT^Z 

that is the contracted tensor d n kkTkk . This is a tensor of the first rank 
which has the same components as the pyroelectric tensor p n for the various 
crystal classes. 


A .6 Second Order Effects in Piezoelectric Crystals 

We have so far considered only the conditions for which the stresses and 
fields are linear functions of the strains and electric displacements. A 
number of second-order effects exist when we consider that the relations 
are not linear. Such relations are of some interest in ferroelectric crystals 
such as rochelle salt. A ferroelectric crystal is one in which a spontaneous 
polarization exists over certain temperature ranges due to a cooperative 
effect in the crystal which lines up all of the elementary dipoles in a given 
“ domain ” all in one direction. Since a spontaneous polarization occurs 
in such crystals, it is more advantageous to develop the equations in terms 
of the electric displacement rather than the external field. Also heat 
effects are not prominent in second-order effects so that we develop the 
strains and potentials in terms of the stresses and electric displacements D. 
By means of Maclaurin’s theorem the first and second order terms are in 
tensor form 


S U 


dSii T 

dT ki Tkl 


dSn 1 r d 2 Sa 

dS n " 2 ! LdTkidTgr 


T kl T qr 


+ 2 


d 2 Sjj 

d T/ddSn 


Tkl&n + 


d 2 Sg 

BSndSo 



+ 


• • higher terms 


(A.95) 


F ^ , i r a2£ ” 

** “ dT ki Thl + dS„ n + 2! LdTudT'r 
d 2 E m d 2 E n 


dTklddn 


dS n ddo 


TklTqr 

5 oJ + 


higher terms 


where as before S « D/4r. 
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Introducing the thermodynamic potential H\, we have 
dH\ — —SijdTij + E m S m + 9 da 


and hence 


Su 


&H\ dHi dHi 

dTij ’ m dS m ’ do 


Hence there are relations between some of the partial derivatives by virtue 
of the fact that the order of differentiation makes no difference, namely 

dSjj = d / dHA = _ a 2 //! dE„ 
d6 n ~ db n \ dTij) “ d& n dTij ” dTjj 


In this equation the linear partial differentials have already been dis¬ 
cussed and are given by the equations 


d Sij j) d S{j 

dT kl " *" S dS n 


dEn _ 

dTij Sii ** 


dEm 

dd n 




(A.96) 


where s^ki af e the elastic compliances of the crystal at constant displace¬ 
ment, gijn the piezoelectric constants relating strain to electric displacement 
/At, and the dielectric “ impermeability ” tensor measured at constant 
stress. We designate the partial derivatives 


d Sij , d 2 Sjj 

dT kl dT qr " dT kl d8 m 


d 2 E m 

dTkidTqr 


2 M? jUn 


d 2s i} _ _ d 2 En _ 20P. . d 2 E m — 20° 

dS n dSo “ dTijdSo ^ ijno> d& n d&o ~ 


(A.97) 


The tensors N, M , Q, and 0 are respectively tensors of rank 6, 5, 4 and 3 
whose interpretation is discussed below. Introducing these definitions, 
equations (A.95) can be written in the form 

Sij => TklUijkl + Nf iav Tqr + 2A^*I„in] + Snlgijn + Qijno&o] 

fA 98) 

Em = - Tkllgmki + Mijkin T qr + 2 Qu mn 5 n ] + 5 n [4rft^ + 

Written in this form the interpretation of the second-order terms is obvious. 
Nquq, represents the nonlinear changes in the elastic compliances ■$« 
caused by the application of stress T qr . Since the product of A$« (r T , #r 
represents a contracted fourth-rank tensor, there is a correction term for 
each elastic compliance. The tensor M^ Un can represent either the non¬ 
linear correction to the elastic compliances due to an applied electric dis¬ 
placement D n or it can represent the correction to the piezoelectric constant 
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gij n due to the stresses Tku By virtue of the second equation of (A.96) 
the second equivalence of (A.97) results. The fourth-rank tensor Qi ino 
represents the electrostrictive effect in a crystal, for it determines the strains 
existing in a crystal which are proportional to the square of the electric 
displacement. Twice the value of the electrostrictive tensor Q^ noy which 
appears in the second equation of (A.98), can be interpreted as the change 
in the inverse dielectric constant or “ impermeability ” constant. Since a 
change in dielectric constant with applied stress causes a double refraction 
of light through the crystal, this term is the source of the piezo-optical 
effect in crystals. The third-rank tensor 0^ no represents the change in the 
“ impermeability ” constant due to an electric field and hence is the source 
of the electro-optical effect in crystals. 

These equations can also be used to discuss the changes that occur in 
ferroelectric type crystals such as rochelle salt, when a spontaneous polariza¬ 
tion occurs in the crystal. When spontaneous polarization occurs, the 
dipoles of the crystal are lined up in one direction in a given domain. For 
rochelle salt this direction is the ix-axis of the crystal. Now the electric 
displacement D x is equal to 

^ " £ + p *° + p *° -17 + p *» (a.99) 

where ^*0 is the electronic and atomic polarization, and the dipole 
polarization. The electronic and atomic polarization is determined by the 
field and hence can be combined with the field through the dielectric 
constant « 0 » which is the temperature independent part of the dielectric 
constant. When the crystal becomes spontaneously polarized, a field E x 
will result, but this soon is neutralized by the flow of electrons through the 
surface and volume conductance of the crystal and in a short time E x ~ 0. 
Hence, for any permanent changes occurring in the crystal, we can set 

j« m — - P XD - dipole polarization (A.100) 

4x 

which we will write hereafter as Pi. 

In the absence of external stresses the direct effects of spontaneous 
polarization are a spontaneous set of strains introduced by the product 
of the spontaneous polarization by the piezoelectric constant, and another 
set produced by the square of the polarization times the appropriate 
electrostrictive components. For example, rochelle salt has a spontaneous 
polarization Pi along the *i-axis between the temperatures -18°C to 
+24°C. The curve for the spontaneous polarization as a function of 
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temperature is shown by Fig. A.l . 4 The only piezoelectric constant 
causing a spontaneous strain will be £ 14/2 ** £ 123 . Hence the spontaneous 
polarization causes a spontaneous shearing strain 

S 4 - g u P x * 63 X 10~ 8 x 760 - 4.8 X lO^ 4 (A.101) 

if we introduce the experimentally determined values. Since S 4 is the 
cosine of 90° plus the angle of distortion, this would indicate that the right- 
angled axes of a rhombic system would be distorted 1.6 minutes of arc. 
This is the value that should hold for any domain. For a crystal with 



Fio. A.l Spontaneous polarization in Rochelle Salt along the x-axfo. 

several domains, the resulting distortion will be partly annulled by the 
different signs of the polarization and should be smaller. Mueller 5 meas¬ 
ured an angle of 3'45" at 0°C for one crystal. This question has also been 
investigated by Mrs. E. A. Wood and the writer by measuring the 
temperature expansion coefficients of the^- and z-axes and comparing their 
average with the expansion coefficient at 45° from these two axes. The 
difference between these two expansion coefficients measures the change 

4 This has been measured by measuring the remanent polarization, when all the 
domains are lined up. Mueller, H., “ The Dielectric Anomalies of Rochelle Salt," 
Ann . N. Y. Acad. Set Vol. 40, Art. 5, p. 338, Dec. 31, 1940. 

•Mueller, H., “ Properties of Rochelle Salt,” Phys. Rtv.> Vol. 57, No. 9, May 1 , 
1940. 
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in angle between the y- and z-axes caused by the spontaneous shearing 
strains. The results are shown by Fig. A.2. Above and below the ferro¬ 
electric region, the expansion of the 45° crystal coincides with the average 
expansion of the y- and z-axes measured from 25°C as a reference tempera¬ 
ture. Between the Curie temperatures a difference occurs indicating that 



Fio. A.2. Temperature expansion curve along an axis 45° between Y and Z as a 
function of temperature. 


the y- and z-crystallographic axes are no longer at right angles. The 
difference in expansion per unit length at 0°C (the maximum point) 
corresponds to 1.6 X 10 -4 centimeter per centimeter. This represents an 
axis distortion of 1.1 minutes of arc. Correspondingly smaller values are 
found at other temperatures in agreement with the smaller spontaneous 
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polarization at other temperatures. It was also found that practically 
the same curve resulted for either 45° axis, indicating that the mechanical 
bias put on by the optometer used for measuring expansions introduced a 
bias determining the direction of the largest number of domains. 

The second-order terms caused by the square of the spontaneous 
polarization, is given by the expression 

Sv - QgnPi (A. 102) 

Since Q is a fourth-rank tensor, the possible terms for an orthorhombic 
bisphenoidal crystal (the class for rochelle salt) are 

Sn = Q?mPi; S 22 = <&nPf; S 33 = Qg n Pf (A.103) 

In an effort to measure these effects, careful measurements have been made 
of the temperature expansions of the three axes x , y and z. The results 
are shown by Table XXXIII. On account of the small change in dimension 
from the standard curve it is difficult to pick out the spontaneous com¬ 
ponents by plotting a curve. By expressing the expansion in the form 
of the equation 

^ =ai(T-25) + a 2 (T — 25) 2 + a 3 (T — 25) 8 (A.104) 

and evaluating the constants by employing temperatures outside of the 
ferroelectric range, a normal curve was established. For the and z- 

axes these relations are 

^ = 69.6X 10- a (T-25) + 7.4 X 10“ 8 (T-25) 2 - 3.13 X l(T 10 (r-25) 3 

JL 4 

(x direction) 

^ - 43.7X 10^(7-25) + 8.16X KT 8 (r-25) 2 - 3.60X l(r 10 (T-25) 8 

La 

(y direction) (A. 105) 

— - 49.4x10^(7’- 25) + 1.555 X 10" 8 (T-25) 2 - 2.34X l(T 10 (r-25) 8 
L 

(z direction) 

The difference between the normal curves and the measured values in the 
Curie region is shown plotted by the points of Fig. A.3. The solid and 
dashed curves represent curves proportional to the square of the spon¬ 
taneous polarization and with multiplying constants adjusted to give the 
best fits for the measured points. These give values of £>?m, Qzm, Qian 
equal to 


Gun- -86-5 X 10T- 12 ; Q& u - +17.3 X 10^*. (A.106) 

- -24.2 X 1(T 12 
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TABLE XXXIII 

Measured Temperature Expansions for the Three Crystallographic Axes 


Temperature Expansion 

Temperature 
in °C 

Expansion 

xio -« 

y-axis 

Temperature 
in °C ' 

Expansion 

xio ~* 

z~axis 

in *C 

Xio~« 

x-axis 

39.6 

10.2 

+ 35.0 

4.45 

+ 34.9 | 

+ 4.9 

38.7 

9.46 

30.3 

2.5 


2.5 

35.2 

6.96 

25.25 

0.2 


+ .05 

30.2 

3.63 

23.9 


24.0 

-.5 

27.2 

1.41 

22.9 

- 0.88 

19.95 

- 2.62 

26.2 

0.71 

19.35 

- 2.4 

14.95 

- 5.11 

25.15 

0.06 

14.9 

- 4.25 

+ 9.75 

- 7.55 

24.0 

— 0.71 

10.0 

- 6.25 

+ 4.9 

- 9.9 

23.0 

- 1.39 

5.4 

- 8.18 

0 

- 12.31 

21.8 

- 2.37 

+ 0.3 

- 10.15 

- 6.35 


16.0 

- 6.5 

- 9.7 

- 13.98 

- 10.5 


15 2 

- 7.05 

- 16.3 

-16 41 

- 15.0 

■19 

4.9 

- 14.12 


- 17.94 

- 18.0 

- 20.86 

+ 0.3 

- 17.28 

- 25.1 

- 19.22 

- 23.2 

- 23.08 

— 4.7 

- 20.3 

- 30.3 

- 20.8 

- 25.1 

- 23.96 

— 10.7 

- 24.0 

- 35.0 

- 22.23 

- 31.1 

- 26.59 

- 15.3 

- 26.6 

- 39.7 

- 23.54 

- 35.0 

- 28.28 

- 20.7 

- 30.2 

- 53.2 

- 27.60 

- 40.0 

- 30.4 

- 25.7 

- 32.7 





- 30.1 

- 35.2 





- 34.7 

- 37.85 





- 40.7 

- 41.25 





- 45.0 

-44 0 





- 50.5 

- 47.0 






Another effect noted for rochelle salt is that some of the elastic constants 
suddenly change by small amounts at the Curie temperatures. This is a 
consequence of the tensor M^kim for if a spontaneous polarization P occurs, 
a sudden change occurs in some of the elastic constants as can be seen 
from the first of equations (A.98). The second equation of (A.98) shows 
that this same tensor causes a nonlinear response in the piezoelectric con¬ 
stant. Since a change in the elastic constant is much more easily deter¬ 
mined than a nonlinear change in the piezoelectric constant, the first effect 
is the only 'one definitely determined experimentally. Since all three 
crystallographic axes are binary axes in rochelle salt, it is easily shown that 
the only terms that can exist for a fifth-rank tensor are terms of the types 

Afni28> A^?222s; Afl2333 (A.107) 

with permutations and combinations of the indices. Hence, when aspon- 
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Fig. A3. Spontaneous electros trie five strain in Rochelle Salt along the 
three crystallographic axes, in parts per million. 


taneous polarization Pi occurs, the elastic constants become 

Sijki “ MijuiPi (A.108) 

Comparing these with the relation of (A.30), we see that the spontaneous 
polarization has added the elastic constants 

D (A/n231 + A/fl321 + ^23111 + ^32111 )P\ 

- 2 - 

D (^22231 + A /22321 + A/23221 + A/? 22 2 l)Pl /a 

j 24 = - (A.IUy) 

T> (A /^331 + A/a^i + A/33321 + A/£ 2 3 l)jPl 

*34 * f 2 

(A/l 2131 + A/^211 + A/fn21 + A/31211 + A/12181 
/> + A/12311 + A /^131 + A/|i 3 n)Pi 

-2- 
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between the two Curie points. Hence while the spontaneous polarization 
P\ exists, the resulting elastic constants are 


^ll> 

*12* 

^13) 

^14} 

0 , 

0 

J12, 

^22f 

**23> 

J24y 

0 , 

0 

•^13* 

*23> 

^33> 

34 9 

0 , 

0 


*24> 

^34> 

J44, 

0 , 

0 

0 , 

0 , 

0 , 

0 , 

J65> 

S 56 

0 , 

0 , 

0 , 

0 , 

*^56> 

^66 


Comparing this to equation (3.66) which shows the possible elastic con¬ 
stants for the various crystal classes, we see that between the two Curie 
points, the crystal is equivalent to a monoclinic sphenoidal crystal (Class 3) 
with the tf-axis the binary axis. Outside the Curie region the crystal 
becomes orthorhombic bisphenoidal. This interpretation agrees with the 
temperature expansion curves of Fig. A.2. 

The sudden appearance of the polarization P x will affect the frequency 
of a 45° X-cut crystal, for with a crystal cut normal to the ;c-axis and with 
the length of the crystal at an angle 0 with the y-axis, the value of the 
elastic compliance along the length is 

S 22 = -*22 cos 4 0 + 2cos 3 0 sin 0 + (2 + s sin 2 0 cos 2 0 (A.lll) 

+ 2 S34 sin 3 0 cos 0 4- J33 sin 4 0 


Hence for a crystal with its length 45° between the y- and z-axes, the 
elastic compliance becomes 


JD 
s 22 


S22 + 2(j24 4- ^23 + ^34) + -*44 + J33 
4 


(A.1I2) 


For a 45° X-cut crystal we would expect a sudden change in the value of 
s '22 as the crystal becomes spontaneously polarized between the two Curie 
points due to the addition of the and J 34 elastic compliances. .Such a 
change has been observed for rochelle salt 6 as shown by Fig. A.4, which 
shows the frequency constant of a nonplated crystal for which the elastic 
compliances sfj should hold. 

Hence the sudden change in the elastic constant is a result of the two 
second^order terms J 24 + J 34 , which are caused by the spontaneous polariza¬ 
tion. The value of the sum of these two terms at the mean temperature 
of the Curie range, 3°C is 

s$i + J 34 * 4.1 X 10“ 14 cm 2 /dyne^ (A.113) 

Crystals cut normal to the y- and z-axes should not show a spontaneous 

6 Mason, W. P., “ The Location of Hysteresis Phenomena in Rochelle Salt Crys¬ 
tals,” Phys. Rev., VoJ. 50, p. 744-750, Oct. 15, 1940. 



472 


APPENDIX 


change in their frequency characteristic since the spontaneous terms 
s 2 4 , <^34 and do not affect the value of Young's moduli in planes normal 
toy and z . Experiments on a 45° Y-cut rochelle salt crystal do not show 
a spontaneous change in frequency at the Curie temperature, although there 
is a large change in the temperature coefficient of the elastic compliance 
between the two Curie points. This is theresult of a third-order term and is 
not considered here. The spontaneous constant affects the shear con¬ 
stant Sqq for crystals rotated about the #-axis and could be detected experi¬ 
mentally. No experimental values have been obtained. 



TEMPERATURE IN DEGREES CENTIGRADE 


0 


Fio. A.4. Frequency constant and Q of an unplated 45° .Y-cut Rochelle Salt crystal 
plotted as a function of temperature. 


The effects of spontaneous polarization in the second equation of (A.98) 
are of two sorts. For an unplated crystal, a spontaneous voltage is gen¬ 
erated on the surface, which, however, quickly leaks off due to the surface 
and volume leakage of the crystal. The other effects are that the spon¬ 
taneous polarization introduces new piezoelectric constants through the 
tensor Qumm changes the dielectric constants through the tensor C#™ and 
introduces a stress effect on the piezoelectric constants through the tensor 
Muw Since piezoelectric constants are not as accurately measured as 
elastic constants, the first effect has not been observed. The additional 
piezoelectric constants introduced by the tensor are shown by equa- 
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tion (A.114) 

£ll gl2 glB gl4 0 0 

0 o 0 0 £ 2 5 g26 (A.114) 

0 0 0 0 £35 £36 

Since the only constants for the rochelle salt class, the orthorhombic 
bisphenoidal, are £h, £ 2 s, £ 36 , this shows that between the two Curie 
points the crystal becomes monoclinic sphenoidal, with the tf-axis being the 
binary axis. The added constants are, however, so small that the accuracy 
of measurement is not sufficient to evaluate them. From the expansion 
measurements of equation (A. 105) and the spontaneous polarization 
values, three of them should have maximum values of 

gn - — 6.6 X 1 <T 8 ; g l2 - +1.3 X 10“ 8 ; £ ia - -1.8 X 1(T 8 (A.115) 

These amount to only 6 per cent of the constant £ 14 , and hence they are 
not easily evaluated from piezoelectric measurements. 

The effect of the tensor 0% no is to introduce a spontaneous dielectric 
constant €23 between the Curie temperatures so that the dielectric tensor 
becomes 

€n, 0 , 0 

0 , € 22 , 623 (A. 116) 

0 > *23, €33 

This introduces a birefringence for light in directions not along the crystal¬ 
lographic axes. To obtain the spontaneous quadratic effect observed by 
Mueller , 7 third order derivatives have to be taken. 

A.7 Losses in Gases , Liquids and Solids Due to Viscosity , Heat Conduction 
and Hysteresis 

According to the classical theory of wave propagation in liquids and 
gases, losses occur in a plane or other type of a wave due to frictional 
losses of the viscous type and losses due to the fact that the wave is not 
quite adiabatic but loses heat energy by heat transmission from the hot 
compressed parts to the cool rarified parts. The losses in solids and even 
in liquids for very high frequencies do not appear to be of this type but 
rather of the hysteresis type, caused by the fact that the stress-strain curve 
is not a straight line, but is a hysteresis loop in which the strain is a double 
valued function of the stress. This type of a hysteresis loop can be rep- 

7 “ Properties of Rochelle Salt I and IV,” Phys. Rev., Vol. 47, p. 175, 1935; Vd. 
58, p. 805, Nov. 1,1940. 



474 


APPENDIX 


resented by giving the elastic constant an imaginary component whose 
magnitude represents the ratio of the breadth of the hysteresis loop to its 
length. Since the width will be proportional to the length, the total 
area is proportional to the square of the maximum strain and hence the loss 
introduced by it is independent of the amplitude. It is the purpose of this 
section to discuss the equations representing these effects. In the interests 
of simplicity, only non-piezoelectric materials will be discussed, although 
the extension to piezoelectric materials is straightforward. 

The coefficient of shear viscosity of a liquid or gas is defined as equal to 
the tangential force exerted on a unit area of either of two horizontal 
planes placed a unit distance apart in the viscous substance, one of the 
planes being fixed and the other moving with a unit velocity. Hence, for a 
viscous substance, the stresses are functions not only of the strains and 
temperatures but also of the strain velocities. If we imagine a substance 
in which the viscosity is not uniform in all directions, the stresses and the 
entropy for a given volume can be developed in terms of the tensor equations 


j r dTkl JC ± dTkl jt < dTkl / JC t 

dTkl = + dSii + 7e~ dQ 


da 


d<T 

dS{j 


dS{j + 


da 

d$7j 


d$ij 4- 



(A.117) 


where 7*z are the stresses, Sij are the strains, are the time rates of 
change of strains, dQ the increment of temperature and da the increment of 
entropy. From the discussion in section 3.14, the partial derivatives are 
equal to the constants 


djja 

esa 




dTkl da s 
dQ ” dSij = 


da pCo 

dQ “ ~e~ 


(A. 118) 


where c%u are the isothermal elastic stiffnesses, are the temperature 
coefficients of the stresses, when the strains are held constant, p the density, 
C v the specific heat per gram at constant strain, and 0 the absolute tempera¬ 
ture. In addition, we have two partial derivatives 

wr° (A - 119) 


of which the first is the generalized viscosities and the second is equal to 
zero, since energy cannot be stored in the element of volume due to a 
constant rate of change of strain. Introducing these values and also 
introducing the imaginary part of the elastic constants to represent the 
hysteresis effects, equations (A.117) can be written in the form, after 
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dropping the differential forms for T and S, 

Tkl = [Cijkl + jHijkl]Sij + — IkidQ 

da - Xg 

0 


(A.120) 


A7.1 Viscous Losses in Liquids and Gases for Adiabatic Plane Waves 

If we neglect, for the time being, the losses due to heat conductivity and 
assume that the wave propagation is exactly adiabatic, we can set da equal 
to zero in the last of equation (A.120) and eliminate dO from the first 
equation by employing the last equation. The resulting equation is 

Tki = [cljki + jHijki] Sn 4- Vijki^ij (A.121) 

where 


Ciikl 


Cijkl + 


G\jj\kl 
pCv 5 


Vijkl 


Vijkl 


It is of some interest to point out the difference between the adiabatic 
and isothermal elastic constants for gases and for liquids at low frequencies. 
As shown below, the elastic constants for a gas or liquid reduce to 
C\\ = C \2 = **i 3 - the constant of cubical elasticity, while all other 
constants are zero. Hence, we are interested only in the constant 
*“11 = cun. From equation (3.38) 

Xi * <*i**n + a 2 **i2 + a3**i3 * *(<*i + <* 2 + a 3 ) = tea (3.38) 


where a is the thermal coefficient of cubic expansion, which is equal to the 
sum of the three linear expansions. Hence 


* + 


Ga 


2 0* 


pCv 


I" 0aV 1 

L 1 + pCv J 


(A. 122) 


A different form for this expression can be obtained by employing equation 
(3.40), which for a gas or liquid takes the form 

p(C p - C v ) - 0aV (A.123) 


Introducing this expression into (A. 122), we find 


£ ^Cp 

k* C v 


(A.124) 


and the ratio of the elastic constants is equal to the ratio of the specific 
heats. 

Now for liquids and gases, the hysteresis terms are not important and 
moreover liquids and gases are isotropic. Hence, by equations (3.66), 
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since both constants are fourth-rank tensors, they each reduce to two 
independent constants, which expressed in terms of two index symbols, are 


and 


*11 

Ci 2 

C\2 

0 

0 

0 

*12 

cn 

Cl2 

0 

0 

0 

*12 

C 12 

cn 

0 

0 

0 

0 

0 

0 

*11 — *12 

0 

0 




dm 



0 

0 

0 

0 

*11 — *12 

2 

0 

0 

0 

0 

0 

0 

*11 - *12 
2 

nn 

yi2 

yi2 

0 

0 
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m 2 

Vn 
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0 

0 
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m 2 
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vn 

0 

0 

0 

0 

0 

0 

nn — m 2 

2 

0 

0 

0 

0 

0 

0 

nn — m 2 

2 

0 

0 

0 

0 

0 

0 

nn — ni 2 






2 


For liquids and gases (at least at low frequencies) there is no shearing 
stiffness and hence C\\ * c \ 2 *= k , where k is the constant of cubical elas¬ 
ticity. We designate —.- 1 * * y the shearing viscosity and denote 

rji 2 = x* Then yn «■ x + 2»?. With these designations, the six stress 
equations can be written in terms of the two index symbols: 

T\l =K[Sn + S 22 + * 5 * 33 ] + (x +2lj)*?ll +x [^22 +^33l; T 12 

T 22 ssB «[«S , ii + ^22 + *S , 33] + (x+2f?)4?22+x[^ii +^33]; Tis =*y&ia (A.126) 

T33 “4^11+6*22 +£33]+ (x + 2lf)^33+x[^ll +^22]; 223 *^23 

In this form there are two coefficients of viscosity, y the shearing viscosity 
and x the compressions! viscosity. It has been suggested by Stokes and 
is borne out experimentally for monatomic gases and liquids that a motion 
of dilation, in which an expansion or contraction occurs uniformly in all 
directions, will not give rise to viscous forces and will result in the actual 
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pressure being equal to the static pressure corresponding to the actual 
density. Such a motion will occur if 

$11 as $22 ** *^33 and ^12 355 *^13 * <?23 * 0 (A.127) 

Under these conditions 

Tn ** T 22 = T 33 = 3kS\i + (3x + 2rj)$n (A.128) 
If the expansion is to occur with no frictional forces operative, we must have 

(3x + 2n) - 0 or x (A.129) 


Since this relation is not generally true, we keep the form in equation 
(A.126) and apply the relation of (A.129) when it is justified. 

To obtain the equation of a plane wave directed along the *-axis, we 
make use of equation (3.5) and set this equal to the mass reaction or 


pd{ _ dTu dTi2 dTia 

dt dx dy dz 


(A. 130) 


Now since the displacements and velocities i?=f=i} = f= 0fora plane 
wave directed along x> and since there is no change in they and z directions 
so that 


dy dz 


(A.131) 


the three stresses Tn, T 12 and Ti$ of equation (A.126) reduce to 

T n - * g + (x + 2,) ; T n = T 12 - 0 (A.132) 


Hence, differentiating Tu in (A.132) by x and inserting in (A. 130), the 
equation of motion becomes 

pdf d 2 ( d 3 $ 

17 -« S i + ( x+2, ) 5?1; (A.133) 

The equation of motion for simple harmonic motion reduces to 

<PL 

W a p{ + [k +>(x + 2i?)] ^ = 0 (A. 134) 

A solution of this equation can be written in the form 
| » A cosh Vx + B sinh Tx 


(A.135) 
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where T, the propagation constant, is given by the equation 


« 2 p + r 2 [»c + Xx + 2ij)] =0 or r = 


JU 

v 


yjl + 


Xx + 2y) 

pv 2 


(A.136) 


since the velocity of propagation v = V^/p. The constants of equation 
(A.135) can be evaluated as follows: when x = 0, A = £ 0 > the initial 
displacement at the beginning of the line and differentiating £ by x , we have 

dP T 

— = Y[A sinh r* + 5 cosh T*] =-———— (A.137) 

dx k +Mx + 2i?) 


Hence 


B = 


To 


___ To vi ~t~ (X 4- 2 h)/k 

r[* + Xx + 2)j)] > (1 +;u(x + 2ij)/«] 

- If 

0 

To 


(A. 138) 




jupVyl 1 + 


>>(x + 2?/) 

p» 2 


since k * pp 2 . The initial tension is Tq. Introducing these values in 
equations (A.135) and (A.137), the two equations for wave propagation 
become 

T 

k = lo cosh Tx + ~ sinh Tx; T - T 0 cosh Tx + £ 0 Zo sinh Tx (A. 139) 
As 

where 


JJH 

o 


>■ 




Xx + 2n) 2p» 

p* 2 

and Zo the image impedance of the wave is given by 


„ L . >(x + 2ij) . f. . 

Zo = po.^1 +-“ P°l 1 + 


Xx + 2y ) 

2pv 2 


! ] 


In discussing wave propagation in this and more complicated systems, 
it is often desirable to have an equivalent circuit which will give the same 
propagation constant and image impedance that are obtained from the 
differential equations. The network for an element of length dx is obtained 
by multiplying the image impedance by the propagation constant for the 
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element under consideration for the series element and taking the ratio 
for the shunt element. Hence 

Z x - Z 0 T dx - jup dx; Z 2 = ^ + ( X + 2„)J ^ (A.140) 

Such a representation is shown by Fig. 13.1. 

A7.2 Thermal Losses Due to Failure of Adiabatic Assumption 

The propagation of a plane wave in a gas or liquid does not quite satisfy 
the adiabatic assumption made in section A7.1, since some heat energy is 
propagated from the compressed hot regions of the gas to the rarified cool 
regions. This interchange of heat energy abstracts energy from the 
acoustic wave, and causes an added loss in wave propagation in gases, 
liquids and even solids. In fact, at very high frequencies, this source of 
loss is the largest one in a solid and eventually causes the velocity to de¬ 
crease from the adiabatic velocity to the isothermal velocity. It is the 
purpose of this section to evaluate this source of loss. 

The equation of heat conduction can be written in the form 

c v p— = Xv 2 e - P (A.141) 

ot 

where K is the thermal conductivity and P the rate of production of heat, 
per unit volume, i.e. dQ/dt the heat added to the volume per unit of volume. 
From the last of equations (A. 120) the heat added per unit volume by the 
mechanical wave is 

dQ = 0 da = QXijSij 
and the rate of adding heat 

Introducing this in equation (A.141), the thermal equation becomes 

C vP Y t = KV 2 e - Q\ij (A.143) 

This reduces to the last of equations (A. 120) with da equal to zero if AT, the 
heat conductivity, vanishes. 

We now suppose that the deviation from the temperature © is small and 
isgivenby© =■ ©o(i +6). Alsosince we are dealing with simple harmonic 
motion, 9 will also be harmonic and in equation (A.143) becomes 

[y«pC v — K J 9 *» —joikijSij (A. 144) 
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Now the strain is going to be propagated as in equation (A.137) for a plane 
wave, and 6 will have a similar variation for a plane wave. Hence writing 

0 * A 1 cosh Tx + B f cosh Tx 

d£ 

and Sn * — « Y[A sinh Tx + B cosh Tx] 


a solution for 0 is 


0 = t— [r(5 cosh Tx + ^ sinh r#)] 
jo)pL v — AT* 


jcapCv — xr 2 

Introducing this in the first equation of (A. 
dO — Oq0, we have 


(A. 145) 
120 ) and noting that 


T k i 


0X?i 10 ) • 

iki + _ j^p 2 (A.146) 


= [<&* 

For liquids and gases, neglecting the hysteresis terms, and assuming that 


which gives the largest part of T if the attenuation is small, we can write 
the force equation (neglecting hysteresis) as 

Tn “ ** 0 + 5u + > [* + 2 ” + , ' r '^; 1) * ] 511 < A - 147 > 

Hence, with these approximations, the velocity is the adiabatic velocity 
and a term is added to the viscosity equal to the product of the heat 
capacity X divided by the specific heat at constant pressure times (7 — 1 ), 
where 7 is the ratio of the specific heats. 

It is obvious from (A. 145) that at very high frequencies, ue. 

« » (A.148) 


the expression for 6 approaches zero, and the velocity reduces to the 
isothermal velocity. For most amorphous liquids or solids, since the heat 
conductivity is very small, this frequency is very high, and even for 
crystalline quartz, which has a high heat conductivity, it is about 

_ 1 2.65 X 7,37 X 10« X (5.6 X 10*) 2 .„ . 

/»£X- --i.tfxWcrd., 


(A.I49) 
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since the specific heat for quartz is 7.37 X 10® ergs per gram, the heat 
conductivity perpendicular to the z-axis is 6.68 X 10® ergs per second per 
square centimeter per °C, and the velocity of propagation along the y-axis 
for a longitudinal wave is 5.6 X 10 6 centimeters per second. This is a 
frequency up near the cut-off frequency and hence one would not expect 
to observe this decrease in velocity experimentally. 

From the kinetic theory of gases there is a relation between the viscosity 
and the ratio of specific heat to heat capacity, namely 


K (9 7 - 5) 

c" p = ~4—’ 


(A. 150) 


Hence the ratio of thermal attenuation to viscous attenuation is 


Afn 

Art 


3 7 - 

4 C, 


1 K 


4 


(7-1) 




(A.151) 


which is about equal to 1.2 for a monatomic gas where y * and less 
for more complex molecules. 

For liquids the thermal term is much smaller than the viscous term and 
can usually be neglected except for mercury where the heat conductivity 
is high. Thermal losses should also occur in solids and are the controlling 
loss at very high frequencies, since thermal losses increase as the square of 
the frequency, while hysteresis losses increase only as the first power. 
For a solid material the thermal loss equals 


2r 2 f 

pv 3 


c ll ~ c\\ 

ch . 


(A.152) 


As an example, for a quartz crystal vibrating along the #-axis, the constants 
of equation (A.152) arep = 2.65; v = 5.6 X 10 6 cm/sec; K = 6.66 X 10® 
ergs/sec/sq cm/C°; C v = 7.37 X 10 6 ergs per gram; c\\ = 86.02 X 10 10 ; 
ch — c\i “ 2.85 X 10 9 , and the attenuation is 

A * 12.8 X 10- 20 / 2 nepers/cm (A.153) 


Since the Q of a bar is given by 

B 2t 


Q 


4.41 X 10 13 


2 A 2(12.8 X 1 (T 20 )/v 


(A.154) 


where B is the phase shift in radians and A the attenuation in nepers and 
hence the Q at 1 megacycle due to this source should be about 10®. This 
is considerably higher than has been measured indicating that most of the 
loss at this frequency should be due to hysteresis effects. At a frequency 
of 100 megacycles, however, the thermal loss is probably larger than the 
hysteresis loss. 
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A7.3 Hysteresis Losses in Solid Materials 

The attenuation losses in fused quartz, copper and many solid materials 
varies directly as the frequency and hence cannot be accounted for by 
viscosity or thermal losses. Relaxation mechanisms introduce losses that 
are proportional to the square of the frequency below the relaxation fre¬ 
quency, and independent of the frequency above the relaxation frequency; 
hence such mechanisms cannot account for this type of loss. 

Neglecting viscosity and thermal losses, the stress equations for adiabatic 
conditions can be written 


Tki — [Cijici + jHijki]Sij (A.155) 

For a plane wave with a single stress Sn and assuming that the only 
elastic constant operative is C\\ = Cm U the equation of motion becomes 

PX = Mi (A. 156) 

at dx* 


A solution of this equation for simple harmonic motion is 
£ ■» A cosh Yx + B sinh Tx 


where 


r» - . or r- ,M’ . . +a (A.157) 

fn +jHu T | jHu v * 

\ cl 1 


Hence this type of dissipation produces a loss directly proportional to the 
frequency and does not affect the velocity to a first approximation. The 
Q of such a material, being 


A lirf/v _ 

2 A “ 2 TrXHn/c'n) * H n 


(A.1S8) 


v 


is independent of the frequency. 

When all three effects exist, they are additive to a first approximation. 

A.8 Losses in Gases and Liquids due to Thermal Relaxation 

Thermal relaxation losses arise from the incomplete establishment of 
thermal equilibrium in the system and energy dissipation of a wave 
results whenever all parts of the system are not at the same temperature. 
The dissipation becomes particularly pronounced when the period of the 
heating and cooling cycle is comparable with the frequency of the applied 
wave. In polyatomic gases there are time lags in the order of KT 6 seconds 
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in establishing equilibrium between internal modes of motion in the 
molecules and the external translational degrees of freedom. This time 
lag produces velocity dispersions and anomalous absorption at frequencies 
of the order of 100 kilocycles. The absorption from this source is often 
very large and may produce attenuations hundreds of times larger than 
occur for the classical mechanisms of viscosity and heat conduction. The 
velocity is affected because the ratio of specific heats is involved in the 
velocity, and this ratio is a function of the completeness of the excitation 
of the internal degrees of freedom at a given frequency. 

A phenomenological description of this process has been given by 
Herzfeld and Rice, 8 who treat the internal and external degrees of freedom 
as separate thermodynamic systems. The internal modes may be at a 
different temperature & than the external translational system which has 
the temperature 0. Neglecting viscosity, the stress and entropy equation 
(A. 117) can then be written in the form 


dTki = 


dTki 

dSij 


dSij + 


dT k i 

de 


de 


da da da • 

da =—ds ij +-de+—,de' 


dS. 


00 


de' 


(A.1S9) 


These equations state that the external stresses are affected only by the 
external temperature 0, but the entropy consists in a term proportional to 
the external temperature 0 plus another term proportional to the internal 
temperature 0 ; . Since 0 and 0^ differ by only very small amounts, we 
can write 


da pC? va da pC^i 

de = ~e~ ; de' “ ~0~ 


(A.160) 


where C m is the specific heat at constant strain due to translational and 
rotational modes, and C vt the specific heat at constant volume due to 
internal vibrations. As before 


dT k i 9 5 

dSii = Cmi de ” dSij “ ** 


(A. 161) 


where c%u are the isothermal elastic constants and are the temperature 
coefficients of stress at constant strains. 

The transfer of temperature between the internal and external systems 
will proceed at a rate that is proportional to the temperature difference of 


•Herzfeld, K. F. and F. O. Rice, Phys. Rev., Vol. 31, p. 691, 1928. 
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the two systems and hence we can write 


dG' _ (e - O') 

dt t 


(A.162) 


where r is a constant which turns out to be nearly the relaxation time. 
Since we are concerned with simple harmonic motion, both 0 and 0^ will 
have changes dQ and d&' that are harmonic functions. Then from 
(A.162) we have 

dO'[l 4- jur] » dB (A. 163) 


Inserting these values in equations (A. 159), these become on dropping the 
differential forms for T and $, 


Tki = c%ki Sij — ^0 

Qda = Q\(j Sij -h J^pC va 4- dQ 


(A. 164) 


Assuming that the wave progresses adiabatically, i.e. that all the heat 
energy of a given volume is divided between the internal and external 
motions and is not lost to cooler regions by heat propagation, we can set 
d(T — 0 and eliminate dO from the first equation. This results in one 
equation for the stresses 


T k i 


c%h 4*' 


ex£ 


c 


C va 4- 


_cw_\ 

1 +joiT/ J 


(A.165) 


Now, since liquids and solids are isotropic and moreover have no shear 
elastic constants, at least at low frequencies, these equations result in the 
stress strain equations 


Tn “ T22 — T32 — k 1 


1 + 


kW 


( 


P I Cva + 


Cvj \ 

1 +jur) J 


[*^11 + S 22 + S 33 ] 

(A.166) 


For a plane wave along x, only Su is different from zero and is equal to 
—• Inserting (A.166) in the equation of motion 
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p£ = « 9 1 + 


'( c “ + rrfc) 


wehav, * ~ T + 7 c A* 

L p (> c “ + nr^)J 

This is satisfied for a plane progressive wave by the equation 

£ = ioe~ Tx 

where T the propagation constant has the value 


T = A + jB = 


* 9 1 +■ 




(A. 167) 


(A. 168) 


(A. 169) 


Solving for the attenuation constant A and the phase constant B , we have, 
after introducing the relations 

K 9 0a 2 C p - C, . C p 

/■> » 8 

pc v C v K c v 


7 Z 1 C vi a>V 
y C v 1 + u) 2 


A _ _2 
B ~ . 


1 ( 2_zJ\ UT 

2 \ y [Cv 1 + <A 2 

7 - 1 c»i/ «V \ 

+ 7 cAi+«vy 


(A.170) 

Since the velocity of propagation at any frequency / is v = u/B, we have 


U [l + <oV (l + 

P = B = \ 1 + w 2 r 2 


icwy 

cj_ 


(A.171) 


I Vo -f w 2 t 2 p 2 
' 1 + cA 2 


where the low-frequency velocity v 0 and the high-frequency velocities are 
CO = ; V. - Po + 7 ^ 1 ^ (A. 172) 

Since the attenuation per wavelength is 2ir times the ratio A/B, we have 

. IV 1 /g« “ r v 7 /C. wr 


(A.173) 
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Now if we define r as 



the attenuation formula becomes 



The velocity becomes 



These are the formulae given in equation (13.28). 


(A. 174) 


(A.17S) 


(A. 176) 


A.9 Application of Tensor Equations to Cylindrical Coordinates 

In Chapter XII resonant frequencies of a disc of barium titanate 
driven by the electrostrictive effect are of interest. To obtain such 
equations one has to transform the stress strain and field equations into 
cylindrical coordinates. It is the purpose of this section to discuss the use 
of tensor equations in cylindrical coordinates. 

In cylindrical coordinates, the variables are the radius vector r, the 
angle 0 and the dimension along the cylinder designated by z. In terms 
of the x y jy, z rectangular coordinates 

r 2 « x 2 + y 2 ; tan 6 = - , z = z (A.177) 

x 


The direction cosines between the r, 6 and z directions, and the x , y> z 
directions are given by the equation 


x y z 
r cos 6 sin 6 0 

(A.178) 

6 — sin 6 cos 6 0 

z 0 0 1 

Making use of the formula for the transformation of a tensor from one 
coordinate system to another 



dx a dxi 
dxjc dxi 


(A. 179) 
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where a> b are associated with the r, 0 , 2 coordinates, and noting that the 
partial derivatives are the direction cosines of equation (A.178), the stress 
tensor becomes in cylindrical coordinates 

T rr = cos 2 STii + 2 sin 0 cos 0 Ti 2 + sin 2 6T 2 2 

T$e = sin 2 BTu — 2 sin B cos BT\ 2 + cos 2 BT 22 


T r $ = sin B cos B[T 22 — Tn] + [cos 2 B — sin 2 B]T\ 2 
T rz = cos BT \3 + sin BT 2 3 


(A. 180) 


Toz = - sin flTia + cos 0 T 2 3 

■» T33 


The strain tensor transforms in a similar manner. 

Conversely, the rectangular stress and strain components are related 
to the cylindrical components by equations of the type 


and 


Sa 


dx{ dxj 
dx a dxt, 


Sab 


(A.181) 


S\\ *= cos 2 BS rr — 2 sin 0 cos BS r e + sin 2 BSee 
S 22 = sin 2 BS'rr + 2 sin 0 cos BS r e + cos 2 BSeo 
* 5*33 = Szz 

S i2 = sin 0 cos B(S rr — See) + (cos 2 0 — sin 2 0 ) 6* r 0 
Sis = cos 8S rz — sin BS dz 
6*23 ** sin BS rz + cos BSe z 


(A. 182) 


In solving the equations of motion it is necessary to know the values 
of the strains in terms of the displacements in the r, 0 and 2 directions. 
Denoting these by 

u ry ue and u z (A. 183) 


these relations can be obtained from the transformation equations for 
strains which are similar to equations (A. 180). For example: 

S r r ,*= cos 2 0 *?n + 2 sin 0 cos 06*12 + sin 2 0622 

* cos 2 0 — + sin 0 cos 0 (—^ + + sin 2 0 (A.184) 

dx \dx dy/ dy 


Making use of the relations 

dux fax dr du x d(rB) du x dz 
dx dr dx d(r$) dx dz dx 


(A.185) 
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and noting that 

u x = u r cos d - ue sin 0; u v = u r sin 0 + u» cos 0 
the various terms of (A. 184) become 

S rr — cos 2 6 f"cos 2 0 — — sin 2 0 — — sin 0 + — cos 0 ) sin 0*1 

L dr r \r dd r / J 

. w r . 2 d#* 

2 — sin d cos S + 2 — sin d cos 0 q-sin d cos 0 

dr r r dd 



(cos 2 d — sin 2 d) 


] 


+ sin 2 d 




dWf . n . o. - 

— sin 2 d-cos 2 d — cos d 

dr r 


(l due 
\r dd" 


cos d 


-sin d 

r 


•)] 


0« r 

dr 


(A. 186) 


In a similar manner it can be shown that 


See 


1 due Ur 

r 60 r 


S„ = 


dUt 

6z 


due ue 1 6u r 

rB dr r r 66 


_ a« r 

dz dr 
1 du, due 


(A. 187) 


The final equation to be transformed into cylindrical coordinates is the 
Newton’s law equation, which in rectangular coordinates is 


d 2 Uk dTki 

P di 2 " dx k 


(A.188) 


This is a vector equation and can be transferred according to the law 
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where a denotes the variables r , (rfl) and z. For example: 


.. dr _ dr _ dr 


(A.190) 


Tarn dT 12 dTtsl , • „r ar 21 

T-r —-b -r— + sin 0 —— 

L dx dy dz J 1_ dx 


, dT 22 , ar 23 

H-■+■ ~ 

dr az. 


Inserting the values of T n etc. which are related to T rr etc. as the cartesian 
and cylindrical strains of equation (A.182) and introducing relations of the 
type 


dTu _ dTn dr + dTn d(rd) dTn dz 
dx dr dx o(r6) dx dz dx 

One finds that equation (A.190) becomes 

... dT rr , 1 dT re , dT ri , (T rr - Tee) 

+ ; "sr + ir + —-— 

Similarly the other acceleration equations become 

dTre 1 dTee dTj, 2T r e 

dr r do dz r 

dT r , , 1 dT e , , dT tI , T„ 

pu t = — |-— h —r~ 4- 

dr r do dz r 


(A. 191) 


(A.192) 


(A.193) 


These equations give enough relations to solve the case of the electro- 
strictive disc of barium titanate in radial vibration. Equations (12.23) 
of Chapter XII give the electrostrictive and elastic equations in rectangular 
coordinates. Transferring these to cylindrical coordinates by means of the 
tensor relations of equations (A.180) and (A.182) we find 

S rr “ •f?lll Trr + ^1122(Tw + T„) + [QlU\hr + 01122 (5« + $?)] 

See “ Jn 22 (T rr + T„) + JuuTm + [ 0 ii 22 ( 5 r + 5«) + 0un$»] 

S x , - simTtt + Ju 22 (T rr + Tee ) + [0mi5* + 0u 22 ( 8 ? + 8 «)] 

(A.194) 

S r , m (jflU ” Hin)T T , + (01111 — 01122)Wi 
S r e “ (Juil ~ Sll 22 /T r e + (01111 — 01122)M» 

Si, - (jfia - jfi 22 )T», + [0mi - 0 ii 22 ]M* 

where t r > 8*> 6, are the electric displacements along the r, d and z directions. 
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The electrical relations become 

E r = 5r(47r/3n + Oiu5 r ) — 2{Qnn ( 8 r T rr + 8 $T r $ -f 8 z T rz ) 

+ Qii 22 [ 8 r(Tee + T zz ) — (^TV# + 8 z T rz )]\ 

E$ » 6^(4irj^n + Om^) — 2{<2im { 8 eT$e + 8 r T r $ + 8 z T$z) 

(A.195) 

+ Q\i 22 [ 8 d{T rr + T zz ) — ( 8 r T r e + 8 z Te z )]\ 

E z = 5 z (4ir/3n + Oni5 z ) — 2{j2im { 8 Z T ZZ + 8 r T rz -f 8 eTe z ) 

+ £?ii22[6«(T rr + 7 m) — ( 8 r T rz + 5^ 7*(9«)]} 

where E ri E$ and E z are the three fields along the r, 6 and z directions. 

For the radially vibrating disc, we assume the thickness to be so small 
that the change of stress is negligible along the z direction. Since the 
stresses are zero on the surface, we can set 

T zz = T rz - Tez - 0 (A. 196) 

Furthermore, since the motion is entirely radial, uq = = 0, and 

T r * - 0 (A.197) 

Since a field is applied only along the z direction, 6 r = 5# = 0. The 
remaining equations then become 

Srr = SlUlTrr + 22 ^ 9 $ + (? 1122 ^^ 

See - *^U 22 T rr + Jim 7 m -f- !?ii225* (A. 198) 

£* = 8z[4t/3ii + Oin5 z ] — 2Q ll 22 8 z (Trr + Tee) 

To insert in the equation of motion (A, 192) we need to have the stresses 
expressed in terms of the strains and for the electrical boundary conditions 
it is better to use the fields rather than the electric displacements. Further¬ 
more, for small alternating fields superposed on a large DC electric 
displacement, which may be caused by an applied field or a remanent 
polarization, we can replace 8 Z by 

8 Z « <5*o + 8 z e jtat (A. 199) 

where 6 Z0 is the remanent electric displacement and 8 Z the alternating 
component. Then solving these three equations simultaneously the 
alternating components of stress, strain and displacement are given by the 
equations 

Trr - S„ ( * ' f '% ) - A. ( . '™. ) 

Will — *1122/ Will — S 1122/ 

_ ( ^ 112 28 zqE z \ / 1 \ 

\ 4 ir^fi + On 16*0/ vfiii + * 1122 ) 
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/ -rfm \ 0 ( jfl22 \ 

V r E' » ) — J rr l m m ) 

Villi — ^1122/ VllH — ^1122/ 


fi. = 


4ir^n + OmSjo 
Where sfm — - 


+ 


- ( - 2Q r 2b f’ ) (~e— 1 —^~) (A.200) 

\4ir/3n 4- OinSgJ \suii + *5*1122/ 

( 4 J g To"« ) (r " + 

\WP 11 4- OniOao/ 


•^1111 


1 - 


401122^0 


fun 

1 -kf 


(4tt^h -f Om5 Z0 )jfi 


1111 


t E 

•*1122 


-D 

•*1122 


C D 

•*1122 


_ fun/ 
•*?122 \( 


4(?H22%o 


1 - 


Jllll^Z 2 

D 

•*1122 


^(47r/3n -f Oni5 20 )jfin/ 

where ki is the electromechanical coupling for a longitudinal mode and is 
defined by equation (12.5). We note that since 1/jfm = Yo> the Young’s 
modulus, and —.rfmAuii = o’, the Poisson’s ratio, that these equations 
can be simplified to 

20n,>2M^o _ 


Tee 


-G-so 


(Srr 4- O' See) — 


(See 4- o-*S* rr ) 


5, = 


(47r/3 n 4- Ohi5 2;0 )(1 — a) 
_ 2Qn22&zoEzYo _ 

(47r^n 4- O m 5 20 )(l — <r) 
201122^0 


(A.201) 


4tt/3h 4- Om^o (4x^11 4- Oin6* 0 ) 


(T rr 4" Tflfl) 


Noting that since the plating on the surface is an equipotential surface, 
E z is not a function of r, then when equations (A.201) are inserted in the 
equation of motion (A. 192), and using the relations for a radial motion 


S rr - 


du r 
~dr 5 


S* =- 

r 


the equation of motion becomes 


Yq f d 2 U r 1 du r _ Ur~ 

l - cr 2 L dr 2 r dr r 2 . 


d 2 u r 

P 1F 


— 0 > 2 pu r 


(A.202) 


(A.203) 


for simple harmonic motion. 

Since this is a Bessel’s equation of the first order, a solution is 

Y$ 


Ah 




e 2 


(1 - 1 r 2 )p 


(A.204) 
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No Bessel's function of the second kind is required since the displacement 
u r vanishes at the center of the disc. At the boundary when r « a the 
radius of the disc, the stress T rr = 0. From (A.201) and (A.202) 

T y ° .P«r , fgrl 2 Qu 226 , 0 E'Y$ 

l-a^L dr r J ( 4 ir/ 3 ii + O m «»o)(l ~ «0 


(~) 

d“r u /<j3r\ \V } 

h ~r 


then setting T tt = 0 when r = a, we have 
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The next step in the solution is to obtain the electrical impedance as 
measured by A.C. methods. This can be obtained by substituting the 
values of T rr and Tee in the last of equations (A.201) and integrating over 
the surface of the crystal. Since the value of 8 Z at the surface is equal to 
the surface charge, this will evaluate the total charge Q and we have 


Js £ s ' Jr -(4,^+0 ,,,«.) 


(A.211) 


Introducing the value of T rr and Tee from equation (A.209) and (A.210), 
this integral becomes 

Egira 2 8(2n22^ 0 Yo 0 + <0 


(4ir/?n + Oiii$*o)l (4ir/?n -f Om5* 0 )(l — cr 2 ) 


XI- 




(A.212) 


Performing the integration and employing the substitution 
_ 1 __ 8gii22^ 2 oyo(l + g) 1 

4irj3a + Oiii6 z0 L (4ir^n+Oiu5 I0 )(l —<r 2 ) J 


(4ir0n + OniS^o) (1 — <r) m 


4t^h C -f-Oin$* 0 

where 0if is the radially clamped impermeability constant, we have 
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where the coefficient of coupling for a radial mode becomes 

. a 

+OnW(l — *) 


(A.215) 
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Comparing this with the longitudinal mode driven by the same constant, 
we see that the radial mode has a higher coupling by a factor 


(A.216) 



Since the admittance of the plate is equal to the current into the plate 
divided by the voltage across the plate, and for simple harmonic motion 


t = 


dQ 

dt 


■jcoQ 


the impedance of the electrostrictive plate is given by 


1_ 

Z 


jonra* 


(A.217) 
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(A.218) 


The resonant frequency occurs when 


or 



(A.219) 


For a value of <r = 0.27 as found in Chapter XII, this 
lowest root 



equation has the 
(A.220) 


Hence the frequency is given by the equation 


2.03 I Y$ 

2ra \p( 1 - (T 2 ) 


(A.221) 


The anti-resonant frequency occurs when the expression in brackets 
in equation (A.218) reduces to zero. This occurs at a frequency some¬ 
what above the resonant frequency. To determine the frequency separa- 
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tion A/ between resonance and anti-resonance we develop the function 

( Wtf \ / 

— 1 and Ji l — l in a Maclaurin’s series about the root /?i. This gives 

y.(f)-y.«)+i[y.(=)]L v + - 


MRi) 


Ji(Ri) A/ + 


(A.222) 


.(f)-y.«)+J[y. (=)] ( , 
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Inserting these values in equation (A.218) and setting the numerator 
equal to zero, the frtquency separation A/ becomes 

a/ (r^T 2 ) (1 + ff) 

i- «r-ir- - ;v (A - 223) 

Hence, solving for the coupling factor £ 2 , we find to a first approximation 

'-J'PtS? 2 *-] 

For a - 0.27 the value of the factor multiplying — is equal to 2.51. Com- 

JR 

paring this to the factor for a longitudinal crystal given by equation 
(5.36) which is ir 2 /4 = 2.47, it is seen that the same equations are very 
nearly applicable and hence the coupling can be evaluated by measuring 
the separation of resonant and anti-resonant frequencies and using equation 
(A.224) to determine the coupling. 


A. 10 Second Order Effects in Wave Propagation 9 

When waves of high amplitude are propagated in liquids and gases, 
several non-linear effects of interest take place. These are the slow 
secular currents and pressures, such as crystal “wind" and radiation 
pressure that are due to the non-linear terms in the wave propagation. 
Among other examples are the forces on Rayleigh discs, the sorting of 

• This treatment follows one given recently by Dr. J. M. Richardson. 
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components and the acceleration of chemical reactions in an ultrasonic 
field. It is the purpose of this section to discuss how tensors can be applied 
in the solution of such equations. 

Newton’s equation of motion, in the form given by equation (5.9), is 
exact if it refers to an element of volume which always encloses a given 
mass of material and can be written in the form 


D dTju 

p rw ( Xk ) 5=5 — (A.225) 

Dt dxi 

where D/Dt refers to the time variation of the velocity in the enclosed 
volume, and this is set equal to the applied force. Now if we fix our 
attention on an element of space dxdydz> moving in the fluid, the rate of 
change of velocity in this element of space is equal to 

77 ,( f *) + (A - 226) 

Dt dt dxi 


a well-known formula from fluid dynamics. 10 Hence Newton’s equation 
for a fixed volume becomes 


P 


dx* 

dt 


djja 

dxi 



(A.227) 


The other necessary equation is the continuity equation which can be 
written in the form 

X + T~ (a*») - 0 (A.228) 

dt dxi 


and states that the amount of material flowing into the elementary volume 
is equal to the rate of change of the density of the volume. In the following 
treatment it is much simpler to use the mass current or transport of 
momentum 

Mi = pxi (A.229) 

This results in simpler equations and simpler boundary conditions since 
for an impermeable boundary such as a thin membrane of plastic Mi must 
vanish for boundaries that are stationary whereas no such statement can 
be made about the corresponding quantities £i. This situation is easily 
seen from the fact that on the average no mass should be transported 
through a surface representingjthe average positions of an impermeable 
boundary. The vanishing of ±i does not imply this, since the density 
during the forward motion of the fluid may be different from the density 
during the backward motion resulting in a net transport of mass. 

10 Rayleigh, Lord, Theory qf Sound , Vol. II, Chapter I; H. Lamb, Hydrodynamics, 
Chapter I. 
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To put the fundamental equation (A.227) in a form involving the mass 
current Mi, we multiply equation (A.228) by £* and add to equation 
(A.225) obtaining 


P 


dXk 

dt 


+ 



dTki 

dxi 



— (*k) + ±k 
dxi 


r- o>*«) 

dxi J 


or 



dTki 

dxi 


e r M k Mi 

dxi L p j 


(A.230) 


which together with (A.228) expresses the transport of mass and momen¬ 
tum. If we wish to take account of body forces Fi, the two fundamental 
equations can be written in the form 



dTki 

dxi 


d f M k M{ 
d*i L P - 


-f pFi 


*i + k (M -> - 0 

As in the theory of turbulence, the quantity MkMi/p is often called the 
Reynold’s stress since it satisfies the same law as an ordinary stress T*j. 
For a plane progressive wave the Reynold’s stress reduces to the value 

= pfo cos 2 < 0 t. (A.232) 

P 

Averaged over a long period this produces a constant stress or pressure 

Pr = b'fo (A.233) 

which is equal to the energy density of the wave and the radiation pressure. 
The negative sign in equation (A.231) shows that the term is a pressure 
rather than a tension. 

The method for solving (A.231) is one of successive approximations 
based on an expansion of all pertinent quantities in terms of a characteristic 
amplitude a. Hence 

p = p <°> + p< x > a H- 

Mi = M\ X) a + Mj 2) a 2 +*•• (A.234) 

T U - 7$ + T^a + Tlfa 2 + ••• 

F t «n 

Here we have assumed the body force Fi to be a given function of position 
and hence independent of a. We have also assumed that Mi vanishes 
when a - 0, that is, all disturbances are excited by a force whose amplitude 
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is proportional to a. Introducing the above expansions into equations 
(A.231) and equating to zero the coefficients of each power of a, we get the 
following set of equations: 


*1-0 

II 

o 

dTki «_ . 

i ^ + p°F, - 0 

(A.235) 

/•(Atf’1-0; 

OXl 

at dxi 

(A.236) 

jAMP] = f 

dt dxi 



dp (2) 
dt 

+ 5 Vf-]-o 

(A.237) 


The first equations (A.235) are the conditions for static equilibrium, the 
second (A.236) are the ordinary linearized equations for acoustics, while 
equations (A.237) give the quadratic corrections for non-linear effects. 

So far we have not limited the equations to any particular type of 
medium, but since the greatest application is in connection with gases and 
liquids we shall consider only these cases. For these cases the stress strain 
relations reduce to those given by equation (A. 126) as a linear effect. 
Second-order terms in the stress can also occur, but these are usually 
small compared to the effect of the Reynold’s stress ( MkMi/p°) and are 
usually neglected. 

The method for solving equations (A.237) is first to find the exact 
solutions of equation (A.236). The second equation of (A.237) does not 
contain any quantities from the previous approximation. Substituting 
in the solution for Mi from equation (A.236), the value for the Reynold’s 
stress becomes 

„ M k Mi 2 1 (MkMA „ . /A _ 

Rki *-cos 2 «/ = - (-) (1 + cos 2 «/) (A.238) 

Po 2 \ po / 

Hence the Reynold’s stress Rki consists of two parts, the first term which 
is time independent and the second which oscillates with twice the 
frequency. 

For most purposes we are interested only in the secular variation of the 
quantities with the superscript (2), not the high-frequency behavior which 
represents a distortion of the main wave. Hence we are interested only 
in the first term of (A.238). Introducing this value in (A.237), the secular 
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behavior of a fluid is controlled by the equation 


a P (2) 

dt 



= 0 


£" Rkl] + p(2)Fl (A.239) 

where is the constant term of (A.238). Thus the secular behavior of a 
liquid or gas through which waves are propagated is the same as the behav¬ 
ior of the unperturbed system subject to an additional constant stress Rkb 


A 10.1 Special Cases 

Let us consider the forms that Rti may take for various kinds of wave 
motions. In the case of a general running plane wave, the form is given by 

M\ l) = M$e- {Al + iBl)xi cos a>t (A.240) 

where M\l ] are the amplitudes of the mass currents in the various directions 
and A\ and Bi the attenuation and phase constants of the wave propagation. 
Inserting these values in (A.238), the secular part of the Reynold’s stress is 

Rki = e - (AkZk+Atz,) (A.241) 

2p 0 


and the gradient of Ru is 


dx i 


(Ru) 


2po ' 


(A&k+Aixi) 


(A.242) 


Examining equation (A.242) we see several things about the gradient of 
the Reynold’s stress 

(1) It vanishes when the propagation constant A +jB has no real 
part A 

(2) It vanishes when the momentum Mi 0 is at right angles to the direc¬ 
tion of propagation, as in a shear wave 

(3) It is non-vanishing when the propagation vector has a real part 
parallel to the momentum vector as in the case of an attenuated 
longitudinal wave. The attenuation may be due either to loss or 
to the existence of a completely real part parallel to the momentum 
vector, such as in the case of total reflection. 

(4) When several wave systems are superposed there are Reynold’s 
stresses due to the cross products of the terms even when there is no 
attenuation. 
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(5) Any non-uniform field, such as that from a focusing radiator, gives 
rise to Reynold’s stresses even when there is no attenuation of the 
wave. 

A10.2 Convection of Medium Caused by Sound Waves 

Second-order equations of the type of (A.239) have been used by 
Eckart 11 to explain crystal “ winds ” which are the secular flow of fluids 
or gases from a vibrating crystal surface. Eckart considers the case of a 
plane beam of sound waves of radius r\ inside a tube of diameter Vq and 
shows that when the attenuation in the medium is neglected, a flow of 
liquid runs along the sound beam while a reverse flow runs in a tube 
outside of the sound beam of such a value that the total flow across any 
cross-section is zero. The distribution of flow velocity across the tube is 
given by the equation 

g = G[*(l - x 2 //) - (1 - i/)(l - x 2 ) - log y) 

“ -G[(l -iy 2 )(l - x 2 ) + log at] 
where * = r/r 0 ; y = ri/r 0 and G is the fraction 

_ m 

4pofo 

where k = o)/v 0 = 2rf/vo where / is the frequency, v 0 the velocity of 
propagation in the medium, p 0 the maximum acoustic pressure in dynes 
per square centimeter, r\ the radius of the sound beam, p 0 the density of 
the medium, ij the shear viscosity, and x the compressional viscosity of the 
medium. For a pressure of 10* dynes per square centimeter (0.1 atmos¬ 
phere) and a frequency of 24 megacycles and using the constants for water 
Po * 1*0; Vo * 1.5 X 10 6 centimeters per second, the value of G is for a 
beam of 1.5 centimeter radius 

G ® 1.5 ^ ^ cm/sec (A.245) 

Since the velocity increases proportionally to the square of the frequency, 
the velocity of such streams becomes negligible below 1 megacycle for 
liquids. However, for air, on account of the low density and velocity, 
the effect is appreciable for frequencies as low as 1 kilocycle and becomes 
very large for high frequencies. Since the compressional viscosity x 

11 Eckart, Carl, “ Vortices and Streams Caused by Sound Waves/* Phys. Rev., 
Vol. 73, No. 1, pp. 68, 76, Jan. 1, 1948. 
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appears in the expression for G, Eckart suggests that the measurement 
of convection currents may be a method for evaluating the compressional 
viscosity. 

This idea has recently been tested out by Liebermann, 12 who finds that 
the compressional viscosity measured by flow methods agrees well with 
that required to explain the high measured acoustic losses in light liquids. 

l *Phys. Rev., Vol. 75, No. 9, pp. 1415, 1422, May 1, 1949. 
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Aluminum phosphate, 208 
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(ADP), application, 137, 156, 
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crystal class, 138 
designation of axes, 138 
discovery of, 137 
leakage resistance of, 139 
effect of impurities on, 142 
method of plating, 138 
phase change in, 137 
piezoelectric equations of, 145 
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dielectric, 143 
elastic, 151 

electromechanical coupling, 147 
piezoelectric, 149 

temperature and humidity sta¬ 
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transducers using, 156 
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Ammonium tartrate, 231 
Angle measurement of the properties 
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Attenuation due to scattering in 
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Attenuation measurements, for air, 
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for associated liquids, 327 
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for dispersive gases, 322 
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for mixtures of liquids, 340 
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Attenuation measurements, for mon¬ 
atomic liquids, 326 
for nonpolar liquids, 327 
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for water, 328 

Attenuation and phase shift for 
liquid with shear elasticity, 
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Available volume model of a liquid, 
327 

Balanced bridge method for measur¬ 
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Barium formate, 222 

Barium titanate, application, 291, 
308 

crystal structure, 259 
electrostrictive effect in, 291 
electrostrictive equations of, 298 
electrostrictive tensor, 299 
modes of motion, 291 
properties, dielectric constant, 294 
elastic constants, 295 
electrostrictive constants, 302, 
303 

static measurement of electostric- 
tive constant, 294 
theory of electrostrictive effect, 296 

Breaking strength of crystals, 156, 
162 

effect of etching on, 349 

Calculation of attenuation due to 
scattering, 421 

of diffusion losses in metals, 427 
of elastic constants for cubic metals, 
415 

of elastic constants for hexagonal 
metals, 416 
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Calculation of resonance and anti¬ 
resonance, for longitudinal 
crystal, 61 

for face shear crystal, 68 

Classification of small sized crystals, 
strong coupling, 51 
moderately strong coupling, 52 
weak coupling, 54 
zero coupling, 54 

Classical equation of sound absorp¬ 
tion, 310 
theory of, 473 

Color effects in sound transmission, 
334 

Compressional viscosity, 338, 339 

Criterion for ferroelectric effect, 9 

Critical angle for transmission, 
403 

Crystal faces, 14 

Crystal filters, characteristics of 
EDT, 170 
circuits, EDT, 170 
lattice type, 112 
narrow band, 111 
wide band, 112 
219 type, 113 
Crystals used in, 7 
DKT, 165 
EDT, 165 

quartz, 112 

Crystal oscillators, circuits, Cady, 8, 
78 

capacity bridge, 110 
Meacham bridge, 7,110 
Pierce, 7, 107 
Pierce Miller, 7, 107 
stability of, 106 

Crystal systems, cubic or isometric, 
14 

hexagonal* 13 
monoclinic, 13 
orthorhombic, 13 
tetragonal, 13 
triclinic, 11 
trigonal, 13 

Crystals used in filters, 8 


Crystallographic axes, 3, 11 

Cubic crystals, dielectric constants, 
41 

elastic constants, 46 
piezoelectric constants, 43 

Debye-Frenkel rearrangement the¬ 
ory, 328 

Debye-Sears optical acoustic cells, 
332 

Definition of strain, 23 
stress, 19 

Dextrose sodium chloride, bromide, 
iodide, crystal class, 204 
measured frequencies, 205 
method of measurement, 204 
properties, 208 

temperature coefficients of fre¬ 
quency, 204 

Dipotassium tartrate (DKT), chemi¬ 
cal formula for, 165 
cleavage planes in, 173 
crystal axis designation of, 173 
piezoelectric equations of, 174 
properties, density, 173 
dielectric constants of, 185 
elastic constants of, 185 
piezoelectric constants of, 185 
useful cuts in, 186 

Discovery of piezoelectric effect, 2 

Electromechanical coupling in crys¬ 
tals, 4 

Electrooptical effect in crystals, 9 . 

Enthalpy—definition of, 34 

Equations for transforming to ro¬ 
tated axes, dielectric con¬ 
stants, 75 

elastic constants, 74 
piezoelectric constants, 75 

Equivalent electrical circuit for lon¬ 
gitudinal crystal, 67 

Ethylene diamine tartrate (EDT), 
application to filter units of, 
169 

chemical formula of, 165 
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Ethylene diamine tartrate (EDT), 
cleavage planes of, 173 
coupled modes in, 181 
crystal axis designation of, 173 
long time stability of, 167 
method of fabrication, 167 
frequency adjustment of, 167 
growing, 166 
mounting, 167 

piezoelectric equations of, 174 
properties, density, 173 
dielectric constants of, 177 
elastic constants of, 175 
piezoelectric constants of, 176 
temperature expansion coeffi¬ 
cients, 178 
Qof, 169 

stability under temperature and 
humidity, 166 
useful cuts of, A-cut, 179 
rotated cuts, 185 
thickness shear mode, 185 
Y-cut, 179 

Ferroelectricity in rochelle salt and 
KDP, 8 
theory of, 234 

Formula for elastic compliances, 75 
for dielectric constants, 75 
for piezoelectric constants, 75 

Free energy, definition of, 34 

Gibbs function, 29 

Giebe and Scheibe click method, 47 

Hermann-Mauguin symbols, 16 

Hexagonal crystals, dielectric con¬ 
stants, 41 

elastic constants, 45 
piezoelectric constants, 43 

Hindered rotations in polymer chains, 
367 

Hookes law, 27 

Hysteresis losses in solids, 393, 482 

Important piezoelectric crystals, 7 


Internal energy due to elastic, elec¬ 
tric and thermal variables, 34 
Internal energy due to elastic dis¬ 
placements, 28 
Iodic acid, 223 

IRE committee nomenclature, 19 
Isothermal elastic constants, 29 

Kinetic theory of rubber elasticity, 
365 

Lense method for measuring the ve¬ 
locity of waves in solids, 404 
Lithium ammonium tartrate, method 
of measurement, 219 
possible ferroelectric properties of, 
232 

properties, 220 
temperature coefficients, 221 
Lithium potassium tartrate, 221 
Lithium sulphate monohydrate, ap¬ 
plication for measuring hydro¬ 
static pressure, 224 
method of measurement, 225 
properties, 229 

Lithium trisodium chromate hexa- 
hydrate, 215 

Lithium trisodium molybdate hexa- 
hydrate, 215 

Measurement of coupling for small 
sized crystals, 57 

Method for making sound waves visi¬ 
ble, 332 

Miller indices, 14 
Miller-Bravais indices, 15 
Monoclinic crystals, dielectric con¬ 
stants, 41 

elastic constants, 44 
piezoelectric constants, 41 
Motor generator effect in crystals, 3 

Names and numbers of crystal 
classes, 17,18 

Nature of electrostrictive effect, I 
piezoelectric effect, I 
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Neuman's principle, 18 Pulse method for measuring shear 

Nickel sulphate hexahydrate, fre- impedance of liquids, 411 

quency measurements, 217 Pyroelectric constants, definition of, 
properties, 218 37, 38 


Optical diffraction method for meas¬ 
uring crystal constants, 60 
Orientation of small sized crystals, 56 
Origin of shear elasticity in liquids, 
362 

Orthorhombic crystals, dielectric con¬ 
stants, 41 

elastic constants, 45 
piezoelectric constants, 41 

Performance index of crystals, 109 
Piezoelectric and elastic relations, 32 
Piezoel ectric constants d, e, g, h (def¬ 
inition of), 39 

Piezoelectric effect in crystals, 1 
Piezoelectric half wave length 
method for measuring solids, 
390, 394 

Plane viscous wave, 339 
Point groups or crystal classes, 15 
Potassium dihydrogen phosphate 
(KDP), crystal class, 138 
Curie temperature, 143 
designation of axes, 138 
properties, dielectric, 143 
elastic, 157 

electromechanical coupling, 148 
piezoelectric, 149 
spontaneous polarization, 144 
theory of ferroelectric effect in, 254 
use in filters of, 138 
Power production by crystals, 10 
Probability of energy interchange in 
gas, 324 

Properties of solutions of long chain 
molecules, 350 

effect of molecular weight on, 356 
Pulse method for measuring proper¬ 
ties of solids, 405 

experimental method for shear and 
longitudinal waves, 406 


Quartz, aging of, 100 
dimensioning of, 100 
defects in, 82 

frequency adjustment of, 100 
method for detwinning, 82 
modes of motion of, face shear, 92 
flexure, 88 
longitudinal, 85 
method for eliminating coupl¬ 
ing of, 87 

thickness flexure, 88 
thickness shear, 93 
torsional, 90 

physical properties, a, P trans¬ 
formation, 79 


density, 7 9 

dist f/ ( /'-r w eig h t^' 


r 


piezoelect. ,i axation Jto of, 84 
orientations*^ ’!. AT and BT 
crystals, 9.r 

AC and BC crystals, 99 
CT and DT crystals, 101 
GT crystal, 3, 102 
generalized low temperature co¬ 
efficient, 102 
MT and NT crystals, 97 
X-cut crystal, 96 
+5° X-cut, 97 
-18° X-cut, 97 
Y-cut crystal, 97 

temperature frequency character¬ 
istics of, 99 
twinning in, 81 

Quartz crystal transducer of Lan¬ 
ge van, 2 


Reciprocity in elastic constants, 27,29 
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Relation between c.g.s. and m.k.s. 

systems of units, 20 
Relation between crystallographic 
and rectangular axes, 3, 12 
Relation between dielectric constants 
at constant stress and con¬ 
stant strain, 5 

Relation between elastic constants at 
constant field and constant 
electric displacement, 5 
Relation between isothermal and 
adiabatic compressibility, 326 
Relation between viscosity and ther¬ 
mal diffusion for gases, 311 
Relaxation frequency for a liquid 
with shear elasticity, 330 
Relaxation frequency for a compres- 
sional viscosity, 339 
Resistance and reactance of a liquid 
with shear elasticity, 347 
Resonance method for measuring 
1 ^properties °f solids, 393, 401 
ResonJ^^nethod for measuring crys¬ 
tal * ' -rants, 59 

Rochelle j^^ations of, 114, 

133 

discovery cW 

displacemer|^ st j c po e curve of, 135 
domain struccaie, 120 
electrostrictive effect in, 289 
equations for rotated cuts, 124 
Kerr effect in, 114 
melted rochelle salt cement, 117 
method of cutting, 117 
growing, 116 
plating, 117 

piezoelectric equations of, 123 
properties, cell dimensions, 116 
chemical formula, 115 
crystal class, 115 
density, 115 
dielectric constants, 117 
at high frequencies, 122 
elastic constants, 132 
hysteresis loop, 119 
molecular weight, 116 


Rochelle salt, properties, piezoelec¬ 
tric constants, 126, 130 
solubility, 116 

spontaneous polarization, 118 
temperature coefficients, 132 
stable humidity conditions, 119 
theory of ferroelectric effect in, 237 
useful cuts X-cut, 133 
45° X-cut, 133 
45° Y-cut, 134 

Rochelle salt loudspeakers, micro¬ 
phones and oscillators of Nic- 
olson, 2, 3, 114 

Rules for specifying crystal axes, 12 

Schftnflies symbols, 16 
Seven crystal systems of Bravais, 11 
Shear elasticity of cross linked poly¬ 
mers, 366 

Shear elasticities of liquids, 329, 344 
Shear elasticities of liquids at hy¬ 
personic frequencies, 330 
Shear elasticity of pure liquids, 358 
Shear stresses, 22 
Shear wave interferometer, 372 
Shear waves in liquids and specific 
heats, 330 

Silicone putty (shear elasticity of), 
373 

(viscosity of), 373 
Sodium ammonium tartrate, 223 
Sodium bromate, crystal class, 190 
method of measurement of, 192 
piezoelectric equations of, 191 
properties, dielectric constant, 199 
dipole piezoelectric constant, 203 
elastic constants, 197 
piezoelectric constants, 200 
temperature coefficient of ex¬ 
pansion, 195 

Sodium chlorate, crystal class, 190 
crystal structure, 191 
equivalent circuit of, 202 
leakage resistance of, 198 
method of measurement of, 192 
piezoelectric equations of, 191 
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Sodium chlorate, properties, dielec¬ 
tric constant, 199 
dipole piezoelectric constant, 203 
elastic constants, 196 
temperature coefficient of ex¬ 
pansion, 195 
Space groups, 15 

Specific heat C„ measured by sound 
velocities, 325 

Specific heat (definition of), 31 
Stokes viscous assumption, 311, 476 
Strain tensor, 25 
Stress tensor, 22 

Strontium formate dihydrate, 222 

Table of elastic constants for cubic 
metals, 417 

Table of elastic constants for hex¬ 
agonal metals, 418 
Table of properties of solid materials, 
395 

Table of scattering factor for lon¬ 
gitudinal and shear waves, 425 
Table of sound velocities and atten¬ 
uation, 335 

Tartaric acid, application for measur¬ 
ing hydrostatic pressure, 225 
properties, 230 

Temperature expansion coefficients, 
definition of, 30 
Tensor, compliance, 446 
definition of, 440 

effect of symmetry on the elastic, 
piezoelectric and dielectric, 
451 

elastic, 445 
electrooptic, 465 
eicctrostrictive, 465 
equations for cylindrical coordi¬ 
nates, 486 

application to barium titanate, 
489 

for heat conduction effects, 
479 

for hysteresis losses in solids, 
482 


Tensor, equations, application for 
second order effects in wave 
propagations, 498 
for thermal relaxations, 482 
of waves in gases, liquids and 
solids, 475 
field caloric, 461 
piezoelectric, 448 
pyroelectric, 461, 462 
rotated axis equation for elastic, 
piezoelectric and dielectric, 
457 

second order elastic, 464 
strain, 445 
stress, 443 
stress caloric, 461 
transformation of axes of, 442 
viscosity, 474 

Tetragonal crystals, dielectric con¬ 
stants, 41 

elastic constants, 45 
piezoelectric constants, 42 
Theory of shear elasticity of liquids, 
362 

with two relaxation frequencies, 
371 

Thermal relaxation, 310, 320 
theory of, 482 

Thermoelastic relaxation losses, 392 
Tourmaline, crystal class, 209 
measured frequencies, 211 
method of measurement, 209 
piezoelectric constants, 212 
properties, 215 
Voigt's measurements, 213 
Transverse isotropy, dielectric con¬ 
stants, 41 

elastic constants, 46 
piezoelectric constants, 44 
Triclinic crystals, dielectric con¬ 
stants, 40 

elastic constants, 44 
piezoelectric constants, 41 
Trigonal crystals, dielectric con¬ 
stants, 41 

elastic constants, 45 
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Trigonal crystals, piezoelectric con- Use of torsional crystal in measuring 
stants, 42 shear elasticity and viscosity 

Twinning in tin observed by ultra- of liquids, 339 

sonic method, 433 

Variable light filter using ADP crys- 
Ultimate Q of quartz crystals, 6 tals, 9 

Ultrasonic method for measuring Velocity for a dispersive gas, 323 
crystal constants, 60 Velocity of mixtures of liquids, 

Use of plastics in lenses, 333, 404 340 






